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General introduction

This habilitation thesis manuscript gathers several workaccomplished during the period 2008-
2014 over which | have been working at LPTMSin Orsay, soon before and since my recruitment
as an assistant professor at Universie Paris-Sud. The goaf writing this manuscript is to
present three topics | enjoyed working on in a rather conciseay, by trying to favor discussion
over technical details. Although | have included introductoy paragraphs, a few unpublished
data and discussion, most of the material is reproduced fropapers. Sometimes, a signi cant
rewriting and reorganization of the presentation has beenade for clarity. This is why | did
not include the sources of the original papers since they wdihave made the manuscript too
heavy in several respects

| started research in strongly-correlated systems during ynPhD in Toulouse. Under the
supervision of Didier Poilblanc and Sylvain Capponi, | wasclined to learn numerical tools,
especially exact diagonalization (ED) and thanks to a colbkeoration with Steve White, | learned
the density-matrix renormalization group (DMRG) techniqwe. These approaches o ered an
alley for a specialization in one-dimensional models and €ébame familiar with Luttinger liquid
theory. The subject of the thesis was the e ect of magnetic ld on superconducting doped
ladders, and | started to work on cold atoms physics in the enoy jumping on an opportunity
to collaborate with Philippe Lecheminant at Cergy.

At this point, | may mention a few works that will not be coveral in this manuscript but
which were done meanwhile at Orsay. | have been involved inishwork mostly for my numerical
expertise while the brain motivating the collaboration wasindoubtedly Philippe. | learned a
lot interacting with Helo «se, Sylvain, Edouard and Philippe and I'm grateful for that This led
to the following papers in the eld of many-color fermionic ne-dimensional Hubbard models:

S. Capponi, G. Roux P. Azaria, E. Boulat, P. Lecheminant, and S. R. White,

Molecular super uid phase in one-dimensional multicomporent fermionic cold atoms

Phys. Rev. A 77, 013624 (2008)

G. Roux, S. Capponi, P. Lecheminant, and P. Azaria,Spin 3/2 fermions with attractive inter-
actions in a one-dimensional optical lattice: phase diagmms, entanglement entropy, and e ect
of the trap, Eur. Phys. J. B 68, 293 (2009)

H. Nonne, P. Lecheminant, S. Capponi,_ G. Roux E. Boulat, Haldane charge conjecture in one-
dimensional multicomponent fermionic cold atoms Phys. Rev. B 81, 020408(R) (2010)

H. Nonne, P. Lecheminant, S. Capponi, G. Roux and E. Boulat, Competing orders in one-
dimensional half- lled multicomponent fermionic cold atoms: The Haldane-charge conjecturg
Phys. Rev. B 84, 125123 (2011)

This eld of research is still very active, with recent expemental breakthroughs on achieving
SU(N) symmetric interactions between atoms, but | am no longenvolved in related projects.

!Laboratoire de Physique Treorique et Mockles Statistiques.

2The pdf le of this manuscript yet o ers direct links to the so urce of the publications by clicking on the
references of the articles (in blue), if your browser is proprly con gured. The same hypertext feature is
available for most of the references by typing on the web, doand eprint keywords (in blue).


http://link.aps.org/abstract/PRA/v77/e013624
http://dx.doi.org/10.1140/epjb/e2008-00374-7
http://prb.aps.org/abstract/PRB/v81/i2/e020408
http://prb.aps.org/abstract/PRB/v84/i12/e125123

Being educated in 1D fermionic systems proved to be helpful lhelping colleagues at LPTMS
on the subject of multimer formation, or many-body bound-sites, in the asymmetric Hubbard
model. The outcome is the following paper

G. Roux, E. Burovski, and Th. Jolicoeur, Multimer formation in one-dimensional two-
component gases and trimer phase in the asymmetric attracte Hubbard model
Phys. Rev. A 83, 053618 (2011)

which is the one | would recommend reading if the committee wis to have a look at some of

the work not included in this document. There are two side wés one 1D models, a rst one

which is my last contribution to doped superconducting laders and a second which was the
rst collaboration with colleagues at Laboratoire de Phygjue des Solides at Orsay.

J. Almeida, G. Roux, and D. Poilblanc, Pair Density Waves in coupled doped two-leg Ladders
Phys. Rev. B 82, 041102(R) (2010)

F. Cepin, N. La orencie, G. Roux , and P. Simon, Phase diagram of hard-core bosons on clean
and disordered 2-leg ladders: Mott insulator - Luttinger liquid - Bose glass
Phys. Rev. B 84, 054517 (2011)

I now switch to the three topics presented in the manuscriptred how | come to work on it.

Chapter 1. Various faces of quantum quenches | started working on time evolution after

a quantum quench at the end of my post-doc and the scienti c @&edom governing LPTMS
o ered me the opportunity to complete the work in my rst years after my arrival. Then, | was

lucky enough to have Corrina Kollath settling at Polytechngue nearby Orsay and bene ted
from interaction with her and her post-doc Jean-Sbastieon the issue of adiabaticity, a topic
on which we shared interest. Thanks to the expertise of LPTM# quantum chaos, | learned
a bit of the subject which is connected to quantum quenches @ihis was another opportunity

to collaborate with colleagues. I'm also indebted to Dragi &revski and Mario Collura for

a very interesting joint venture on manipulating quantum may-body wave-packets. These
various faces of quantum quenches will be summarized in thest chapter which collects works
associated with the following publications:

G. Roux, Quenches in quantum many-body systems: one-dimensional 8a-Hubbard model re-
examined Phys. Rev. A 79, 021608(R) (2009)

G. Roux, Finite size e ects in global quantum quenches: examples frorfiee bosons in an har-
monic trap and the one-dimensional Bose-Hubbard modePhys. Rev. A 81, 053604 (2010)

C. Kollath, G. Roux, G. Biroli, and A.M. L auchli, Statistical properties of the spectrum the
extended Bose-Hubbard model. Stat. Mech. (2010) P08011

G. Roux, Reply to \Comment on "Quenches in quantum many-body systemgne-dimensional
Bose-Hubbard model reexamined',"Phys. Rev. A 82, 037602 (2010)

J.-S. Bernier, G. Roux, C. Kollath, Slow quench dynamics of a trapped one-dimensional Bose
gas con ned to an optical lattice, Phys. Rev. Lett. 106, 200601 (2011)

J.-S. Bernier, D. Poletti, P. Barmettler, G. Roux , and C. Kollath, Slow quench dynamics of
Mott-insulating regions in a trapped Bose gasPhys. Rev. A 85, 033641 (2012)

M. Collura, H. Aufderheide, G. Roux, and D. Karevski, Entangling many-body bound states with
propagative modes in Bose-Hubbard systemBhys. Rev. A 86, 013615 (2012)

Y. Y. Atas, E. Bogomolny, O. Giraud, and G. Roux, The distribution of the ratio of consecutive
level spacings in random matrix ensemblesPhys. Rev. Lett. 110, 084101 (2013)


http://pra.aps.org/abstract/PRA/v83/i5/e053618
http://prb.aps.org/abstract/PRB/v82/i4/e041102
http://prb.aps.org/abstract/PRB/v84/i5/e054517
http://link.aps.org/doi/10.1103/PhysRevA.79.021608
http://pra.aps.org/abstract/PRA/v81/i5/e053604
http://dx.doi.org/10.1088/1742-5468/2010/08/P08011
http://pra.aps.org/abstract/PRA/v82/i3/e037602
http://prl.aps.org/abstract/PRL/v106/i20/e200601
http://pra.aps.org/abstract/PRA/v85/i3/e033641
http://pra.aps.org/abstract/PRA/v86/i1/e013615
http://link.aps.org/doi/10.1103/PhysRevLett.110.084101

Chapter 2: The quasi-periodic adventure | started working on the e ect of disorder on the
Bose-Hubbard model during my post-doc with Uli Scholleck. We were motivated by the recent
experiments using a bichromatic lattice and little was know about the phase diagram. | later
worked from time to time on it but only came to publish the calalation of Bragg spectroscopy
spectrum thanks to a collaboration with Anna Minguzzi and Tormaso Roscilde who shared
interest in similar calculations. | was then lucky again to b contacted by Thierry Giamarchi and
Giovanni Modugno to see if | could do some realistic calculanhs for the experiments addressing
the full interaction-disorder phase diagram. That was my st try at tting experimental data
and this was quite an excitement. | learned a lot from interdimg with the team from Florence.
This adventure on quasi-periodic systems constitutes chiap 2 and regroups the following
publications:

G. Roux, T. Barthel, I. P. McCulloch, C. Kollath, U. Schollw eck, T. Giamarchi,
The quasi-periodic Bose-Hubbard model and localization imne-dimensional cold atomic gases
Phys. Rev. A 78, 023628 (2008)

G. Roux, A. Minguzzi, and T. Roscilde, Dynamic structure factor of one-dimensional lattice
bosons in a disordered potential: a spectral ngerprint of he Bose-glass phase
New J. Phys. 15, 055003 (2013)

C. D'Errico, E. Lucioni, L. Tanzi, L. Gori, G. Roux , I. P. McCulloch, T. Giamarchi, M. Inguscio,
G. Modugno, Observation of the Bose glass in one dimension from weak torghg interactions,
Phys. Rev. Lett. 113, 095301 (2014)

Chapter 3: Disorder and frustration in low-dimensional ant iferromagnets The last chapter
recapitulates the work done by Arthur Lavaelo during his PID thesis over the period 2010-2013
on the subject of disorder and frustration in quantum magnest and under my supervisioh
Initially stimulated by experiments performed on the BiCuRD compound at Laboratoire de
Physique des Solides, we investigated, in collaboration tviNicolas La orencie, the phase
diagram of two coupled frustrated chains which is kind of a mimal model for the compound,
although probably not very realistic. The goal was then to stdy the e ect of impurities, as
experiments were already performed on doped compounds, ahé led to the study of the
magnetic curve in the presence of impurities. Arthur inheréd expertise in ED and DMRG,
but was inclined to analytical calculations and took pleage in the arts of mean- eld theory
and variational calculations. Without his skills, the workon the random frustrated chain would
have certainly not been achieved. He not only fathered a daugh but the following four papers
too:

A. Lavaelo, G. Roux, and N. La orencie, Melting of a frustration-induced dimer crystal and
incommensurability in the J;-J, two-leg ladder Phys. Rev. B 84, 144407 (2011)

A. Lavaelo and G. Roux, Localization of spinons in random Majumdar-Ghosh chains
Phys. Rev. Lett. 110, 087204 (2013)

A. Lavaelo, G. Roux, N. Laorencie, Magnetic responses of randomly depleted spin ladders
Phys. Rev. B 88, 134420 (2013)

A. Lavaelo and G. Roux, Spinon excitation spectra of theJ;-J, chain from analytical calcula-
tions in the dimer basis and exact diagonalizationEur. J. Phys B ??, ??? (2014)

From now on, | will use the rst person of plural since the disgssed work is the product of
collaboration.

3The University kindly accepted an exemption of Habilitatio n for supervising a student at 100% time, provided
the applicant defends it soon after, which is one reason, anmg others, for writing this manuscript.
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Chapter |

Various faces of quantum quenches

Acronyms

() DMRG: (time-dependent) density-matrix
renormalization group

ED: exact diagonalization

QMC: quantum Monte-Carlo

BHM: Bose-Hubbard model

SF: super uid

MI: Mott insulating

HCB: hard-core bosons

BEC: Bose-Einstein condensate

ETH: eigenstate thermalization hypothesis

1 Quantum quenches

1.1 Context and tentative de nition

Quenching a system means that its state is abruptly changea $hat new constraints or
parameters are imposed in a time shorter than its typical rakation time, and usually in a
way that the changes are non-perturbative. The response aftvard is in general non-trivial
and understanding or controlling it requires a good underahding of the ongoing physics.
This picture is usually categorized as a strongly out-of-edibrium situation. Introducing a
signi cant change is easily realized by moving rapidly aces a phase diagram, possibly from
one phase to another. The simplest being for instance to médthe temperature as pictured
on Fig. 1.1 and this could be called a\classical" quench as itivolves thermal excitations.
This may not be viewed as a fundamental issue but the fact thahis problem is usually
not easy to tackle challenges our understanding of the phgsi A practical example in
everyday life is food freezing which took many decades of éepment to build up protocols
to restrain ice crystal formation that otherwise alter the giality of the texture.

One can move from one phase to another at zero-temperature dlyanging a parametep
of the Hamiltonian (see Fig. 1.1). The order parameter can beedtroyed by quantum uc-
tuations and phases are separated by a so-called quantum plaransition. In this context,
varying temperature is replaced with varying the parametep that monitors the quantum
phase transition. This is basically when we dub a quench aslgntum®. The natural initial
state is the ground-state of a given Hamiltonian the paramete of which are then tuned to
another set of values more or less rapidly. The initial statbeing a high energy state of the
Hamiltonian governing the dynamics, excited states becomeevitably populated, bringing
the question of temperature and energy repartition back iat the problem. Two other gen-
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Figure 1.1: Sketch of what is a quantum quench. The phase diagram may lmgjt as the
one of an Ising model which has an ordered ferromagnetic pbaand a disordered param-
agnetic phase. The latter can be reached either by increagitemperature or increasing a
parameter p of the Hamiltonian such as a transverse magnetic eld. Type$ quenches are
indicated by arrows.

eral aspects are to be precised. First, the system is suppwde be closed, disconnected
from the environment. This has as an important consequencehieh is that the quantum
evolution is unitary. For thermodynamical views, the syste is in the microcanonical situa-
tion when the quench is sudden so that its total energy is a cearved quantity. During the
time when the parameter is varied, the mean energy changestbat the system is isolated,
but becomes so after the parameter is kept constant. The sadopoint is that one may dis-
tinguish global from local quenches. The global quench iseglhmost common situation since
when changing the Hamiltonian parameters, all parts are a @ed simultaneously and the
perturbation is extensive. In local quenches, only a niteegion is a ected and the induced
uctuation will spread through the system with time. The latter situation is however very
close to equilibrium.

There is no novelty in studying the time-evolution of a clogkquantum system since this
naturally one of the goals of quantum mechanics since its fodations. Thus, many issues
and ideas were debated early and recurrently since then. Hostance, the thermalization in
a closed many-body system and the relation to the microcanieal ensemble was addressed
by von Neumann or Pauli in the 30s [1{3]. The evolution of trariBon probabilities in a
two-level system was obtained at about the same time and ceithLandau-Zener-Sickelberg
transition [4{6]. The recent trend in quantum quenches may ® attributed to the fact that
equilibrium physics has been studied deeply in quantum phadransitions so that many
tools and understanding could then be reused to tackle out-equilibrium physics. To take
the example of numerical methods, time-dependent densitgatrix renormalization group
(DMRG) or exact diagonalization (ED) were made available agan improvement to the
equilibrium methods and opened a wide spectrum of possiblppications. Second, and
certainly more importantly from a physical point of view, these new capacities available
met concomitant experimental realizations and possibilgs to design on wish protocols in
cold atoms.
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Solid state samples have the advantage to live much longerath the typical time-scale of
analysis and to remain rather stable in time. They are alsoa$e to the thermodynamical
limit, containing a huge number of constituents. They are esly connected to a thermostat,
and this makes them ideal for thermodynamical measurement§hey have the disadvantage
for quantum quenches that their microscopic dynamics is pitg fast and their decoherence
time usually very short compared to the time variation of cotmol parameters and observation
time-scale. Cold atoms have rather opposite features, thenicroscopic dynamics is much
slower, they can be considered to have a long coherence timg samples are fragile and
their life-time remains rather small. Last, the number of atms in optical lattices ranges
from a few tens a thousands making them refer to the mesosaogiomain.

1.2 Simulating time evolution of the Bose-Hubbard model with an
(almost) quantum computer

We start by brie y reviewing the Bose-Hubbard model that is catral to the rst two chapters
and the way it is implemented in cold atoms experiments thatim to behave as quantum
simulators.

Interacting bosons on a lattice: The Bose-Hubbard model is one of the simplest lattice
model one can build for bosons (see eg. Ref. [7, 8]), représdrby their creation operators
bf at site j. It contains two terms: a kinetic one with nearest-neighbauhoppings, of
magnitude J, and an local repulsion term of strengtihJ > 0 which is de ned as the cost to
add a second boson on a singly occupied site. We thus write it
X uX
H= J [4db+bb]+ >
|

hi;j

n(n 1): (1.1)
j

We did not include a chemical potential term, assuming a xeciumber of bosondN. The
number of bosons onsite; varies' from 0 to N . The kinetic term is diagonal in the reciprocal
space so that bosons condense in the fully delocalized minmm energy state. This state,
in the presence of small interaction, displays super uid ¢®rence which translates to a
nite super uid sti ness. Clearly, the interaction term re duces the uctuations of the local
density m?i h ni?, which is proportional to the compressibility, and, proviéd the average
density is an integer, it can suppress it totally. The resuinhg state is of the Mott insulating
type, ie. an insulating state induced by interaction where grticles are localized onsite. This
phase is incompressible, associated with a nite single pigte gap, and has a zero super uid
sti ness. Upon increasing the ratioU=J at a commensurate density, there exist a quantum
phase transition from super uid to Mott insulating state. Away from a commensurate
density, only the super uid phase is possible. Then, in theninite- U limit for densities
n < 1, the model has a simple limit called the hard-core bosons, Wwhich one keeps only
the kinetic term and the interaction hides in the constraintthat two bosons cannot occupy
the same site, something that recalls fermions. Hard-core dmms physics is not simple as it
looks, particularly for dimensions greater than one.

!Numerically, when U & J, the probability to have large n; in an homogeneous system is extremely small,
and it is fair to reduce the Hilbert space size by putting a cub on this number, provided only the
low-energy part of the spectrum is relevant to the physics.
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Figure 1.2: Left and middle: A set of optical lattices creating an array foone-dimensional
tubes. Right: typical time protocol for the lattice depthV,. Adapted from Ref. [11].

We now focus on the one-dimension physics [9]. There, quamtuuctuations are so
strong that they prevent a full establishment of the coherese in the super uid phase and
the one-body correlations remain algebraic. Still, we mayatt that a super uid regime,
with a linear dispersion relation for the elementary excit@gons that are well described by
an hydrodynamic approach or Luttinger liquid theory. The qantum phase transition takes
place [10] forU=J"' 3:3 and belongs to the Kosterlitz-Thouless universality clas meaning
an exponentially opening gap. A speci city to one-dimensivois that hard-core bosons on a
chain can be mapped on a free fermion chain with special bowarg conditions, making the
model exactly solvable. Still, we insist on the fact that HCB d not represent the largeJd
physics of the full spectrum, only the very low energy stated'he nite-temperature phase
diagram does not resemble qualitatively the one of Fig. I.Ind the reader is invited to jump
to Fig. I1.15 for such a sketch at unit density.

Controlling the parameters experimentally [12]  Experimentally, cold bosonic atoms are
rst cooled down before loading an optical lattice which usally serves both for the trapping
and periodic potential experienced by the atoms. These areutral atoms but they interact
with light by induced dipole interaction making the potental energy proportional to the
polarizability of the atom at the given pulsation and to the ntensity of light. We take the
example of one-dimensional tubes sketched in Fig. I.2. Usisganding waves of laser light, a
3D periodic potential for the atoms of the formV (x) = Vp sin?(kx)+ V- [sin?(k» y)+sin?(k» z)]
with \, V. The transverse latticeV, creates one-dimensional tubes one which an 1D
potential of depth V; is superimposed, withk is the associated wave-vector along the
direction. The period of the lattice de nes the lattice spamgd= =k = =

There are two natural energy scales, which is proportional to the intensity of light with
a known prefactor that depends on the light pulsation, ané, = ~?k?=2m, with m the mass
of atoms, coined as the recoil energy as it corresponds to tieetic energy gain of an atom
having absorbed a photon ak. The Schmedinger equation for a single-atom in an optical
lattice is a Mathieu equation which contains these two eneygscales. Thanks to Bloch or
Floguet theorem, the solution are periodic eigenstates wdfi form several bands in energy.
One can expand the Bloch wave-functions onto localized Waien functions. In the limit
of a deep latticeVy E,, these Wannier functions becomes tightly localized in theedl of
each minima separated by distanceé. Creating bosons in these states in second quantization
corresponds to a tight-binding Hamiltonian containing seval bands. By neglecting higher
bands, one gets the rst term of Eq. I.1. The prefactod is deduced from the scaling of the
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width of the lowest Mathieu band in the limit \Vy, E, and reads

3=4
J'’ 194—_Er Yo e P Vo=Er - (1.2)
Er
For the interaction term, it involves the square of the Wanrer function in a well. Approx-
imating this Wannier function by a gaussian in the limitVy,  E;, ie. the ground-state of
the corresponding harmonic oscillator, the local interawin can be evaluated analytically.
In an anisotropic lattice potential of 1D tubes, one has theoflowing behavior

- V2V 1=4
u' 4 2g,%® = (1.3)

r

2

whereas is the 3D scattering length characterizing the local intercion 4Ta5 (+ *9 be-

tween atoms in free space. For quantitative estimates dfand U, one can solve numerically
the one-particle problem. The interaction term may as well @pend on the density of parti-
cles too. In conclusion, the control parameter of the transon U=J can be tuned using two
di erent and independent variables: the lattice depthVo=E, or the scattering length. The
latter can be monitor by an external static magnetic eld usng a Feshbach resonance.

As regards time evolution, one can rst notice thatE, is typically of the order of a few
kHz so that J goes from a few Hz to kHz. The ratidJ=J can be tuned from almost zero
(Feshbach resonances can sometimes maie= 0) to almost in nity in very deep lattices.
As J is an hopping amplitude, it tells how fast atoms redistribug¢ or travel throughout the
lattice. This is then typically from milliseconds to seconsl and manipulatingU=J below this
time-scale is easily achievable with common electronic dee. A typical quench protocol
reproduced on Fig. 1.2. On the contrary, it is harder to reaclvery long times with respect
to the microscopic dynamics and one can always argue that gelattice systems may not
be at true equilibrium.

1.3 Simulating time evolution of the Bose-Hubbard model with a
classical computer

There have been signi cant progresses in numerical techoigs for quantum many-body
systems since the early 80s. The topics of research spanngdhese kinds of techniques
go from quantum chemistry to lattice gauge theories or nuce physics, with a lot of con-
densed matter physics in the bulk. We mostly use two methods ithe following, exact

diagonalization [13] and density-matrix renormalizatiorgroup [14{16]. They can be viewed
as variational methods, the rst one having exact represeation of the full Hilbert space

while the second is limited to a certain types of states nowags called as matrix-product
states. For a presentation of the algorithms for static andpsectral calculations, we refer
to Ref. [17] and references therein. As we are interested img-evolution, we only brie y

mention how it can be done with these techniques.

Time-dependent exact diagonalization In exact diagonalization, one deals with the ex-
ponential grow of the Hilbert size with the number of particle by doing everything not to

store the full matrix of H and work only with a few vectors of the size of the Hilbert space
With a lot of optimization and tricks, as well as the use of symetries, Hilbert sizes of
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several billions are achievable and a key step is to be ableapply the Hamiltonian on a
vector. ComputingHj 1 e ciently enables one to use iterative methods for the caldation
of ground-state or spectral functions quite rapidly. It als allows one to get a time-evolved
vectorj (t)i from the following time-step truncated expansion of the evation operator:

N (- jdt)n
n!

j (t+dyi= (H({) Eo)"j (1)i: (1.4)

n=0

Only three vectors are required to perform the iterations atha time-dependent Hamiltonian
can be used. The truncation is stopped whep (t + dt)i has a norm close to one, as it
should do for a unitary evolution. There are two sources ofr@r to control: the error on the
determination of the initial state (for instance the groundstate) and the truncation error
which grows with time. Practically, the precision of the metod is excellent but becomes
time consuming for large-systems.

Time-dependent DMRG or tDMRG  The time-dependent DMRG is more complicated
to summarize in a few words. Basically, DMRG tries to optimiz the representation of the
wave-function as a product of matrices that live on each sit@nd with one matrix for each
local state. It is possible to applyH] i on such states. A way to perform time-dependent
DMRG is to perform a time-step using a Trotter decompositiorof the evolution operator,
requiring nearest-neighbour couplings only [18, 19]. Onéedn performs a usual DMRG
sweep along the chain but applying the local evolution opeix@a on the encountered bond in
place of the Hamiltonian. A DMRG truncation is then necessaryo keep the local matrix
sizes xed. There are two main errors, apart from the determation of the initial states:
the error due to Trotter decomposition and the error due to tk truncation basis inherent
to DMRG. Another proposal based on a fourth-order Runge-Ku#t scheme was proposed to
deal easily with longer ranged Hamiltonians [20]. It uses adihg window time containing
four intermediate times and such that the DMRG optimizationis optimized for describing
the wave-functions at each of these times. In practice, thegrision depends on the physics
of the system and how entanglement entropy grows during tirrevolution. The simulations
are limited to a nite time but can be extremely e cient on a large chain, as DMRG can
be for static properties.

2 Sudden interaction quenches in the Bose-Hubbard
model

2.1 Two seminal experiments

Collapse and revival One of the rst experiments that belong to the quantum quench
scenario was the observation of collapse and revival of theherence peak found in the
guench from the super uid to the Mott insulating regime of tre 3D Bose-Hubbard model [21].
A quick bnderstanding of the e ect is to approximate for larg-U the time-evolution operator

by U= ", exp( %nj (n;  1)t) after neglecting the kinetic contribution. One does obsee

on Fig. 1.3 the revival for period 2=U of the coherent fraction of atoms, although an overall
decay signals the e ect of nite hopping. This experiment, prformed in extreme limits of
the model, has the merit to show that microscopic dynamics igbservable, and that the
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Figure 1.3: Left: Fraction of coherent atoms after a sudden quench fronuger uid to Mott
regime showing a collapse and revival at peri@FU. Adapted from Ref. [21].. Right. Real-
space distribution of atoms prepared in two wave-packetsariD harmonic trap and released
att = 0 to collide. The revival is well seen in this integrable limiof the gas. Adapted from
Ref. [22].

evolution is to a reasonable approximation unitary. The sep then constitutes a rather
good quantum simulator although estimating the contributbn of decoherence processes is
not obvious.

Quantum version of Newton's cradle  Another seminal experiment in the eld illustrated

the role of integrability on thermalization [22]. The expements works with 1D tubes but
without an optical lattice. Bosons are interacting locallyin free space and this is well
described by the Lieb-Liniger integrable model. In the limiof large-interaction, or Tonks-

Girardeau limit, the systems even maps on fermions as for itattice counterpart. By

preparing two packets of atoms on each side of an harmonic paotial and release them at
T = 0 to make them collide, one can study the relaxation towardshe expected thermal
density pro le. For the integrable model (see Fig. 1.3), on®bserves revival for pretty long
times, explained by the fact that integrable models do not distribute momenta and energy
between the atoms. Breaking integrability is done by softémg the transverse potential to
let more transitions to upper Bloch bands. In this case, refation towards equilibrium is

observed on the same window time.

2.2 Ergodicity in closed quantum systems

Diagonal ensemble and thermalization in a nutshell A quantum system is initially
prepared in a statej (i and evolves under the dynamics of an Hamiltoniakl after time
t = 0. The time-evolved density-matrix (t) of the pure statej (t)i decomposes into
diagonal and o -diagonal parts on the eigenstates basigni; E,,g of H:
X X p__ o
(t) = Pnjnihnj + PnPm €' ™™ minihmj + h.c. (1.5)

n n>m
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wherep, = jh ojnij?, . = (E, Emn)= are transition frequencies and ., are initial
phases. We now assume two generic features: the system hassardte spectrum, and the
frequencies ., are non-zero, ie. a spectrum with no-degeneracy. The secqmuint may be
justi ed assuming a tiny imperfections of the realistic Hantonian lifting degeneracies due
to symmetries, or by assuming that the initial state belongso a given symmetry sector,
as the ground-state would do, and that the reduction of the Haittonian to this symmetry
sector is non-degenerate. With these two hypothesis, therte-averaged density-matrix is
simply
Z, X
(t9dt®°=  pyjnihnj (1.6)

n

~l

= lim
til 0
and such that any observable€ averages to this so-called diagonal ensemble

X
O=T O]=  PaOm (1.7)

n

where theO,, = MjOjni are the diagonal matrix elements oD in the eigenstates basis.
Finally, we see that two objects control the thermalizatiorof any observable: the distribution
of the weightsp,, and the behavior of the diagonal matrix element®,,. Both has to be
discussed in a given situation. Notice that the relaxation the to the averaged result depends
on the o -diagonal matrix elements.

Two simple and general statements can be made to justify thealization of a closed
guantum system:

1. if one is interested in thermodynamics only, ie. not conoeed with some given ob-

rvable but only energetics, therepate two useful quantts: the mean energyEi =

. PhEn and the entropyS = ks, pnInp,. The initial state j (i determines all
momentsh oj(H h Ei)9 oi of the distribution, in particular hEi = h ojHj i and
its variance E2 = h oj(H h Ei)? ,i. Then, one may invoke the equivalence of
ensembles to state that, provided the variance satis esE=hEi 1= N with N the
number of particles and the total density of states behavesa(E) / (E=N)N with

of the order of unity, the thermodynamics with the diagonal esemble will be the
same as for the micro-canonical and canonical ensemblesha thermodynamical limit
N!1

2. if one is interested in the thermalization of some given ebrvable, one rst requires
1 to be ful lled, as one needs thermodynamics to be applicabbefore claiming that
an observable is indeed thermalized. Second, the matrix mlents have to behave
smoothly with the energy, ie. O, ' O (E,) with O(E) a smooth function over an
energy window of width E. Therefore, the relevant terms in (1.7) are such that the
matrix elementsO,, are approximately constant so thatO,, ' O which can be taken
out of the sum. Consequently, the time-averag® becomes the same for diagonal,
microcanonical or canonical ensembles.

These two ideas are physically sound for generic models blietissue is to justify them
more precisely either from general arguments or on speci xamples. The situation is
actually qualitatively similar to classical physics. Thenitial state provides a deterministic
evolution such that traces of it survives in the average (thp, are xed by the initial state),
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but if the dynamics is such that the phase-space is rather dormly explored within the
energy shell xed by initial conditions, thermodynamics isapplicable.

Originally, the issue of quantum ergodicity was put in a waydllowing the discussion
on classical statistical mechanics. In a classical desdigm, the macro-state is represented
by the density probability in phase space. Ergodicity for alosed system is de ned as
the equality between the time-averaged density probabilitand the one obtained from the
microcanonical, ie. a uniform one over the hyper-surface odnstant energy. It means that
the dynamics is such that almost any initial state will lead ® a uniform covering of the
accessible phase space. The equality is exact in the in nitane limit. This is a rather
strong requirement which is hard to prove for most Hamiltonia. In particular, the time-
scales to reach ergodicity are pretty long so that they are hphysical. In practice, simple
observables relax much faster to their stationary values.

In quantum mechanics, the time-averaging on a discrete ancdm-degenerate spectrum
yields the diagonal ensemble corresponding to the initiatade. If one de nes ergodic-
ity through the exact equality between the diagonal ensembldensity-matrix and the one
computed from the microcanonical ensemble, this yields ath&r strong restriction on the
possible initial states [23]: they must have a uniform disitoution over the eigenstates of the
Hamiltonian, such that p, = 1=( hEi) for E E, E + E and zero otherwise, with
( fEi) = (hEi) E the number of contribution states in this window, involvingthe local
density of states . Thus, quantum ergodicity in this sense is never ful lled. ¥n Neumann
suggested [1, 3] to move the discussion to the average of obegles since the discussion
on many-body states was di cult and that only observables ag a priori comparable to ex-
periments. The de nition of ergodicity is then switched to he equality between diagonal
and microcanonical ensembles upon averaging a set of obables that characterizes the
macro-state of the system and called \macroscopic obsenaf’ The de nition of these
observables is not so obvious, they have a coarse-grainedstruction which translates into
commutation relations they must satisfy. If the equality inthis sense is ensured for any
initial state of similar energy, the dynamics is called quaom ergodic. A good summary
of these \quantum-H theorems" can be found in the book of Jaet[24]. Such approach is
close to mathematical physics and quantum ergodicity in tBisense may not be so easy to
test on given models.

A last remark is that the statistical information required to describe an observable depends
on its complexity. Simple local observables such as locahdéy or energy should be captured
by the gross features of the statistical description whileam-local and many-term correlators
may capture ne details in the di erence between diagonal ah microcanonical ensembles.
A loose example is the moment of the distribution itself whit are nothing but the powers
of the Hamiltonian taken in the initial state. The rst two mom ents are local observables
and simple correlators. High order moments are highly nondal correlators but their values
are xed by the initial state. Knowing all moments actually provides enough information
to reconstruct the full diagonal ensemble which is in prinple not required if one sticks to
a thermodynamical description only.

Quantum chaos and thermalization, Eigenstate Thermalizat ion Hypothesis (ETH) In
classical mechanics, ergodicity is usually associated kwa chaotic behavior of the dynamics
thanks to its mixing property in phase-space. Quantum chagpsvhich in particular studies
the quantum limit of classical integrable or chaotic Hamiltaians, was suggested as an es-
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observable

energy

Figure 1.4: Typical behavior of an observabléd vs energyE. The middle full line is the
ggmi-classical prediction with a microcanonical densityrpbability computed fromA(E) =

é@(z (E' 2_('4 :))q);d%)ddpqdp The lower and upper lines include quantum uctuations cor-

rections to the semi-classical result. Adapted from Ref. §2

sential ingredient for quantum ergodicity by Peres in 19825, 26] and coworkers [27, 28].
He de nes quantum chaos as the property that dynamical obsekles such as position or
momentum are represented by pseudo-random matrices in thigenstates of the Hamilto-
nian, which may not be a standard de nition but possibly a reaonable assumption. This is
intimately related to the fact that eigenfunctions of quantim chaotic Hamiltonians are ex-
pected to be close to a random state, making the matrix that dgonalizes the Hamiltonian
an almost random unitary matrix. Thus, assuming that theO,, are random entries uncor-
related to the p,, averaging in the window of energy E yields from central limit theorem
that the average is independent of the initial distribution and that relative uctuations
would be negligible. Fluctuations ofO(t) around its time-average are expected to scale as
(REi) ¥2 or (hEi) !in this central limit picture and depending on the hypothes. The
uctuations should be extremely small for large systems sie is in principle exponential
with the number of particles. The authors nicely compared thir scenario on a non-trivial
model using numerics and a semi-classical calculation [2& plot which illustrates these
ideas is reproduced on Fig. 1.4.

More recently, similar ideas and complementary perspectis were brought in the discus-
sion by Deutsch [29] and Srednicki [30{33] under now sharesthame of Eigenstate Thermal-
ization Hypothesis (ETH). The Deutsch paper starts from a sligtly di erent point of view,

a non-ergodic HamiltonianH is perturbed by a Gaussian random matrix HamiltoniarH ;

supposed to mimic interactions and imperfections that makethe dynamics ergodic. After
arguing that the transformation basis fromH, to H = Hy + H; has Gaussian distributed
entries, one ends up for any initial state with a random vectdor which the discussion on
ETH parallels the one by Peres, with the same scaling of the atuations with the density of
states. Srednicki, who dubbed \Eigenstate thermalizatidithe hypothesis about the behav-
ior of the Oy, invoked a quantum chaos result, although not proven but basl on random

10
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Figure 1.5: Thermalization of hard-core bosons in a Joule's expansiolype of numerical
experiment. The 1D chain is integrable while the 2D isn't. Té plots show comparison
of time-averaged and ensemble averaged momentum distidout as well as the behavior
of observables with energy, showing a strong qualitative deace between integrable and
non-integrable cases. Adapted from Ref. [34].

states for eigenstates here again, that one observables matlements behave as
C)nm 'O (En) nm T ~b an ; (|-8)

with D proportional to the number of degrees of freedom arfd a random matrix assumed
to be Gaussian distributed. With such an input, the time-aveaged observable is shown to
yield

0'0 (HEi)+ %( E)20%HEi) + ::: (1.9)

As E hides a dependence on the initial state, ergodicity is recned with the additional
hypothesis ( E)?jO%hEi)j jO (hEi)j. In summary, ETH states that O = O(HEi) up to
uctuations that are exponentially small in the number of paticles.

The issue of thermalization in closed quantum systems waseatly revived by the work of
Rigol, Dunjko and Olshanii [34] who initiated contemporarynumerical studies on the ETH.
The setup, recalled on Fig. 1.5, was a Joule's expansion of asgof hardcore bosons both
in 2D (non-integrable) and 1D (integrable). The numerics fothe momentum distribution
of Fig. 1.5 were done on nite lattices without nite-size s@ling but already displayed a

11
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strong qualitative di erence between integrable and nonategrable Hamiltonian. In the non-
integrable case, we see that the dynamics is ergodic as dednigy the comparison between
observables and the observable is a smooth function of theeegy supporting ETH. This

is no longer true for the integrable model, in which strong uatuations appear. In the
end of the manuscript, the authors push ETH to use of eigensg&s as \typical thermal

states", meaning that computing a single eigenstate of gineenergy E would capture the

thermodynamics and mean observable at enerdy.

Integrable models Integrable models possess non-trivial integrals of motidn that we
label with  and that include the total energy. In classical dynamics, #se add constraints
on the accessible phase-space in such a way that the unifoymistributed density probability
cannot be reached. More precisely, the integrals of motiomeaindependent and solve the
dynamics by a canonical transformation to the action-angleariables, in which the action
are constant of motions and the angles linear in time. Thers just as many integrals of
motion as degrees of freedom. The density probability evdion will strongly depend on the
initial state since the latter xes the values of the integrés. This is why integrable models
are quite generically expected not to thermalize.

In quantum mechanics, these integrals of motion constitut set of commuting observables
that also commute with the Hamiltonian so that their expectaion value is xed during
time evolution. In the thermodynamical limit, there even eists an in nite number of
such conserved quantities which, here again, will constraithe dynamics. These extra
constraints will likely prevent the dynamics to reach a thenal state. Yet, the fact that the
system does not thermalize does not mean that it does not réea steady-state. Indeed, for
in nite system, the long-time limit of (t) can reach a steady-state density-matrix,; via
dephasing of the o -diagonal elements. The question of deasing for integrable models is
itself a tricky problem with several possible scenarios [B5ollowing the ideas of Jaynes on
equilibrium ensembles, it has been proposed [36, 37] thatighsteady-state could actually
follow a maximum entropy prescription, corresponding to aapneralized Gibbs ensemble
density-matrix built from the integrals of motions:

P
e |
GGE = T; (1.10)

where the  are Lagrange multipliers determined by the initial state, ad Z the normal-
ization factor. In practice, knowing thel is not always straightforward and the success of
the approach is relative to which observable is targeted andepends on the initial state.
The conjecture turns out to give only partial information onthe steady-state [23] and faced
counter-examples which may not be surprising consideringe di culty of the problem un-
der study. Last, as the discussion is observable-dependeittis worth pointing out that
some observables in integrable quenches do display a theltahavior with some e ective
temperature, as if the observable is only sensitive to the ergy constraint. The debate
around the generalized Gibbs ensemble is now rather focusedits range of applicability.
We nish this introduction on the thermalization issue by meationing a central question
which is how is the connection from integrable to non-integble behaviors. Starting from
an integrable model, generic interactions, or other mechsms breaking integrability, are
expected to help thermalization by redistributing energy btween modes or, equivalently,
redistributing weights among energy levels to reach the thmal energy distribution. The

12
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existence of a threshold in the strength of the perturbatioto reach chaoticity is long debate
in classical systems. The Kolmogorov-Arnold-Moser theoreshows that some of the inte-
grable orbits can survive a small non-integrable perturb&n. For quantum Hamiltonians,
it seems to be rather controversial on the few models that haween studied and there is
no equivalent powerful theorem.

2.3 Early results on sudden interaction quenches

In 2007, Kollath, Lauchli and Altman published [38] a detailed study of interadbn quenches
in the 1D BHM based on accurate numerical simulations usingntie-dependent ED and
DMRG. The study was devoted to an interaction quenchlJ; ! U; for a unity lling so
that the super uid-Mott insulating phase transition is crossed. They basically proceeded in
the following way (see Fig. 1.6): they had access fo (t)i for a given time range on which
the simulations where reliable enough on nite-size systam They computed both the
one-body density-matrixg(r;t) = h (t)jbetqj (t)i and the onsite occupancy probability
Pn(t) or single site reduced density-matrix. The results were avaged over the chosen
time window. The results are eventually compared to equilfum prediction computed
by quantum Monte-Carlo (QMC) in the canonical ensemble. An eective temperature is
determined by tting the time-averaged P, distribution with quantum Monte-Carlo, and
this temperature is again used to compute the correspondinigermalized correlationsg(r).
Ground-state calculations in the initial and nal states ae also given.

small quench

large quench
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Figure 1.6: Occupancy probabilityP, for a small quench fromU; = J ! U; =4J. Ground-

state expectations in the initial (black) and nal (red) staes are given, as well as niteF
thermalized t (green) and compared to the time-averaged gectation (blue). Corresponding
correlations g(r). The same correlations for a large quendd; =2J ! U; = 40J. Tentative
diagram. Adapted from Ref. [38].

The outcome is summarized on &J;-U; diagram, reproduced on Fig. 1.6, which shows
essentially two distinct regimes: one, for small quenchesjch that the time-averaged data
are consistent with a thermal state, and a second, occurrinfgr large quenches, where
a strong di erence with equilibrium predictions is found, naking the data unlikely to be
thermalized. Although this was not pointed out in the manusapt, this is rather surprising
in the sense that one may naively expect that the larger the gach, the more energy is
put in the system so that a high-energy state may be generatedhich would thermalize
faster than for small quenches. The large-quench regime igB that the correlations show
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strong memory of the initial state. Last, the 2D version of te Bose-Hubbard model gives a
similar phenomenology. At that time, another study on a di @ent model followed a di erent
scenario [39, 40]: irrespective of the integrable nature thie Hamiltonian, the time-averaged
observables display a non-thermal behavior which does natesn to depend on the initial
state.

2.4 Diagonal ensemble and perturbative point of view

We investigated this puzzling physics with the goal of proding additional data and a
complementary point of view on the results [41, 42]. One oféhrst wish was to compute
the diagonal ensemble weightg, for sizes as large as possible and plot them in log scale to
compare them with equilibrium ensemble. This could be donesimg full diagonalization and
the Lanczos algorithm by noticing that the weights appear ithe spectral decomposition of
the delity F(t) = jA(t)j> whereA(t) = h (t)j o which Lehman representation reads
A(l)—X (" En+ Egj)=Iim }Imh L
v ) = pn H n 0i) — 0 OJH Eo;i+i

n

e (1.11)

The last term allows one to see the connection with a simple egtral function for which
it was known that the Lanczos algorithm was capable of provikg good estimates for the
p, and E, in the low-energy side of the spectrum [13, 43]. By increaginthe number of
Lanczos iterations and thanks to the fact that thep, distribution had its largest weights at
relatively small energies, we were able to access quantit@results for the diagonal ensemble
for sizes not reachable with full diagonalization. With iteative methods implementation,
it is also straightforward to access the rst moments of the idgonal ensemble distribution
h oj[H hHi ]9 oi, which helps to cross-check the results since they repressumm rules for
the distribution. More recently, it has been shown that thep, could be recovered by inverse
Fourier transform of the delity computed with tDMRG for su ciently long times [44]. This
may be the only way to access larger systems but the numerigabrt is certainly larger
than for ED. Last, the advantage of this approach is that it diectly gives time-averaged
predictions while tDMRG always faces the criticism of nitetime window calculation. ED
is also rather fast and precise method so that scanning a witknge of parameters becomes
a ordable. Some nite-size scaling can be done tentativeliput the accessible sizes remain
small compare to what can be done with DMRG.

Plotting the diagonal ensemble distributions, reproducedn Fig. 1.7, showed relatively
surprising results, consistent with the counter-intuitie results of Ref. [38]. For the small
guenches corresponding to the thermalized regime of Fig6,l.the diagonal ensemble turns
out to be very close to a Boltzmann distribution. This may exfain why calculations us-
ing canonical QMC worked well. In this regime, the microcamacal distribution is giving
worse predictions. Why the weights behave approximately pgnentially in these data is
not obvious and we do not have satisfactory explanation forhat. Before coming back
to this point later, we may only say that nothing actually prevents the distribution from
being almost exponential, even on a closed system. On the tary, for large quenches,
the obtained distributions are highly non-thermal in the ftlowing sense: equilibrium dis-
tributions are smooth functions of the energy only and are eected to hardly vary in a
small window of energy, which width is controlled by the engy uctuations E. Here, we
observe strong uctuations of the distribution within an erergy window controlled by the
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Figure I.7: Left: Diagonal ensemble distributions obtained with ED foan interaction
guench in the Bose-Hubbard model for various initial and nanteraction strengthes. Right:
The time-averaged uctuations of the delity display a maxnhum qualitatively around the
equilibrium critical point U, = 3:3J. Reproduced from Ref. [45].

microscopic energy scal&) which is the Mott excitation gap between excited states. Its
then not surprising that computing averaged observables thisuch diagonal ensemble yields
strong deviations from thermal predictions.

A simple point of view on quantum quenches is to compare thenitlv perturbation theory
predictions which is particularly simple in the case of a nedegenerate and nite spectrum.
The goal is to understand whether the data on nite sizes behg to a perturbative or non-
perturbative regime. While prior studies focused on a giveset of initial and nal values,
we study systematically the results as a function of the queh amplitude to obtain the
crossover between these two regimes. In most sudden quencbtqcols, the Hamiltonian
governing the dynamics can be decomposed Hs= Ho+ H; with Hy the Hamiltonian
of which the initial state is the ground-state of, andH ; anerturbing operator with the
quench amplitude as a prefactor. Inthe presentcasd, = ; nj(n; 1) is extensive (global
quench) and = (Ui U;)=2. On nite spectrum, one observes the perturbation theory
scaling for small , with for instance the time-averaged delityF satises1 F 2 while
large s drive the quench into the non-perturbative regime. Interigingly, the time-averaged
uctuations of the delity F display a maximum through the crossover (see Fig. 1.7). In
the spirit of looking for a critical point from diverging uctuations, the study of the scaling
of the maximum of F does not seem to be related to the equilibrium critical poinand
support that the perturbative regime could survive the themodynamical limit. Yet, the
nite-size scaling is unfortunately essentially inconclsive [41].

A last point on these preliminary r&s_ults is the relation to hermodynamics. First the
energy uctuations have a standard £ L behavior for this type of quench, but we pointed
out that slower convergence to the thermodynamical limit add be realized starting from a
state with slowly decaying density correlations. We yet dighot investigate much this point.
Second, we de ned the thermodynamical entropy as the Shanme@ntropy of the diagonal
ensemble, as suggested in Ref. [46]. As for the uctuationsdisplays a memory of the initial
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in the sense that two initial states with the same energy yidé di erent entropy. Looking
back, this is certainly the sign that the ensemble equivalee is de nitely not reached at
these energies and for these sizes. The same can be said atheutlata of Fig. I.5. At least,
we obtain to a good approximation that the entropy is extense in the number of particles.

2.5 Two possible criteria for nite-size e ects

When working with numerics, one always faces the issue of taisize e ects. For equilibrium
calculations and searching for the ground-state, one uslyahas the support of analytical
theory to devise a scaling law. In the sudden quench situatipone has to work with high
energy states, they may not exist universal behaviors. Therexist some exactly solvable
guench models, but it is hard to know whether the obtained stiag could be reused in other
cases. To pick up only one example, the decay of magnetization a Neel state can be
tentatively computed with Luttinger liquid theory. Yet, th e fact that this theory neglects
the curvature in the band structure gives a wrong exponent agpare to the exact solution
in this quench [47, 48].

(E)A
| |
— | >
Eor ' E; E Energy

Figure 1.8: Left: typical many-body spectrum showing the structure of lesnergy excita-
tions at the bottom and dense chaotic spectrum in the bulk.dgRt: Energetic argument on
the crossover number of particles to achieve thermalization a closed quantum system.
Reproduced from Ref. [42].

Energetic based criteria We wish to design simple criteria that one can keep in mind
when doing numerics on small systems and that could be easilyecked on any model. We
cannot give general scaling laws but we would like to say whéme numerics are relevant in
order to discuss the ETH. We have seen that on a nite system, #re is a crossover from a
perturbative to a non-perturbative regime with increasing . We have also seen that ETH
is expected to apply when the spectrum is chaotic, ie in the Buof the spectrum. Indeed,
the lowest energy part of the spectrum corresponds to elentary excitations above the
ground-state. In small quenches, only this part of the spacim is populated. The region
of the spectrum does not show much chaotic features even fonan-integrable system. If
one thinks of a very large system, exciting only one or two @hentary excitations does not
make the system in a thermodynamical regime because what rteat for thermodynamics in
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2. Sudden interaction quenches in the Bose-Hubbard model

closed systems is to have a nite density of excitations. Thelementary excitations usually
have a natural energy scale from their dispersion relatiors€e Fig. 1.8). We write it ¢ to
recall that it depends on the nal Hamiltonian. Notice that in the low-energy part of the
spectrum, the density of states behaves di erently than inte bulk and that observables
uctuate much more from what was observed in other models anih the Bose-Hubbard
model (see hereafter). A last argument is that the quench perbation operator connects
the initial state only to excited states within the same symratry sector, by selection rules,
while thermal ensembles populate all sectors according pib the energy. In the low-energy
part of the spectrum, the structure is strongly dependent othe symmetry sector so this
a ects much more the distribution than in the high-energy pat of the spectrum in which
all sectors have approximately the same features (as well fas observables as we will see
later).

The least one can say is that one does not expect the system tetmalize generically
if the quench puts less energy on a nite system then this mioscopic ¢ energy scale.
By generically, we mean that it is still possible that the waghts happen to resemble an
equilibrium ensemble law, by chance, so that the nite systa looks thermalized, but this
IS not generic. Thus, let us de ne a crossover number of pastes as

()
o) en()

wheree( ) and ey () and energiegper particles the rst one being the mean energy after
the quench and the second one the ground-state energy of theal Hamiltonian. On a
nite-spectrum, it is easy to show that N¢( ) / 2 in the small quench regime. Thus, if
one wants to check ETH on a nite system, one must at least wonkith numbers of particles
N & N¢( ) requiring to work with large enough quenches amplitude. @Gnadvantage of this
energy based argument is that it is easy to compute either nwarically of analytically and
that one can argue that for 1D systems, it does not su er muchrdm nite-size corrections.

Ne( ) = (1.12)

Fidelity based criteria Another simple criteria is to estimate the weight taken by the
excited states in the dynamics. This weight is nothing but 1F with F = h o] o1 the
ground-state delity. One may say that, asF should reach zero in the thermodynamical
limit, a situation with high F will have too few contributions from excited states to be
amenable to a thermalized state. An arbitrary separation beteenF * 1 andF ' O s
to de ne a crossover number of particles such tha (N¢; ) = 1=2. Inverting this relation
provides a crossover number of particles based on the delit This is harder to compute
numerically because one can only accdss corresponding to the possible system sizes in the
numerics, contrary to the criteria based on energetic arguents. However, the ground-state
delity is a quantity of interest in the context of equilibrium quantum phase transitions
so its scaling has been studied recently [49{55]. In this dext, one can de ne a delity
susceptibility ;. using the small- expansion:

2
i;L 7 :
The labels recall that the susceptibility depends only on # initial state and that its size-
dependence is crucial. It was shown that the latter falls inito possible scaling

g (1.13)

i L for gaped initial ground-state.

17



Chapter I. Various faces of quantum guenches

6

10 E T ||‘|||I| T TTTTT T TTTTT T TTTTT T |||||||| T |||||§
= \ =
6 L » —- constt? |
10 E \ ° L=7 =
F 1Y a L=8 3
r % o L=9 ]
104,=_ % N_from
E \\ T the fidelity |3
N 103;— AN -
C™E o 3
C \ i,
\o
102'5_ \o =
= \°, E
C NG i,
1
E 0000 © -
O i | IIIIIII| | IIIIIII| | IIIIIII| | IIIIIII| | IIIIIII| 1 IIIII_I
10 3 2 1 1 3

10° 102 100 10° 10 100 10

Figure 1.9: Crossover number of bosons in the Bose-Hubbard model tr= 2J and unit
lling n=1. Reproduced from Ref. [42].

i.=L L "with ;> Ofor critical initial ground-state, with ; an exponent signaling
hyper-extensivity.

This can be cast into a simple scaling behavior foM( )
N, 2=(1+ ) - (1.14)

in which one can choose; = 0 for gaped systems. While largeN. may not be computed
numerically as explained before, one can still have a goodieste of ; numerically to
determine the small-quench scaling dfl; quantitatively. As an example, the curveN( )

for an interaction quench in the Bose-Hubbard model is reprade in Fig. 1.9 for a quench
starting in the super uid regime at unit lling n = 1. The use of this curve is a priori the
following: the ETH argument is expected to work only in theN N. region of the graph
yet. This does not guarantee that ETH will work as we will seeof this particular model.

2.6 Testing the ETH on nite-size lattice

In order to test ETH, one at least has to compute the behavior abservables in eigenstates as
a function of energy and to correlate it to the behavior of theiagonal ensemble distribution.
Comparison can be done with canonical and microcanonicalsembles de ned so as to have
the same energy as the diagonal ensemble and such that the tidf the microcanonical
ensemble is given by the energy uctuations of the diagonahsemble.

We here focus on the comparison of observables obtained frdinerent ensembles in the
1D BHM. The evolution of the local kinetic energy as a functioof the energy per particle
is given in Fig. 1.10. We de ne the one-particle density-matix, or one-body correlations g,
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2. Sudden interaction quenches in the Bose-Hubbard model

Figure 1.10: Local observablay,(e) of the 1D BHM as a function of the energy per particle
for N = L = 10 and increasing interactions (for large quenches, the ressilwere rst given
in Ref. [56]). Reproduced from Ref. [42].

as

X
ACEE N NCT M RICIE (1.15)

i=1

wherej ¢ (e)i is the eigenstate of energg. In Fig. 1.10, one observes that botly, (e) evolves
smoothly in the super uid regime U=J = 2:5). One also realizes that the largest uctuations
are found in the low-energy part of the spectrum, supportinghe energetic argument for
the nite size e ects. If one were able to choose in the bulk of the \super uid" spectrum,
one would possibly nd agreement with ETH. However, for the nie size systems at hand,
one cannot reach the bulk of the spectrum before the Mott lokseemerge with increasing .
As it was shown in Ref. [56] and here con rmed, the observablegongly vary within each
Mott lobe.

The comparison between diagonal, microcanonical and camead distributions is detailed
in Ref. [42]. For small quenches where, it can be summarizedthis way. The canonical
prediction works better than the microcanonical, due to theexponential-like behavior of
the diagonal ensemble. However, this is not a true Boltzmanaw in the sense that tting
the exponential tail of the diagonal ensemble gives a di enétemperature than that of the
canonical one determined by the mean-energy. The reason &t the small quenches are
in the perturbative regime, dominated by nite-size e ectsassociated with the crossover
number N.. Consequently, ETH does not apply here due to the presence sifong nite
size e ects, but one cannot claim either that the system is #rmalized even though some
correlations look thermalized in the canonical ensemble. a\also point out that a similar
regime has been observed in Ref. [57], corresponding to loectve temperatures, but for
which the diagonal ensemble distributions were not plotted
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Chapter I. Various faces of quantum guenches

Figure I1.11: Left: Testing ETH on a largeU quench in an incommensurate system. Right:
Correlation plot for an incommensurate system in both an intaction quench as studied
previously and in the limiting \integrable quench". The veical bar marks the time-averaged
expectation. Reproduced from Ref. [42].

2.7 An explanation of the observed non-thermalization in the large
interaction regime

For large quenches, the data to test ETH are shown in Fig. I.1fbr an incommensurate
lling which has no gaped ground-state but still has Mott loles at high energies. The distri-
bution shows very strong uctuations of the weights within @ach Mott lobes. In particular,
large weights are present in the low-energy part of the rstub-bands. Biroli, Kollath and
Lauchli showed [56] that the larger values af; were correlated to the larger weights, ex-
plaining that the ETH does not apply in these nite size systms. Having a distribution that
strongly uctuates with energy is not fully su cient to expl ain non-thermalization. These
authors introduced a correlation plot between the weightsral the observable expectation
in each eigenstate to show that some particular values withia small energy range took
large weights. We give another example of such a plot for ancmmmensurate density in
Fig. I.11. There is then a rare event scenario in which the tieraverage observable is domi-
nated by certain values that are rare in thermal ensemblestilbthe origin of this surprising
correlation was not very clear.

An\integrable" quench limit: As the quench fromU; = 2J to Uy = 20J is actually not
physically very far, on nite systems, to the limiting caseU; =0to U = 1 , we considered
this peculiar case, \integrable" quench, in Ref. [42]. Ind, the initial Bose-condensed state
is easily written in Fock space. The nal Hamiltonian has onlydiagonal elements so writing
the weights and energy for a Fock con guration labeled by theccupation numbersf n; g is
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2. Sudden interaction quenches in the Bose-Hubbard model

straightforward:

NT1 g 1%
nny! N LN and U 2N nj(n 1): (1.16)

Prnjg =
We observe on these formulas that the weights are not a simgdlenction of the energy, as
one would have for a thermal ensemble. Actually, on sees that/d degenerate con gura-
tions can have strongly di erent weights, explaining the shape of the diagonal distribution
observed in the largdd limit. As regards the behavior of observables, computing, on
the Fock con gurations by hand is a bit tedious. In order to wek out the correlation plot
for this limiting quench, we could not apply the basic formwds of the diagonal ensemble
since the nal spectrum is highly degenerate in this classtlimit, and becomes block
diagonal. Thus, we compute numerically the quench frord; = 0 to Uy = 100J since on
a nite system, there is no physical di erence on the obsertdes for such a large interac-
tion. Still, numerically, the degeneracies are lifted andhe formulas are then applicable.
The direct computation of g;, which is the local kinetic energy, shows a strong uctuatios
from negative to positive values within each Mott lobes (seEig. 1.11). Qualitatively, if
one considers for instance the rst Mott lobe, the elementgrexcitations are particle-hole
excitations above the Mott state and they have a simple dispgon relation not far from a
cosk behavior which explains qualitatively this feature and thdact this observable is almost
linear with the energy in a Mott lobe. In addition, since the gument does not depend on
the fact that one is in the Mott phase, it only depends on the lgh-energy structure of the
spectrum at largel, regardless whether there is a gap or not above the grounds, we
test the correlation plot on a large quench at an incommensate density and compare it
with the limiting\integrable quench"as de ned above. The lesults are displayed on Fig. .11
and shows that the \integrable" quench from pure BEC to classal system catches the main
features of the quench protocol that realized a strongly netmermalized state. The reason
for observing this absence of thermalization is that for shca nite-size system, the large-
U data are actually controlled by the integrable, or classi¢alimit U = 1 . Notice that
this argument works also for the 2D version, studied in Ref38] and exhibiting the same
non-thermalized regime.

The remaining issue is then to ask: as one increases the sysgtze and work with a nite
J, what is the system size at which the spectrum behaves changnough to satisfy ETH?
One may also wonder whether there is a threshold around thé = 1 point for the non-
thermalization to survive. DMRG data showed that the obseration of non-thermalization
survives forUs =40J for up to an hundred sites, but if the system size required toisplay
enough chaotic behavior is much larger, this behavior renms a nite-size e ect. The con-
nection with the \integrable quench” may qualitatively resailt in a second crossover number
of particles N/™ above which the proximity of the integrable point is faded ash the non-
integrable nature of the Bose-Hubbard model becomes e eativOne expects a divergence
of this N\ when reachingu ! 1 . Even though we could get a quantitative number for
this NI (see below), one may imagine to add a diverging increasingeeion the right-hand
side of Fig. 1.9, signaling this proximity of the integrablepoint.

Reduced density matrices: Before turning to the question of the chaotic nature of the
Bose-Hubbard model, we give non-published results on the gtien of the observable de-
pendence of the observed non-thermalization. One may argtmat other observables could
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Figure 1.12: Quench correlation plots for a commensurate system for thecéb kinetic energy
0. and the von Neumann entropy of reduced density-matrices. Thees indicate the bias
due to large weights that di er signi cantly from the Boltzman weights.

display a thermalized behavior in the same quench protocoActually, one could very gen-
erally consider the reduced density matrix, of half the system and study its time-average.
For a pure statej i decomposed over two block8 and B (say left and right halves of the
lattice), we have the de nition

C=Trglj ih j]: (1.17)

Considering that each matrix element of the reduced densitgnatrix is itself a kind of
observable, one can apply the result of time-averaging thattroduced the diagonal ensemble
to nd that:
X
P = Pn | (1.18)

n

in which | are the reduced density matrices of eigenstajai. Notice that one has equiv-
alently the thermal reduced density matrix by replacingp, with the thermal ensemble
weights. For an observable restricted to the regioA, on hasO, = mjOjni =Tr[ [O]. If

. is far from a thermal reduced density matrix, then any local lsservable onA is likely to
be non-thermalized. It is yet complicated to handle, or the | because it contains a lot of
information through many matrix elements. A simple numberlhat can characterize a given
density matrix is its von Neumann entropy:

Swlel= T ¢In (]: (1.19)

This quantity is viewed in quantum information theory as a masure of the entanglement
between the two subsystems. Therefore, we plot on Fig. I.1B& quench correlation plot for
both the g, observable and the von Neumann entropy of' which shows a similar bias in the
largeU regime as for simpler observables. In conclusion, the obsst non-thermalization
is deeply due to the structure of the excited states and to thstructure of the diagonal
ensemble so that, on nite system, a non-thermal behavior igenerically expected for any
observable, at least on half the system.
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Figure 1.13: Left: Behavior of the observableg, vs energy for several distances. Right:
correlations vs distance in all eigenstates. The groundas¢ is in black while the others are
in brown. The T = 10J canonical average is well tted by an exponential (see logake on
the right panel). Two eigenstates which energies are abohetsame as the mean-energy for
T =10J are highlighted in blue showing a strong di erence.

Birth of thermal correlations and practical use of ETH: At the end of Ref. [37], the
ETH argument is pushed to its limit by saying that O, = O for eigenstates with the same
energy as the initial state, and that for an ergodic syster® also equals the thermal expec-
tation. Then, a practical application is proposed: it is su cient to compute observables in
a high-energy eigenstate to obtain the thermodynamical betior of observables. However,
obtaining high-energy eigenstates is not an easy task nuniwally, essentially because of
the exponential density of states in the bulk of the spectrupncompare to well-established
nite-temperature techniques such as quantum Monte-CarloSecond, on a nite-size sys-
tem, within an energy shell, the observable®, do not really have the same value, they
usually uctuate around a mean value. The precision of the ntleod will then depend on
the corresponding signal to noise ratio. Still, the idea isieresting and looking at the
behavior of observables with energy is de nitely of interésvhen one aims to understand
thermodynamics, whatever the algorithm. In this context, w test on Fig. .13 this argu-
ment to see how far one can reproduce a known physical resuhe exponential decay at
nite temperature of the one-particle correlationsg,. At large temperatures in the weak
interaction regime, we have thatg, e = n with  a thermal correlation length. The
behavior ofg, as a function of the energy per particle is given for a smallsigm on Fig. .13
with U =2J. We observe a rapid decay toward zero with not so important ctuations at
rst sight since we have chosen a parameter for which the ETHmks best. The correlations
in the ground-state show a slow decay corresponding to a paviaw. Looking at the same
signal for other eigenstates shows that it uctuates strorlg from one to another. Now, one
can compare the thermalg, computed in the canonical ensemble with eigenstates chosen
with the same mean energy (black line fof = 10J canonical calculation, blue lines for
selected eigenstates). We already see on linear scale tHag eigenstates give a very noisy
signal, coming from the fact that a high-energy state is, torst approximation, a random
state of given energy. While the correlations are always ptige in a thermal ensemble, the
eigenstates display either positive or negative values andn-monotonic behavior. Last, the
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thermal average gives very small values at large distanceglvdistinguishable in log scale
that makes the signal to noise ratio pretty bad at large distaces. An alternative conclusion,
rather than saying that ETH is of no practical use, is to notie how the canonical averaging
magically manage to create a simple exponential law out of enaging over almost random
signals.

2.8 Quantum chaos and distance from integrability in the
Bose-Hubbard model

In order to make progress in the understanding of the largeteraction quench in the Bose-
Hubbard model, it is consequently necessary to better chatadze the chaotic nature of the
Hamiltonian and to tackle the e ect of nite-size scaling. Bdore turning to the data, we
recall the basics tools developed and the main ideas of quamt chaos and also how we had
to adapt them to tackle the Bose-Hubbard model.

Quantum chaos in a nutshell: Historically, the rst concepts came from nuclear physics
when physicists tried to understand experimental neutronasonance spectra in high-energy
collisions. Nuclear physics is a many-body problem with stng and non-trivial interac-
tions involving from tens to hundreds of nucleons [58, 59]. A®mputing the exact energy
spectrum is unfeasible and because the structure of the Hatoilian is so complicated, a
statistical approach was proposed by Wigner. He studied théasistical properties of hermi-
tian random matrices, sorted by type and general symmetri€with or without time-reversal
symmetry, or including spin-E¥2). Let feggi=;.p be the set of eigenvalues sorted in ascending
order, D =dimH being the size of Hilbert space. We writg; = .1 € the level spacings.
The mean local level spacing is simply the inverse of the Idﬁisensity of states (e), which
itself follows a semi-circle law intheD 'l limit: (e) = % 2D €2. Usually, one com-
pares spectra that are unfolded in the sense that their meaavel-spacing is set to unity.
The reason is that it turns out that the density of states doegot carry any universal feature
and is Hamiltonian dependent while the distribution around he mean level spacing displays
some universal feature. We will come back to the unfolding pcedure later and we take
s = 1 in the following when discussing any level-spacing distiutions. Consider the case
where eigenvalues would be independently drawn on the reais This yields a Poisson law
for the level spacings (s) = e °. For eigenvalues of random matrices, Wigner showed that
the entries must be Gaussian distributed if they are indepéently drawn and such that
the ensemble is invariant under unitary transformations. Tere exist three random matrix
ensembles that correspond to Hermitian random matrices [6@hose entries are respectively
real, (gaussian orthogonal ensemble, (GOE)), complex (gsian unitary ensemble (GUE))
or quaternionic (gaussian symplectic ensemble (GSE)). Fsuch matrices, the eigenvalues
are non-independent variables that have a non-trivial joinprobability distribution, namely

(er;:::;8)= C.p je gj e (1.20)

whereC . is a known normalization constant and is the Dyson index equal to 1 (GOE),
2 (GUE) or 4 (GSE). As regards the level spacing distributiontiis a non-trivial function of
the level correlations so that an exact computation yieldig a simple practical formula has
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2. Sudden interaction quenches in the Bose-Hubbard model

not been found yet. Remarkably, Wigner devised that a 2 2 random matrix calculation,
providing a formula which is actually quantitatively usefu and that is now called the\Wigner
surmise”. It reads

Pu(s)=ase®s; (1.21)

with some explicitly known normalization constantsa and b [60]. It yields a very good
agreement with the exact large® expressions [61].

This level spacing distribution represents one of the mairobls to study the chaotic na-
ture of an Hamiltonian. The connection between random matrixtheory and the question
of quantum chaos is not straightforward at all. By quantum chos, one may understand
the correspondence between chaos in the classical worldhwitis quantum version. In this
context, the Berry-Tabor conjecture [62] rst stated that a quantum model with an inte-
grable classical counterpart must have a Poisson distriboh. The case of Hamiltonians
with a chaotic classical counterpart is expected to follonhe Bohigas-Giannoni-Schmit con-
jecture [63] which states that the level spacing distributin must abide by Eq. (1.21) with
determined by the general symmetry properties of the Hamiltoan?.

These conjectures had a remarkable success over many Hamitos in various elds of
physics and some generalizations to other peculiar enseetohave been made [64]. Inter-
estingly to the eld of 1D strongly-correlated models, intgrability can be de ned directly
at the quantum level through the Bethe ansatz [65] or if the niel is exactly solvable,
as for free fermions. An essential feature of the Bethe ansaszthat three-body scatter-
ing processes can be decomposed into waves with permuted ranta only. This is called
the non-di ractive property which allows to decompose the cattering of N particles in
sequences of two-body scattering. Di ractive terms in thre-body processes would be re-
sponsible for changing momenta and redistributing energyreong particles. Their presence
in non-integrable model in the Bethe picture is expected tortve thermalization at the mi-
croscopic point of view [65]. A natural question then is whber or not similar conjectures
stand and the answer was yes. Early studies [66, 67] in the 9isplayed clear signatures
of chaaoticity or integrability based on nite system calcuations and the phenomenological
approach from random matrix theory. Eigenfunctions also ¢gy signhatures of chaoticity but
we do not review this aspect, we will only give intuitive redts when needed later.

The distribution of the ratio of consecutive level spacings : In addressing the level
statistics of the Bose-Hubbard model [68, 69], we face di cties with the unfolding proce-
dure at large interactions, which is typically the regime ware interested in. Let us rst
recall the procedure to make the mean level-spacing equaluoity over the whole spectrum.
Unfolding the spectrum consists in changing variables fronié true levels,e,, to new ones,
&, = N (e,), where N (€) is the mean number of levels less thag or integrated density of
states. The functionN (€) can be obtained either by smoothing over many realizatioris the
case of disordered systems, or by local smoothing over an rgyewindow large compared
to the level spacing but small compared to variations o (€). In quantum many-body
systems, there is no disorder average and no known analytiéarmula for the density of
states so one has to do with cooking a smooth function that desaptures the local density
of states. We see on Fig. 1.14 that alJ = 40J, the density of states displays Mott lobes

2Notice that the Poisson and GOE Wigner curves are now on the LAFMS logo in memory of this so-called
BGS conjecture (see the front page).
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Figure 1.14: Left: Density of states of the Bose-Hubbard model for incigag interaction.
Right: Level spacing distributiond? (s) in the chaotic and close to integrable regimes. Several
bins for energies have been used to numerically perform thefalding procedure. Adapted
from Ref. [68].

separated byU. Quite generically, the density of states in the bulk of the gectrum is
exponential with the number of particles. This is simply dudo the fact that the width of
the spectrum of an Hamiltonian with local interactions scakwith the number of particles
or its square depending on the statistics of exchange, andatithe size of the Hilbert space
is exponential in the number of particles. Obtaining smootd functions for Fig. 1.14 that
are good enough not to spoil the uctuations statistics is dcult and not very satisfactory
since there is a bit of cooking. Such procedure cannot be used systematic way. Still, we
show on Fig. 1.14 that it already gives that theU = 40J spectrum almost follows a Poisson
law.

In order to get rid of the unfolding procedure, one can switctho a variable built to
be independent of the local mean level spacing. In this spjriOganesyan and Huse [70]
proposed to consider the distribution of ratios of conseaut level spacings,, de ned by

_ min(sy;snh 1)
=

. 1
—_— = — .22
max(sn;Sn 1) min- (1.22)

wherery = sp=%, 1. Both the numerator and denominator are equal to the mean leV
spacing on average, one expects that the distribution of thrg or of r, will be independent
on the local density of states, something one can already ckeon random matrices (see
Ref. [68]). Then, no unfolding is required and one can dirdgtcompare experimental or
numerical spectra to random matrix ensembles predictiondn the original manuscript of

Ref. [70], apart from the Poisson behavioP(r) = 2=(1 + r)?, there was no analytical
equivalent of the Wigner surmise and the authors resorted taumerical evaluation ofP (r).

To get P(r) analytically from small random matrices, one needs at le8 3 matrices and
we could not pursue the calculation to a tractable formula. &, LPTMS have experts on
the subject and they noticed that an ansatz could be obtaineduickly directly from the
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Figure 1.15: Left: evolution of the mean ratio of consecutive level spagitri as a function
of U=J for several sizes. The two bars indicates the Poisson (integle) and GOE (non-
integrable) expectations. Right: tentative scaling for Eeted points showing a tendency
toward GOE with increasing sized.. Adapted from Ref. [68].

joint probability distribution with N = 3 which we were not very familiar with. This gave
us a nice result which reads
2 (r+r?

Pw(r) = Z (1+r+r2)3 ; (123

with Z the normalization constant (see values in Table 1.1). Thisofmula provides good
practical estimates of the actual distribution to a few perents and we gave additional ts of
the correction if more precision is desired. Although this wk was achieved after the study
of the Bose-Hubbard spectrum, the ratia proved to be a useful tool already for numerical
comparisons.

] Ens.\ Poisson \ GOE \ GUE \ GSE \
z : b 4P 725"
M W 1 7 2773 1 24373 1
4 8 2 80 2
=1:75 1:360735 1:174661
M - 1:7781(1) | 1:3684(1) | 1:1769(1)

hiw | 22 1[4 273 ] 28 1 | 238 |
0:38629| 0:53590, 0:60266 |  0:67617
hri : 0:5307(1) | 0:5996(1) | 0:6744(1)

Table 1.1: Values of useful constants and averaghs and h+. Averageshiy are calculated
from Eq. (1.23), and hi; from numerical data. Adapted from Ref. [71].

Results on the Bose-Hubbard model: The Bose-Hubbard Hamiltonian has real entries
and time-reversal invariant so it falls into the the GOE engmble class with = 1. We
reproduce on Fig. I.15 the obtained behavior of the mean ratiri versus interactionU=J
and its tentative scaling with system size. Full use of symrnrées and rather large RAM
memories are required to go up tb = 12 from full diagonalization. One can compare the full

27



Chapter I. Various faces of quantum guenches

U/(J+U)

Figure 1.16: Left: Shannon entropy of wave-functions averaged over thhole spectrum as a
function of U=(J + U) for four di erent sizes. Middle: Shannon entropy for each eanstates
sorted as a function of energy for variout&J=J. Right: same plot showing instaed the von
Neumann entropy of the reduced density-matrix of half a chaifReproduced from Ref. [68].

distributions but for simplicity, we stick to the mean valueonly which di ers signi cantly
from Poisson to GOE. One observes that for intermediate vads, such thatU ' J, the
spectrum is already close to non-integrable supporting thgood agreement with a chaotic
behavior in other results such as checking ETH. On the two liing regime U J and
U J, the mean value on small systems displays a value closer toig3on law then to
GOE. Thus, although the model is non-integrable in the Bethansatz sense, the spectrum
does not look so chaotic. The most likely behavior is conseamily a nite-size e ect which
makes the spectrum look almost integrable while its thermgaamical limit is certainly not.
Interestingly, increasing the system size gives a trend tand GOE. Finite-size scaling is
complicated because there is no analytical hint to t thehri(L) curves and evaluate for
which size there is a crossover from quasi integrable to nomiegrable.

Another way to characterize the chaotic behavior is throughhte localization of the eigen-
states wave-function on a given basfﬁsiig, which is here the symmetrized Fock states basis.
If a wave-function decomposes gsi = | Gjii, then one may de ne the normalized Shan-
non entropy in this basis as

T e
S( i)= ™) -
When S is close to unity, it means that the wave-function is deloceded over the whole
basis. A wave-function localized on a small part of the Hilbespace displays a small en-
tropy. Fig. 1.16 displays the behavior of the Shannon entrgpof eigenstates as a function of
interaction and as a function of the energy for various intection. Integrability is expected
to yield localized states but of course the Shannon entropg basis dependent so it is not
necessarily the case. For instance, at small, while the model on nite sizes is almost inte-
grable, the Shannon entropy is large simply because eigeatist are close to superpositions
of plane waves (BEC and its excitations irk-space) so that the Shannon entropy in the
Fock basis, which is a real-space de ned basis, is logicalrge. On the contrary, larget
shows a strong tendency to localization due to the proximitef the integrable limit U = 1 .
Finite-size scaling on this quantity shows an even more casient tendency toward chaos
than the spectral probes. The evolution of the Shannon enfpg as a function of energy is
also insightful. Fig. 1.16 demonstrates that although the Bannon entropy is not an observ-
able, it has pretty much the same strongly oscillating beha&r as the observables with, in

(1.24)
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2. Sudden interaction quenches in the Bose-Hubbard model

particular, strong uctuations within Mott lobes at large interactions. To complement this
study, we show on Fig. .16 the behavior of the von Neumann eopy of the reduced density
matrices of eigenstates which displays again large uctuans in the large interaction limit.

2.9 A textbook example: free bosons in an harmonic trap

While studying the physics of quench, we investigated a sirg non-interacting exactly
solvable model which conveys some interesting results. Thiguation is that of free bosons
con ned in an harmonic trap which frequency is suddenly chayed from!; to ! ;. In this
case, the quench amplitude is dened as = !;=!; 1, taking !'; as the unit of energy.
The single-particle excitation spectrum is split into the dd and even parity sectors and the
overlaps are non-zero for even-parity wave-functions onlffor integer n, they read:

_ ey M1
Pn = Zn(niz1+ =2 +2

(1.25)

At the many-body level, the many-body weight and energy of ad€k con guration fn;g is
given by

(Po)™ (P2)™  (Pm)"™"
|

Prnjg = N! m o~ - ; andEgp g = ~! 1 (2na+4n,+  +mnp)+~! ¢ N=2 (1.26)
0- 2+ m:

P _
with m even integers and with the constraint jm:_oz Ny = N.

Several interesting results can be inferred. First, the cssover numbers of bosons from
the two previous de nitions are computed analytically:

+1 - In2
Nene'® =4 ——=; andN Y = ———— (1.27)
In 22
Second, in the limit of large single-particle energy ~! ¢ 2n, we have
e "=T(O)

Pon | —Pw— (1.28)
which has an exponential tail with the e ective temperatureT( ) = ~! ;=Inj—2j. In the
limit of small quenches, one can observe numerically that ehmany-body weights follow
approximately a Boltzmann-like law with an e ective tempeature T( ) * ~l¢=Inj=2

going to zero with . This exponential-like behavior is not generic and a simpleounter-
example can be found in the case of a Joule relaxation [72]. \Akso observe that the total
entropy of the diagonal ensemble is very close to the canaalientropy up to a global factor
two coming from selection rules.

A possible question with this setup is to ask whether the queh process can put enough
energies to take the gas into the non-condensate high-tematire regime. Indeed, for a
sudden quench starting from the ground-state, not any naltate can be reached a priori.
In the free bosons model, there is a crossover to a Bose-cors#el state below a critical
temperature T.. In the 1D harmonic trap and on a nite size system, the lowessingle
particle level occupationnyi becomes of the order oN below T, " ~!N= In(N) following
the standard calculation ofT, performed in the grand-canonical ensemble. One sees that fo

29



Chapter I. Various faces of quantum guenches

xed e ective density IN andN !'1 | thenT.! O in agreement with the fact that their
IS no Bose-condensation in this model in the thermodynamickmit. Still, condensed and
non-condensed regimes can be clearly discriminated. Thisgsover, or critical, temperature
corresponds to a critical energfec Eo ~!N 2. The typical con guration corresponding
to these energies are qualitatively represented on Fig. 7.1

1/t

I
T
M
Rt 1)

v

Figure 1.17: Typical con gurations of N bosons versus energy for a 1D harmonic trap.

We give here another way to derive this energy from a microcanical perspective. One
can get the same critical energy by considering the tempetaie-energy relation obtained
from Boltzmann's formulaS =In . It is well known that the microcanonical constraint of
a single-particle equally spaced spectrum maps onto the fiioning problem of an integer
since we have:

8
% X N ( (
Nk = v p——
:) ~!
(0 =) = |\(11 '\';" N) s 2n I E_NE (1.29)
2 knk =M= E o ( ) =
k=0

The two cases above are the limiting low-energy and high-egg regimes. When one looks
for the energy at which the two curves crosses, one gets agtie sameN 2 scaling for the
critical energy.

We can now try to answer the question. The quench puts a meanexgyE Eg; ' ~!TfN
so that N is required to reachE.; and the non-condensed regime. This surprising
behavior, which diverges with the number of bosons, actuglhgrees with the exact scaling
of the single-particle ground-state occupation number wtih can be computed for the quench
singe we have seen that the distribution is the multinomial e : we havemg = Npg
N=  at large . Similarly, the uctuations can be gomputed and readm3 h ngi =
Npo(1 po) so that the relative uctuations scale as ¥ N with a -dependent prefactor.
Consequently, starting from the many-body ground-state ¢ which lngi = N), one stays
in the condensed regime for nite and one needs NZ with z > 2 to makegi scale
to zero in the thermodynamical limit. The physical origin ofthe fact that the quench
process makes it di cult to reach the critical temperature s that the many-body ground-
state has vanishing overlaps with the excited states above because they have negligible
contributions from the single-particle ground-state.
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3. The Galileo ramp for interacting bosons

3 The Galileo ramp for interacting bosons

Sudden quenches have been also discussed with the goal ofnemging out-of-equilibrium
states that could be of use or that could have properties notchievable by equilibrium
states. This quantum engineering purpose starts to signiantly deviate from the sketch of
Fig. 1.1 and we see that the wording quench embraces many dient situations. Obviously,
this is again not a new question in quantum physics and, forstance, preparing population
inversion is central to nuclear magnetic resonance and lagdysics. Here, some basic ideas
are revisited within the realm of strongly correlated matte and with the new possibilities
o ered by cold atom engineering. The Galileo ramp setup wilbe view as a way to con-
nect bound states to propagative modes of many-body gas, #amly to \ionizing" metals,
atoms or nuclei. We then start with a textbook exercisefor bachelor students in quantum
mechanics that shares some qualitative features with thetap under discussion.

3.1 A quantum physics exercise: the Tritium disintegration

It is found in Nature that Hydrogen 1H has two isotopes equipped with neutrons: Deuterium
D = 2H and Tritum T = 3H. Tritium is radioactive and disintegrates by the beta decay
following the nuclear equation

T! 3He' +e + & (1.30)

The main product is a ionized Helium 3 atom, together with an eitted electron e generated
by beta decay, and an electronic anti-neutrinoe.

The analogy with a sudden quench goes as follows: from the moof view of the initial
Tritium electron and considering that the beta decay is almgt instantaneous, the electro-
static potential changes from one elementary charge to twaligging the potential quite
substantially. Then, the electron wave-function, assumetb be initially in its ground-state,
projects out on the bound states of the Helium atom which are ithis situation essentially
the same as the Hydrogen ones with a doublqucharge. Computiting probabilities of oc-
cupation p, in this single-particle problem yields Ll pr, ' 0:976 1. The physical reason
for this apparent non-conservation of probability is simpl that the electron can reach either
a bound state or a di usive state. If diusive states get someaveight, it just means that
a second electron is emitted with a 3% probability, somethgnobserved experimentally. In
short, one can view this process as transferring partiallynaelectron from a bound state to
a di usive state*. Yet, in this nuclear reaction, there is no tuning or controparameter, all
numbers are xed by the fundamental constants.

3.2 The gquantum yo-yo: Bloch oscillations

Before describing the quench protocol we worked on, we rdcalrather counter-intuitive
single-particle phenomenon called Bloch oscillations. Idassical physics, if you drop a
ball in the gravity eld, it will fall down to the ground with i ncreasing velocity because
its potential energy can be converted into kinetic energy rste the latter is not bounded,

3We actually realized the existence of this textbook exampleafter completing the study.
4This is of course the situation of most ionization processebut the chosen example has the merit of having
a clear interpretation and calculations that are closely réation to a quench description.
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at least non-relativistically speaking. Now, in solid statghysics, it is rather common to
have periodic lattices in which the kinetic energy is boundeand periodic with momentum.
Reexamining the previous situation with a ball that is attabed to such a periodic lattice
in addition to the linear gravity potential, one nds that th e ball will not strike the ground
but oscillate close to its initial position, creating a quatum yo-yo. A mere semi-classical
interpretation allows one to understand this surprising bieavior catch by BlocI? in 1928 [73]
and Zener in 1934 [74]. Lex and q be the position and momentum of the particle subjected
to a potential energy Fx and having a kinetic energy 2J cosg, so that the velocity
v = 2J sing remains bounded. F represents the force applied to the particle and energy
conservation gives thatF x(t) + 2J cosq(t) remains constant. The equation of motion is
integrated to give q(t) = q(0) + Ft [2 ] since g leaves on the reciprocal lattice. Thus,
starting from a zero velocity initial condition, the position oscillates according to

x(t) = x(0) + %[1 cosFt]: (1.32)

The period of motionTg =2 =jFj is called the Bloch period and the associated oscillation
frequency is! g = F. We also observe that the stronger the force the narrower iké range
of admissible positions.

More recently, the single-particle spectrum was solved imé early 60s by Wannier [75].
The analysis shows that the levels are equally spacéd = E, ~! gn and the eigenfunctions
are localized and shifted from one minima to the next one,(x) = o(n+ x). This breaking
of the delocalized aspect of the Bloch functions in the prasese of an electric eld was rather
controversial and experimental con rmations have been awtad until the late 80s and 90s.
They have been observed in many physical domains: semicoattus [76], thermal gases [77,
78], photonics [79], cold atoms [80{82], phonons [83], ankcion-polariton BEC [84].

3.3 Setup and methods
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Figure 1.18: The Galileo ramp setup:A is the number of sites in the box; the force (slope)
and V4 = FA the height of the potential. Att = 0, the condensate is stuck in the box. A
t > 0 the ramp is turn on with a wave-packet that remains localized region A and an
ejected wave-packet. Reproduced from Ref. [85].

With colleagues from Nancy [85], we studied the Galileo ramgtip loaded with bosons
as represented on Fig. 1.18 and which parallels other schesrgich as in Refs. [86]. Bosons

SHistorically, Bloch was rather interested in the motion of an electron in a constant electric eld.
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are initially con ned in a box well and then ejected by a linearamp. An optical lattice is
present all over space. On the ramp, the single-particle elgstates are essentially localized
Wannier functions while they are propagative modes on theght-hand side. At the single-
particle level already, the wave-function will be cut into egionA with a non-zero probability
of staying localized and a certain occupancy of the propaga modes which will build an
outgoing wave-packet as sketched on Fig. 1.18. When many piales are lling the well, the
interaction and the exchange statistics will a ect the prorties of both the outgoing and
trapped wave-packets.

In the following, we focus on the few results which we nd the ost interesting. To obtain
these results, we used a combination of numerical and anabdl approaches. Numerically,
we used ab-initio techniques such as time-dependent DMRG caexact diagonalization for
nite interaction calculations. In the case of hard-core bsons, a powerful approach allows
one to deal with large system sizes [36, 87{90]. Indeed, hamdre bosons with annihilation
operatorh at site i, even in an inhomogeneous potential, can be m@?ped into frieemions
quadratic Hamiltonian using the Jordan-Wigner transformabn ¢ = ~,; (1  2n;)h with
n; thq,g,number of particle pperator. After diagonalizing the qudratic Hamiltonian, one gets
H=","q§qWith q= (i) the eigenstate operators of pseudo-momentuq The
time-evolution of the 4 is straightforward and one gets the time evolution of the olesvables
using this mapping. For complicated potential such as the Gileo ramp, one cannot solve
everything analytically but the mapping already helps froma numerical point-of-view as
one essentially has to manipulate single-particle eigeasts and not the whole many-body
Hilbert space.

In addition to that, a coarse-graining or semi-classical drydrodynamic approach [91] can
be used to make predictions for the local density based on shmapping. In this picture,
one considers that the total density stems from the contriliion of particles at distance
x of possible momentag over the Brillouin zone. The energy of particle at distance
and momentumq is given by "(x;q) = V(X) cos g with V(x) the potential energy
and = 2 J a shortcut for the bandwidth. In this unitary evolution, it should remain
constant, providing a relation betweenx and g. One knows the motion of each particles
and, taking into account the initial distribution in phase-space &; g), one reconstructs the
density prole (x;t) by summing contributions from all particles reachingx at time t.
This intuitive reconstruction is directly based on the quadatic form of the fermions picture
discussed above. This approach provides a useful pictureitderpret the results which is
sketched on Fig. 1.19.

3.4 Controlling the number of ejected particles and wave-packet
manipulations
The rst and simplest quantity to control is the fraction of ejected particles. It depends on

the initial density, the interaction and the height V4, = FA of the ramp. The scaling for

F > 2 =As rather simple. For free particles, one gets
1 . 2 3.
EA 2—sm 2 EA [V, ~: (1.32)

while for hard-core bosons, one has

N free — N

esc

. . N
NJCB = ?[q: +singe]/ Vi ' with g = - (1.33)
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Figure 1.19: Left: Sketch of accessible energies versus position in thglfodynamical de-
scription, the three lines display the lower, middle and uep energies of the local band
structure. Inset. Density proles (x;t) showing the evolution of the ejected wave-packet
(dashed lines comes from the hydrodynamic description). Riglnumber of ejected particles
Nesc Versus the potential height,. Reproduced from Ref. [85].

On Fig. 1.19, the nite interaction curves display an intermediate behavior for nite U. The
decrease withV, can be simply understood in the HCB picture of Fig. .19 wheregpticles
that are coupled to propagative modes lie in the orange regiavhich relative surface shrinks
as V, is increased. As regards the shape of the emitted wave-packédcan be predicted
quite precisely from the hydrodynamic approach in the casd bard-core bosons.

Without doing much calculations, one observes that the hydidynamics approach helps
speculate on possible setups to achieve various maniputeits of the wave-packets. While
most current atom lasers work in free space, trying to con ngeometrically the coherent
beam, we believe that adding up a lattice would help a betteoatrol of the velocity and the
shape of the wave-packet. In this respects, we propose on.Hig0 several naive protocols to
create a mirror, beam-splitter or reshaper which seem to woas expected from numerical
simulations in the HCB limit.

catching part or all of a condensate BeamS plitter 5 Miror 5
Q
=
N 05— TV 05 - V)
AN t<0 —t=0 . T —t=0 .
—t=75 —t=75
mior t<0 >0 > 04 — t=150 %‘I - 04 - — =200 %’I
KA/ S AT St
j9 j] —_—t=
% 03 g % 03 t=450 5
beam-splitter 0 © 2L
t<0 =1 12 % % 2 g.
/Y /_\ S o2 g 8 02 g
L q1 1
reshaper % 01 \‘\ 01
0 b Ho O Y. SO Ve 5 d0
>0 0 0 50 100 150 200

Figure 1.20: Left: Qualitative views on manipulating wave-packets. Mide and Right: nu-
merical simulations with HCB for the beam-splitter and Miror devices. Reproduced from
Ref. [85].
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Figure 1.21: Entanglement entropy between the two wave-packets. See fex discussion.
Reproduced from Ref. [85].

3.5 Engineering entanglement between propagative states and bond
states

Another essential feature of the setup which involves manyely gases is that the trapped
bosons will remain entangled with the escaping bosons. Thube setup creates two en-
tangled many-body wave-packets which are spatially sepaea. To estimate the amount of
entanglement between the two sides, one can resort to nunoaii calculations of the entangle-
ment entropy S;(A) =  Tr[ {(A)In {(A)] between regionA and the rest of the system with

t(A) the reduced density-matrix of regionA at time t. Physically, one expects that when
the two packets are far enough for long times the entanglentenill reach an asymptotic
value. Two qualitative e ects are rst observed: the entroy is controlled by the number
of escaped particles and by the interaction as well. Largenteopies are achieved when the
Hamiltonian is far from its integrable limits, in agreement b the previous discussion on the
entropy of excited states.

More interestingly, the HCB limit here again o ers a nice and gantitative interpretation
of the long-time entropy. Indeed, a naive guess would be th#te long-time entropy could
be related to the initial entropy within the trapped gas. Fran Fig. 1.19, we know that the
escaping particles approximately correspond to particlesith initial distance x  x7. In
the initial equilibrium state, conformal eld theory predictions are available for an arbitrary
cut at x in the gas:

So() = 21n Pain( ysin X + O (1.34)
6 A

with &®' 0:25. The idea is thus to compare the initial entropy between thorange region

and the restSy(x;;) with the nal entropy between region A and the rest. One can argue

that raising the ramp acts as cutting suddenly the gas so thahe two should not be very

di erent. This is indeed numerically supported on Fig. .21 In the end, we obtain both a

relation between the out-of-equilibrium entanglement anthe equilibrium entanglement in
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Figure 1.22: Left: Damping of Bloch oscillations and role of integrabily. Momentum dis-
tribution for increasing time (downward). Right: Damping 6 the condensate fractiorf o(t).
Inset: inverse damping time versub/=J showing larger values close to the integrable limits.
Reproduced from Ref. [85].

the initial state, and also a useful formula to predict the amunt of entanglement between
the wave-packets. Yet, this quantity may not be easy to mease experimentally. Last, one
may notice that working a few bosons, say two or three, couldefd quantitative predictions
two in a situation were correlation measurements could be meofeasible.

3.6 Thermalization and integrability in the swinging box con gura tion

When not connected with the propagative modes, the ramp carelused to shake the gas
suddenly and study its response. In the interaction quenchstussed in the previous section,
there was the fundamental issue that the quenching paramet&as also the one controlling
the integrability of the model. If one wants to use quenchessaa way to probe the e ect
of integrability onto relaxation and thermalization, this was not a good strategy. Here, the
force is an additional knob that can be used to perform the queh for various U=J and
study these properties vs integrability. Let us now study tk time evolution of the system
after suddenly turning on the forceF.

As we have seen before, the rst step is to evaluate numericalihe chaotic nature of the
nite-size spectra. The forceF will a ect the level and one must not use a too largd-=J,
otherwise the spectrum becomes dominated by the Wannier gtdadder levels. This is why
we obtained the best probes of integrability by usingg  J.

The rst thing one can look at is the damping of simple obsenldes. For instance, a
natural probe of Bloch oscillations, which have a straighttward interpretation in recipro-
cal space, is to look at the time-dependence of the momentunstibution. On Fig. 1.22,
we observe that non-integrability translates into a short dmping time of the Bloch oscilla-
tions. Actually, this damping and role of integrability was sudied previously in a series of
papers [92{97], mostly in the weak interaction limit. We complementary study the approach
of the HCB limit to show that a revival of the Bloch oscillatiors should occur. Furthermore,
the damping of the condensate fraction is order of magnitudenger when approaching the

36



4. The adiabatic limit and its scaling

=T ¢gjj+1 ANg

2
N
i

Figure 1.23: Left: testing thermalization in the shaken box con guratio for three di erent
observables. Right: tentative quantitative correlatiorebween distance from integrability O
from Eq. (1.35) and level spacing ratio. Reproduced from Ref. [85].

integrable pointsU = 0 and J = 0, as one can see in the inset of Fig. 1.22. A recent
experimental work observed the e ect of interactions overhie damping and period of Bloch
oscillations and gave promising results about the possiiyl to study quantum many-body
chaotic physics with this setup [98].

The second connection to integrability is done on the timevaraged observables following
the discussion on the ETH of the previous section. In Fig. I we show typical pro les
of three simple observables: the local density, the localngtic energy and the momentum
distribution. We see that low and highU=Js favor non-thermalization on nite systems
while the chaotic spectrum forU = 2J is associated with a reasonably good thermalization
for all observables. In trying to systematically correlatehe onset of thermalization by
plotting the relative distance from thermalization, de ned as

1% o o
J

O =

versusU=J in Fig. 1.23, we observe that not all observables display aa®e correlation with
the measure of integrability. Clearly, the local kinetic eargy, in this setup, is the most
adequate probe for non-thermalization.

4 The adiabatic limit and its scaling

4.1 Heat and adiabaticity in thermodynamics

Classical point of view Having a microscopic understanding of heat is not easy althgh it
would make thermodynamics more intuitive. We here give a psible point of view within a
classical framework, although our ideas always remain a liitzzy on these kind of questions.
Forces separate between conservative, associated withgradtal energy, and non-conservative
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forces. The total energy of a system splits into macroscoghkmetic and potential energies

Emacro, Present when the system is not at rest, and microscopic egess, or internal energy

U, which include kinetic energy of internal degrees of freemioand potential energy of
internal forces. There usually also exist non-conservaévforces that one can separate into
macroscopic and microscopic types. The macroscopic type &orces that are associated with
change in a macroscopic variable of the system. For instandbe pressure work p™ V
is not associated with a conservative force and correspondsa change of theV variable.
We usually write it W and it this corresponds to the work done by an external operat
who is able to modify the macroscopic variables. External grioscopic forces often enter
the scene but they do not change the constraints or macroséoariables of the system.
By dissipative (think of friction) and pumping mechanisms,they are able to modify the
internal state of the system and may mostly transfer energyhtough the surface of the
system. Their work during the transformation we may call heaand write it Q. In this
picture, the rst law of thermodynamics is nothing but the kinetic energy theorem in which
work of conservative forces are put on the left-hand side amebrk of non-conservative forces
are put on the right:

Emaco + U= wet + Q: (|-36)

This could look nice but trying to interpret heat microscopcally is of little use for ther-
modynamical balances and there are other ways to de ne worknd Q from de nition of
adiabatic and non-adiabatic processes. In particular, ifn@ wants to study the evolution of
a closed quantum system, this rst law is of little use and onerefers a discussion in terms
of level occupations.

Quantum statistics point of view  Statistical physics aims at describing the repartition of
energy among the microscopic levels, of weight p,. It provides a simple interpretation of
the rst principle according to the following decompositio of an elementary variationdE
of the total energy during an in nitesimal transformation:

X X
dE = pndE, + E.dp, : (1.37)
|2 {z—} |—{z—}
W rev Q rev

The energy level€,, account for all the left-hand side of Eq. (1.36) and they are &nction
of macroscopic variablex, like the volume, which we may writeE,(x). Thus, a change
dE, is possible if one changex bypapplying an external operator forceF, de ned by
dE, = F,dx for a level andF = _ p,F, on average. The average force depends on
the thermodynamical parameters, like temperature, as in thexample of the pressure. In
a reversible transformation where the weights remain unchged, which is equivalent to an
adiabatic evolution in this case, the variation of energy emls Fdx which is clearly an
external work, written as W " in Eq. @,37). The elementary variation of entropy expresse
in terms of the p, is al\.yayst = ks ,(Inp,)dp, and assuming Boltzmann's law for the
P, yields that TdS = | E,dp,. The latter quantity equals the heat transfer only if the
transformation is reversible and this why it is written as Q"'. In the general situation
of irreversible processes, Eq. (1.37) holds of course, biitet mere interpretation of the two
terms is no longer true. For instance, an external force winds applied too quickly will
inevitably change the levels population.
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For non-in nitesimal transformations, it has been suggesd [46] to take the following
prescription for de ning the work and heat done on a system:

X X
EM= pOEn()+  Ena(t)(pa(t) pn(0) : (1.38)
|—{z—} | {z }
work W (t) heat Q(t)

where p,(0) are the initial population of the levels andE,(t) the time-dependent spec-
trum. In a cyclic process, the heat will then vanish in the adibatic limit. The two terms
are naturally the integration or the two terms of Eq. (1.37) gparately, so the de nition
looks consistent with the previous interpretation. This aproach is also consistent with
adiabaticity de ned in quantum mechanics as unchanged wéits among the energy levels,
ie. pn(t) = pn(0). Yet, what is not trivial and may look arbitrary is the presence of the
time-dependent termE, (t), which includes external work, in the contribution to the feat,
and the fact that there is no integrated quantities displaye memory of the path. Anyway,
this de nition is sensible and of practical use for actual aoputations, although it may not
correspond to what we understand as heat in other contexts.

Excess energy: a tractable quantity for numerics In actual calculations, a simple quan-
tity that resembles heat is the excess energy de ned by

Q=E() Eof) (1-39)
using the same notation as for heat. Following Ref. [99], fa que‘gch starting from the
ground-state and changing the Hamiltonian up to time , E( ) =  pa( )En( ) is the

mean energy at the end andEy( ) is the ground-state energy of the nal Hamiltonian.
Sincep,(0) = 0, this de nition actually matches the de nition of the heat in Eg. (1.38).
Clearly, Q( ) must cancel to zero in the adiabatic ! 1 limit, and it physically measures
the energy carried by the excited levels populated by the gneh mechanism. The physically
interesting issue is the correction from adiabaticity at nte . We will see that one expects
quite generically a power-law behavio . We sketch on Fig. 1.24 the typical behavior
of Q versus the \velocity" *. In the sudden quench limit,Q is naturally bounded as the
density of energy cannot diverge.

Figure 1.24: Typical behavior of excess energy densiy=L versus inverse quench time.
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4.2 Adiabaticity in quantum mechanics

The Landau-Zener-St eckelberg transition  The Landau-Zener-Sickelberg transition [4{

6], often shorten as Landau-Zener transition, is the studyf @éhe probability for a two-level

system to transit from the lower energy state to the higher esrgy state when the diagonal
matrix elements are changed linearly at a rate, or velocity, 1. The Hamiltonian reads

"t= =2

HD= o e

(1.40)
such that the minimum gap of the avoided level crossing &t= 0 is . The originally asked
guestion was \what is the probability Pey that the system starts from the ground-state at
t= 1 andends up inthe excited state at =+ 1 . While the spectrum is the simplest one
can imagine, the answer is not so straightforward to derivdt was rst obtained from the
study of the limits of the derived partial di erential equations on the coe cients, although
a direct matrix calculation handling time-ordering might be more transparent [100]. The
result is the following

2

Pex=€ 77 (1.41)

which shows a non-analytical behavior in the transition ra. As expected, the transition
goes to zero in the adiabatic limit ! +1 . Actually, this is a particular limiting case and
starting for instance att = 0 instead yields a di erent behavior in . A more generic result
on this transition [101] is

n2

Pex| — 7 (1.42)
which is thus the reference scaling for the limit of adiabatity. While the model for Landau-
Zener transition is unphysical in the1 limit, its result can be used physically since when
the gap is large, nothing much happens and the bottleneck ftine probability is when the
two levels are close to each other. It also applies to a restibn of the spectrum when
two avoided levels cross among many. It is indeed found thaté formula works to explain
more realistic phenomena. An example is the shape of the matip&tion hysteresis cycles
of molecular magnets when varying the scanning speed of theigation eld [102].

The Kibble-Zurek mechanism The Kibble-Zurek mechanism is a tentative generalization
of the Landau-Zener transition to the situation of passing aontinuous quantum phase
transition between two gaped phases (see Ref. [101] for adoeview). It has been originally
proposed in a cosmological context [103] to interpret the pduction of inhomogeneities
during in ation, and rediscussed in the context of super ud Helium [104] for a crossing
of a classical phase transition, varying temperature. It l|mbeen generalized to the case
of quantum phase transition more recently [105]. There ardraady two novelties with
respect to the Landau-Zener paradigm: the gap closes at themsition and the system has
a continuous spectrum of possible excited states. Furtheare, the vicinity to the quantum
critical point and the critical point itself display scaling at equilibrium featuring universal
exponents. The basic idea of looking for some universality crossing a second order critical
point is the following: as the gap closes, the relaxation tienof the system diverges so that
one cannot stay adiabatic and defects are unavoidably creat Assuming that the system
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4. The adiabatic limit and its scaling

defects density

quench velocity 771
Figure 1.25: Left: quench setup for releasing a trap slowly. Right: scafjrand saturation of
the density of defects. Adapted from Ref. [106].

responds as in equilibrium, one uses the scaling relatiores éstimate the density of defects
produced. More precisely, let us calj the parameter driving the transition and =g g
the distance from the critical pointg.. A linear scan ing is assumed so that (t) t=
with  the inverse rate of variation. The equilibrium scaling behaor of the relaxation
rate readst, | | * wherez is the dynamical exponent and is the correlation exponent
appearing in the correlation length divergence | | . The rst step of the argument is
to say that defects are being produced in an non-reversibleayvwhen the time remaining
to reach the critical point, denoted byt , is smaller than the relaxation rate. Between two
gaped phases with the same on both sides of the transition, the samé holds for the time
after which the process becomes almost adiabatic after csogy the critical point. We then
assume positivet and  for simplicity. This provides the two relationst t, and the
corresponding distance t = from which one gets the two scaling relations

t 2=+ and =z +D) (1.43)

The second step is to consider that defects are separated lettypical distance corre-
sponding to  so that their density in dimensiond simply scales as\g () 9. Finally,
one obtains that the density of created defects scales withe evolution rate as

Ng d=(z +1) . (|44)

This looks like a remarkable result because the scaling ismtivial and universal since it
is related to the universal equilibrium exponents. The appach is meaningful only in the
'l limit since in the sudden quench regime ! 0, one expects a saturation of the
density of produced defects.
Another way to derive the scaling is to rely on Landau-Zener gument and state that the
crossover between adiabatic and non-adiabatic behaviorlwdccur when the gap and gap

variation rate satisfy Z‘L—t 1. As we have the scaling Z with t= , this gives
the same time scalé 2=z *1) as previously, with a typical gap scale 2=z +1)
Last, one can use the gap scaling Z to recover the scaling of and eventually ng.

There is thus a consistency with the previously derivation.
Although the argument uses some scaling relations, it is onleery phenomenological and
its assumptions are not obvious. The obtained scaling doestrhave the scope of scaling
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relations in critical phenomena at equilibrium. Consequdly, it happens that this reasoning
provides the good exponent in some situations but is not aly& correct. Last, little is said
about the nature of the produced defects (although it was voices in the original model for
Helium) and the correlations at play. There exist some situains where this argument proves
to be exact. These are situations where the many-body dynagsiis usually exactly solvable.
A neat example is that of a quench in the transverse Ising clmivhere the trapping potential
is progressively smoothed [106]. One can see on Fig. 1.25 glo®d agreement between exact
solution and scaling arguments as well as the saturation dii¢ density of defects.

Adiabatic perturbation theory in quantum mechanics  Adiabaticity in quantum mechan-
ics is when the weights of the decomposition of a state ontoehnstantaneous basis remain
unchanged. Of course phases appear with time-evolution. Weis see a direct connection
with the quantum statistical description. One can draw a peurbation theory around the
adiabatic limit and we follow Ref. [107, 108] for this discigson.

The Hamiltonian is changed through a control parameter(t). The instantaneous basis
fin(r)ig and its eigenvalued E, (r)g are de ned by H(r)jn(r)i = E,(r)jn(r)i. After some
algebra, one shows that any time-dependent wave-functioart be expanded as

X
j i= €O Op(t)in(r(t))i (1.45)

n

in which two phase factors have been integrated, namely
Z t Z t
n(t) = En(r(s))ds; and n(t)=1 m(r(s))jm(r(s))ids: (1.46)
0 0

n(t) the time-dependent phase coming from the instantaneous $ia energies while , (t)
are Berry phases associated with leval. The b, coe cients satisfy the following evolution
equation

X
ba(t)= € O mOM L (H)by(1) ; (1.47)

ném

in which one has the following de nitions

z t
Lam (1) = Ea(r(t))  Em(r(t)) ; and am(t) = ! nm (S)ds (1.48)
0
Man (6= ()R ()], = e SO (1.49)
Z : = mn
m() = n(t) m@®=1 [Mmn(s) Mmum(s)ds (1.50)

0

The M matrix is anti-Hermitian so the . (t) are real phase factors. This result is exact,
there is no approximation, it is just a rewriting of the Schedinger equation, but a good
starting point for approximation around the adiabatic limit. Indeed, assume that the time
evolution takes places in a time window 2 [0; ]. The approximation is expanded in orders
of v Lin the small v limit:

i iz Q@)+ v )i+ (1.51)
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Adiabaticity is de ned as the fact that the weights of then™ level does not depend on time,
l.e. one setdM,,, = 0, ie. neglects couplings to other levels, and theb,(t) = b,(0) h,.
Only the Bohr and geometrical phases remain:

X
i O@i=" d"Od Opin(r(t)i: (1.52)

n

One gets rst corrections in the velocity by usual identi caion of terms in the expansion of
the perturbative form for the wave-function inserted into he exact equations. Specializing
to the case where one starts from the ground-statg = o, one obtains

i O)i = & o0d o®jo(r ()i (1.53)

and
I

. . X '
i Wi =ie' «We o Jno(t)  JO(r (1)1

. néo - M 0) (1.54)
+i g ol o) N0 g n(Dg n(O TN g p (1))
- no(t) Fo@) MO

2 Mo (9
o 'mn(s)
order correction populates the excited states and the weighare captured by the various
quantities introduced. The criteria for adiabaticity is that j ®(t)i has a negligible norm.

where we introduced the quantityJm,n (t) = ds. We observe that the rst

Scaling from adiabatic perturbation theory  Adiabatic perturbation theory has been used
to re-derive the scaling argument for Kibble-Zurek and to geeralize it [109, 110]. The basic
idea is to start from Eq. (1.54) or an approximate version, ath to use the scaling features of
the low-energy spectrum. For instance, quasi-particle eixations have a dispersion relation
of the form !,  k* away from a critical point, or ! (( ) Z F(k= ) in the vicinity of
a quantum critical point, with F a scaling function. With another scaling ansatz for the
matrix elements, one comes up with the following predictianfor the excess energy:

8

2 Gaplessifd z Q (d+2)=2z

S Closetoa QCPifd d.=z+2= Q (d+2) =(z +1) (1.55)
" Generic Q 2

These results stress the role of dimensionality on scalings for equilibrium critical point.
The second case would be the Kibble-Zurek scenario in the serthat the excess energy
density may be estimated fromQ ng in the Kibble-Zurek scaling argument. For
a quench within a Luttinger-liquid phase, the scaling thegr then predicts a 2 scaling
but re ned bosonization calculations [111] solving the rédime evolution found logarithmic

In( = o)

> .

corrections to this behaviorQ
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4.3 Slow quench in an homogeneous Bose-Hubbard gas

With this context in mind, we now study the adiabatic limit of an interaction quench of the
Bose-Hubbard model using time-dependent ED and DMRG. We usdiaear increase of the
interaction so that the quench is parametrized as follows:

U)= U+ U with U=U U: (1.56)

There will be thus two parameters in the discussion: the rampime and the quench
amplitude U. Out of these two parameters, one can build a quench velocity= U= .
The Iasbinput is that the perturbing operator, as before, idiagonal and is here denoted
by B= ,nj(n; 1)=2. We are interested in both the behavior of local observalslend of
the excess energy

Q=E: Eos (1.57)

where E; is the nal energy and Ey¢ is the ground-state energy of the nal Hamiltonian
which follows Eq. (1.39).

| - sudden quench - - sudden quench (b)
== |=15-ED C _ A% 2
2| +L=16-ED [ - Qtaltt) .
10" E- (=100 - DMRG 0.02|- = perturb.
— |~ L=120 - DMRG - < model
=3 B / | e Exact
4 | Q=Q°(U) - .
o F— : i - B(!) =
3] L=15 /w - - model
10°F e [ -
C RY; 0.01— 1t 1B,
r S ¥ [
B ; K }? + dUu=6J :
i 10'1 :—:‘ .}‘ + du=4J L o 0.5F oo
[ .:" - du=2J I~ : Fl .
a [ + dU£0.6J B cle o ow
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1= [J=4] 1= [J=1]

Figure 1.26: Excess energy in the adiabatic limit of an interacting quehcin the Bose-
Hubbard model. Reproduced from Ref. [112].

The numerical data are reproduced on Fig. 1.26. We may distyuish three di erent
regimes in theQ( 1) curve for a xed U: (i) at long times on the ED small system data,
we have a quadratic behavior 2 which, as discussed below, is attributed to the nite-size
gap so that we call that a Landau-Zener behavior; (ii) for laje DMRG system sizes, a non-
trivial exponent is found ' 1:35 which actually connects a small region of the ED data;
(i) at short times, we observe the approach to the sudden guch limit which is signaled
by a saturation of the injected energy.

In order to interpret these results, one could naturally tryto work with the adiabatic
perturbation theory which small parameter is the velocity bthe process. In practical
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4. The adiabatic limit and its scaling

calculations in the context of quenches, as the calculati@re complicated, people also take
the limit of small quench amplitude to obtain a scaling in thevelocity. We took another
strategy which is to use a basic time-dependent perturbatiotheory in the initial basis
fi ni; E,g. The small parameter is also the velocity and, to second oml@ne gets

Z 4 h |
e uy=u) G T B s (.59

WhereQO( U)= UNhBjOi + Eo;i Eo: is the exact sudden quench expectation arl(! ) =
LihnjBjoij2 (!  (En Ey)) is the spectral function associated with operatoB.

Corrections to the sudden quench: In the literature, all the focus was previously on the
small velocity limit since there is a quest for universalityIn this approach, we also get some
useful information on the correction to the sudden quenchniit. The energy Q°( U) is a
function of the quench amplitude only. Although it is perturkative in v, Eq. (1.58) gives the
exact result in the large velocityv limit because the ramp time becomes short enough in
this regime. We thus obtain short- corrections computable using ground-state observables:

UZ

Q(; U)= Q%) L5-(= o)’ (1.59)
with the characteristic ramp time . given by the sum rule
z
J 1! J?
2= I 1)Y= — O K 1iOi
c 1, d'! B(!) 1Z_m]B[B,K]]OI (1.60)

where K is the kinetic term P j[qv+1q + h.c.]. The scaling of . with L depends on the
typical behavior of the equilibrium three-point correlats B[B; K ] with distance. In this
guench, nite-size e ects are negligible and, is nite. This result is not very surprising but
it could be of interest for experimental purpose since it adady captures well the deviations
from the sudden quench plateau. It also relates a charactstic time-scale to ground-state
calculations that could be computed by equilibrium numeria methods.

Exponent and universality We now focus on the observed exponent and the possible
universal Kibble-Zurek scenario. Notice that, since we stafrom U; = 2J, we cross the
transition as increasingU. If one moves within the super uid phase, we recall the basic
scaling theory predicts = 2 while improved Luttinger liquid computations yields log-
rithmic corrections to this scaling. In the scaling scenasi the quench amplitude is not
directly appearing as the results are given as a scaling inetlvelocityv. Here, we show that
the exponent depends on the quench amplitude and give an angent for an amplitude-
dependent exponent using the perturbative formula above.ndleed, putting oneself in the
limit of vanishing quench amplitude U, we get

: ' B()
Q% U) U20+d!|—

which, injected in Eq. (1.58), gives that the ratioQ( ; U )=Q°( U) = f ( ) no longer depends
on the quench amplitude. More precisely, we have

z L2
QL U) 5 Ty B() sin® 5

Q*(U) o |4z} | 47—}

response protocol

(1.61)

(1.62)
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Figure 1.27: Left: ED data on the ratio Q( ; U )=Q°( U) which collapses at small quench
amplitude. Reproduced from Ref. [112]. Right: identifyingraplitude-dependent exponents
in the adiabatic limit from DMRG results.

in which we have separated the contribution from the respoagunction with the contribution
depending on the time-dependent protocol that has been cleos here a linear ramp. As
discussed before, one could work with the adiabatic basisrpgbation theory and it turns
out that the same result is recovered in theU ! O limit with this approach [113]. The
rst thing we can discuss is that, on a nite system,B(! ) will be a sum of delta peaks
with a nite-size gap so that a 2 \Landau-Zener" scaling is expected. In this case, the
formula also contains oscillations in in agreement with the numerics. For a gaped spectral
function, the same Landau-Zener scaling is expected in theermodynamic limit as well.
As B(! ) can be computed numerically independently with the Lanczoalgorithm, one can
numerically compare the exact time-dependent behavior tdé perturbative calculation as
done in Fig. I1.26. In the case of a gapless system, the spetfianction can typically have
a power-law scaling at low-energies, s&(!) ! . When < 2, this gives a non-trivial
power-law Q( ) in which the exponent is related to the spectral function oyl and
may be operator dependent, contrary to the Kibble-Zurek soario.

Numerically, the limit U ! 0 is the best as the perturbative calculation works better
and better for all so there no doubt that the exponent should be the one of the speral
function. The problem is that the U ! 0 limit is not physically interesting. In fact, one is
just perturbing the ground-state with a time-dependent prtocol which is not very standard
but this just changes the form of the response and not the fathat the system responds
perturbatively. We are not then really in a strongly out-ofequilibrium situation nor in a
realistic thermodynamical transformation as one would daistandard thermodynamics to
really move the system from one state to another. In this coekt, the above argument
provides us with a criteria to separate what is a small quengim which the \universality"
applies because of perturbation from a non-universal behax. If we try to collapse the
data Q( ; U )=Q°( U) for several U, the collapse should work only for small enougiu
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and this is well seen in the numerics of Fig. .27 even on smakact diagonalization data.

And there is more, from DMRG, we can more precisely follow theebhavior of the exponent

with U and we observe a clear dependence dih which does not seem to be related to
nite-size e ects. If the exponent is a function of U, no universality is expected in a
realistic quench.

4.4 Slow quench in an inhomogeneous Bose-Hubbard gas

In this last part, the e ect of inhomogeneities in the gas desity due to the harmonic trapping
in real experiments is considered. The same protocol is udeat new e ects are expected
because of varying density. Indeed, as all relevant quanés vary from site to site, gradients
will appear leading to a superposition of transport phenomm@ on top of the \intrinsic"

guench process. The presence of the trap will be taken intocatint by introducing a site
dependent chemical potential ;.

Continuity equations  Our goal was rst to extract relevant information from the numerics
SO as to interpret the data and identify some possible relaviae ects. To this purpose, we
rst make basic de nitions and relations to identify the role of the currents on the time
evolution of local quantities. Continuity equations help gparate the contribution of currents
from local source terms in such evolution. Using the notatiaO(t) = h (t)jO(t)j (t)i for
the average of a given observabl®(t) that can explicitly depend on time andh i for
h (t)] j (t)i, the continuity equation takes, on general grounds, the floling form:

~@O(t) = divhi®i + h8°i : (1.63)
J© is the current operator for which we have
divhd®i = ifH(t); )i = (W3, h J°i); (1.64)

in which the second equality is the specialization to a ondrdensional lattice for an ob-
servable located around sité, with incoming and outgoing currents. The source operator
8°(t) = ~@9(t) is non-zero only for an explicitly time-dependent operato

A trick which is useful to numerics is to integrate Eq. (1.63)between times 0 and ,
taking the adiabatic limit !1 and doing the change of variablé ! U (in the source
term integral) in order to express the total contribution ofcurrents only as a function of
ground-state expectation values

2 . 2
—divhifi(t)= O, Or + dUh o(U)i@Gj o(V)i ; (1.65)

0 Ui

wherej o(U)i is the ground-state corresponding at). The integral on the right-hand side is
taken along the adiabatic path. Thus, we can access in niteme results from ground-state
calculations while they would not be accessible numericalirom direct time-evolution. The
observables we are interested in are the local density, coragsibility or energy to see how
they redistribute during the quench. It is then rst useful to have at hand the associated
currents:

a7



Chapter I. Various faces of quantum guenches

N=24 N = 48
at site | =32 at site | =32
n
08/(@) TR Ry b) RN

s L YV N
0.6F W:

Qax
-0
o '
@©
j

> |0.6k_aan et
04r 0.4F—
\\M..._._.-.m 0.2k
0.2t
1 1 0 1 1
0.1 1 0.1 1 10
t [h/J] t [h/J]
at site | = 18 at site | =18
0.5/(C) s ! 7(d) R—
0.3f 0.6F |
0.2 0.4f
| M !
O 1 1 [ 0 1 1
0.1 1 10 0.1 1 10
t [h/J] t [h/J]

Figure 1.28: Two time scales in an inhomogeneous gas quench from localeotables:n is
the density, P, the occupancy probabilities, the local compressibility,g the local kinetic
energy or correlations,j the local density current. Reproduced from Ref. [114].
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Figure 1.29: Corresponding density and compressibility pro les. Repduced from Ref. [114].
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density ry:

fa  J=i0@®H fh)

compressibility | = 2 h AiZ

2
J\Ir;1ll+1 = 'hIJAI;I+1 + JAI;I+1 N

kinetic energyK . = J(®/H + Bh):

U

VAN AN
5 (M1 + Jiasa )

J\IKli;lﬂ = Ij\l;l+1 + Jf) i+ t
The origin of this density-assisted current, mixing|' and #* operators, comes from the
evolution equation for the onsite occupancy probabilitiesor onsite reduced density-matrix.

Two regimes scenario and Mott barriers  On Fig. 1.28, we compare the evolution of local
observables at the center of the cloud in the homogeneous ¢opsymbols) and trap (lled
symbols) situations. The bars indicate the adiabatic expé&ation value. We notice that two
regimes exist in the inhomogeneous gas. At short times. ~=J, the density is hardly
modi ed and no currents develop but the local compressibiji and kinetic energies vary
rapidly in the very same manner as in the homogeneous gas. Anhes & ~=J, the middle
density decreases because the cloud expands, currents gedind all quantities start to move
toward the adiabatic limit.

The qualitative interpretation of these two regimes is thedllowing: the quench changes
the compressibility and correlations over typical time-sdes in an homogeneous system that
we write ,2 and ¢ and which are nite. For a translationally invariant lattic e, the density
currents cancel because the total number of particle is carged, which translates into an
in nite relaxation time for the density , = 1 . For a weakly inhomogeneous cloud in a trap
of strength \y, we expect that ,(Vy) will be nite but diverges as V! 0. Itis thus always
possible to make , & ,2; 4 SO that one rst sees the intrinsic quench behavior before ¢h
redistribution of particles and energy a ects the evolutio of all local observables.

This arguments can be made slightly more quantitative usinggain a perturbation theory
in the initial basis. Generically, we nd that the observabé behaves as

1
O(; U)" Op 1 Efo 2 (1.66)
. . . A . 2U 2 .
with again the notation O = h j&j i. The \curvature" fo = 37 Ov contains the
intrinsic ramp time o of observableO: %
2 J X
o :: ! Oolo; (|67)
60
P
where! = (E Eo)=— are excitation energies and = |h jilij i. These can be

computed with usual techniques. For example, using pertualtion theory in J=U;, one can
have an explicit expression fof 2
32U3%

2o 3 =y (1.68)
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which is even quantitatively consistent Fig. 1.28, althouly the data are not realh/i_n the
strongly interacting regime. For an homogeneous gas, onencshow that 4 = d— n2,

again in agreement with the gure.

The second e ect we highlight occurs after the current haveesin. The two clouds for
N =24 and N =48 are such that onlyN =48 possesses Mott insulating plateaus whed
is su ciently large. It is known that the Bose-Hubbard model with large U display plateaus
at commensurate densities which are Mott insulating domasnand which make it resemble
a wedding cake [115]. AlthoughUJ is not very large, the e ect is visible on Fig. 1.29 for
N = 48 in the adiabatic limit. The presence of these Mott regios has a drastic e ect on
the transport properties. Indeed, such insulating gaped dwains do not easily let currents
ow through them which strongly increases the time to reachdiabaticity. When the pro les
of Fig. 1.29 have almost converge to the nal ground-state fd\ = 24, the pro les for N = 48
remain trapped in some metastable state over the time windoaccessible with DMRG. We
call this e ect Mott barrier and it seems to be relevant for cegain experiments [116]. A
direct computation of the local currents is compatible withthis simple interpretation.

Energy redistribution We now focus on the energy redistribution. For the local engy
f = %[KI p+ R+ Uy, wherel) = ty(f,  1)=2, we get

‘j\lhll;l = %j\l 1 (1.69a)
@ﬁ y (1.69b)
JE(JAl 20+ 1 11e1) (1.69c)
@ " N |
s (el (e it ) (1.69d)

In addition, since the energy operator is explicitly time-dpendent and therefore not a
conserved quantity during the protocol, we have the followg source term

S = ~@umN (1.70)

which shows the importance of the density uctuations in theenergy production. In par-
ticular, the total energy E (t) = hH(t)i satis es the relation

X
@E(t)= h (hj@Hj i=[@u®)] i) : (1.71)

For an inhomogeneous system, there are two contributions tbe local energy production
as seen from (1.69) and (1.70): one from currents and corréda currents and one from the
external driving of the system. Summing up the total energyhe contribution from currents
must vanish to ful Il (1.71), but locally, one may have energ redistribution. We can de ne
the heat produced in the system as the energy of the atoms atethnal time compared to
that of the ground-state for the nal interaction strength

Z S
Q()=E() Eot =Eoi Eor+ Y . dt  Hi(t); (.72)
|
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4. The adiabatic limit and its scaling
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Figure 1.30: Energy redistribution and current, source term contributns to the nal excess
energy pro le in the quench. Reproduced from Ref. [114].
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Figure 1.31: Behavior of the total excess energy with inverse quench tifoe a trapped sys-
tem showing two time-scale regimes. Reproduced from Refl4l
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Chapter I. Various faces of quantum guenches

with Egi= the ground-state energies. Note thatf}i is accessible experimentally, which
makes it possible to measure the interestinQ( ) dependence. One can de ne a local excess
energyq as the di erence in local energies between the nal energiesd the ground-state
expectation for the nal parameters. It splits up into threedi erent contributions

g( )= Hii() hfio :*"ﬁlio;'z h fiigg (1.73a)
= dtdivhMi(t) (1.73b)

/4
2wt (1.73¢)

0

where the rst term is simply the local ground-state energy ilerence (independent of ),
the second term is the integrated contribution of energy ctents, and the last term is
the integrated contribution due to the external operator. Wile Q( ) is necessarily non-
negative,g( ) can be negative or positive depending on the relative corttutions of each
term. Finally, using (1.65) with & = f, allows one to calculate these quantities in the
adiabatic limit:

2 . 2
—divhf™i(t) = Mijigy h fiigr + dUNio(U) ; (1.74)

0 Ui

where the right-hand side can be computed accurately usingmerical techniques.

We apply these de nitions to the situation described previosly. The local energy con-
tributions are presented on Fig. 1.30. FolN = 48, the nal pro le remains highly excited
even for the longest ramp time considered (  25~=J). We rst notice that the local excess
energy is smaller by nearly an order of magnitude fdd = 24 compared toN = 48 and that
uctuations are much pronounced at long times in the preseecof Mott barriers. In fact,
the local excess energy pattern resulting from the quenchastually non-trivial even for the
seemingly simplest situation wherdN = 24. At short ramp times (sudden quench limit),
particle and energy currents are negligible so that the terr(l.73b) does not contribute, all
the nal excess energy being a balance between the grounaist energy di erence (1.73a)
and the density uctuations average (1.73c). The latter is &ways positive and distributed
rather uniformly in a Gaussian-like function whose maximundecreases with . Hence, for
short ramp times, the bulk retains most of the local excess ey while the edges have
negative g due to the term (1.73a). For longer ramp times, energy currés set in with
the e ect of redistributing energy from the bulk to the edges Thus, these currents tend to
strongly reduce both the spatial uctuations and the total excess energy (heat) produced
by the quench. For intermediate times, either negative or itive g at the edges and in the
bulk (see for instance the opposite distribution for = 10~=J and = 15~=J for N = 24)
can be found. ForN = 48, the \Mott barriers e ect"tends to freeze the excess loal energy
pattern to the sudden quench typical distribution with negdéive g at the edges and positive
in the bulk. Last, the existence of the two regimes is apparem the total heat plot on
Fig. 1.31.
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Chapter Il

The quasi-periodic adventure

Acronyms

DMRG: density-matrix renormalization group
ED: exact diagonalization

BHM: Bose-Hubbard model

SF: super uid

MI. Mott insulating

BG: Bose-glass

HCB: hard-core bosons

BEC: Bose-Einstein condensate

1 Bose-glass: the Graal of interacting disordered system

1.1 Anderson localization

When a single particle lives on a periodic potential, one caapply Bloch's theorem to
nd the eigenfunctions which are then naturally delocalizeé because of the translational
invariance. Extended waves and wave-packets are consedlyea legitimate framework to
analyze the motion of electron in crystal for instance. In BB [117], Anderson addressed
the issue of having disorder in the potential, thereby breakg translational invariance, and
its consequences on the way wave-functions are deformed. eTbutcome is rather non-
trivial [118]: depending on the dimensionality and the stregth of disorder, wave-functions
become localized spatially, ie. their long-distance behav has an exponential behavior
e = e with |, the localization length. More precisely, if one takes the sa of a 3D cubic
lattice with a box disorder of width while the hoppings t are uniform, the single-particle
spectrum has the following essential properties: at the eglgof the spectrum, eigenfunctions
are rapidly localized as the disorder is turn on while at the mddle of the spectrum, they
remain delocalized. The energy separating the two regimes c¢alled the mobility edge.
When the disorder reaches a critical value ., all wave-functions are localized and putting
free fermions at half- lling would change the conductivityfrom a metallic to insulating
behavior. This realized scenario is named Anderson localina transition. Another way of
driving the transition is to work at x disorder and tune the Fermi energy from above to
below the mobility edge. This transition displays remarkale features similar to the ones
analyzed in interacting systems. Scaling behavior existdose to the transition and the
wave-function at the critical point have multi-fractal properties. Last, a renormalization
group approach to the transition showed that dimensionaltis crucial to the existence of
the transition for non-zero disorder [119]. 1D systems shdulisplay localization as soon as

53



Chapter Il. The quasi-periodic adventure

disorder is present, 2D also but at a marginal level and 3D shid display a true transition.
The study of single-particle disordered models and more geally disordered waves has been
widely developed, being a remarkably transverse domain a#search, and although many
concepts and tools have been developed, the physics of somergmodel requires generally
a thorough analysis to yield non-controversial conclusion

1.2 Disorder and interaction in boson models

The Bose-glass Of course, the interplay between disorder and interactiors ia natural step
forward once the single-particle spectrum is understood.e¥, such competition is very hard
to tackle in a systematic way. We will only take discuss the tsiation of lattice bosons and
quickly move to the one-dimensional case since this is thelpsub-subject on which we have
an approximate understanding. First, if one starts from théon-interacting basis, all bosons
at zero-temperature will lie in the same ground-state whicls the lowest energy localized
state in the presence of disorder. There is thus a huge degsih some restricted region
of space. Adding repulsive interactions is highly non-perthative since the density is huge
and this will make the gas explode. The outcome from this snkahteraction point of view
Is not easy to handle but essentially one expects that otheingle-particle low-energy states
become populated to reduce the cost of interaction, splittg the system into many regions
with a typical density that can sustain interaction [120, 12]. Increasing further interaction
should make these regions expand spatially until the pointhen particle can signi cantly
tunnel from one to the next. Exchanging particles can evendlly lead to recover coherence
and super uidity if the initial disorder was not too strong. Another point of view is to start
from the clean interacting system and add disorder on it. Disder couples to the density
and due to interactions, the localization involves colleote phenomena. Localization can be
seen in the fact that disorder will a ect the self-energy anavill eventually localize one-body
correlations.

In the case of lattice bosons, interactions yield the Mott isulating phase, that competes
the super uid state. The rst one is localized and incompresible while the second is coherent
and compressible. A tempting thermodynamical de nition ofan Anderson localized state
of bosons, the so-called Bose-glass, is then to search fooealized state which remains
compressible [8]. This can be viewed as a thermodynamicalrdgon of the Bose-Glass.

Luttinger liquid approach In one-dimension, the physics of disordered bosons has bene
ted from existing powerful tools [9]. The seminal contribtion was a work by Giamarchi
and Schulz [122, 124] using a replica approach on the bosatian action. The physical in-
terpretation is close to the situation of the locking of a ch@e density-wave. The following
discussion is valid for a system with a single specie on a aihap that there is only one set
of conjugate elds that enter the eld theory. In this case, he correlations in the super uid
phase are governed by a single parametr called the Luttinger parameter. For instance,
the leading term of the Green's function behaves &3(r) / 1=r*¢_ K depends on the
interaction and on the disorder. As it controls the decay of eeelations it also naturally
enters the renormalization group as a parameter of the ow eqtions when the Luttinger
liquid is perturbed. In most situations, the transition toward another phase occurs when
the Luttinger parameter reaches some critical valuK . for a relevant perturbation. As an
example, the Mott transition is signaled byK. = 2 and sinceK is a decreasing function
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commensurate n = 1 incommensurate n = 0.5

AJJ

U/J U/J

Figure 11.1: Left: renormalization ow of the Luttinger liquid approachshowing the critical
valueK . = 3=2, D measures the variance of the disorder. Adapted from Ref. P2 Right:
two numerical phase diagrams for a commensurate and incommsarate density obtained by
DMRG. Adapted from Ref. [123].

of interaction in the Bose-Hubbard model, this ts the scenao of an interaction driven
super uid-Mott transition.

The random potential can pin the density eld which in turns makes the phase eld
disordered and the Green's function localized. Yet, the pimed uid remains compressible.
The renormalization group ow [122, 124] shows that disordéoecomes relevant when the
Luttinger parameter reacheK = 3=2 (see Fig. Il.1. As interactions decread¢, the super-
uid to Bose-glass transition occurs for a given critical vlme. In order to sort out a phase
diagram in one-dimension, we can thus use the various propes gathered in Tab. II.1.

Super uid Mott insulating Bose-glass
single-particle gap 0 nite 0
compressibility nite 0 nite
super uid sti ness nite 0 0
Green's function | G(r)/ 1=r¥2X | G(r)/ e ™ with VIG(r)! e e

Table 11.1: Discriminating di erent phases of one-dimensional bosons.

One-dimensional phase diagrams Phase diagrams in 1D have been proposed based on
QMC and DMRG works [123, 125, 126] for incommensurate and coransurate densities and
are reproduced on Fig. Il.1. The phase diagrams show a comifieh between the super uid
and Bose-glass phase in the interaction-disorder plane. dlsuper uid phase survives on a
dome up to a critical interaction and critical disorder. Theexistence of critical interaction
is well understood in the analysis. The same can be said abdke right-hand side of the
dome. Taking a vertical line and starting from a point withK > 3=2, disorder renormalizes
K to a lower value which nally hits 3=2 at which the transition should take place. If one
believes that theK = 3=2 criteria survives to a non-perturbative disorder value,hen this
explains the dome curve. The left-hand side of the phase drag, in the small interaction
regime, is more speculative. The previously given argumergupport the existence of a line
starting from the free point = U = 0 which connects the curve from bosonization but
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this weak-interaction limit is harder to analyze in the BoséHubbard model. The reason is
that the density uctuations are so huge in this regime that lmsonization cannot be reliable.
Other approaches such as the real-space renormalizatiorogp technique [127] have been
utilized but they are unfortunately uncontrolled so that the issue remains an open debate.

A remarkable feature of the commensurate phase diagram isattthere always seems to be
an intervening Bose-glass phase between the super uid andoN phases as soon as 6 0.
This observation has been supported by arguments based omg&vents similar to Gri th's
singularities [128, 129]. One of the main result of Giamarclnd Schulz is the putative
universal valueK = 3=2 of the Luttinger parameter on the transition line. The valdity
of this remarkable outcome outside the perturbative disoet regime is one of the current
center of interest of the community [127, 130].

1.3 The Aubry-Ande model: single-particle spectrum

Model and band-folding mechanism In the following, we will not actually deal with
a true disorder potential. The reason is that current ongomp experiments on cold atoms
have essentially two ways of generating disorder-like potigals: using laser speckle [131],
which is a kind of true disorder with an exponential law and adrolled correlation and a
bichromatic potential [132{134] which is not a true random ptential but displays a similar
localization phenomenon that we are now going to describexjerimentally, it is relatively
easy to superimpose two standing waves of di erent wave-lgihs leading to an intensity
potential V (x) = Vi cog(kix)+ Vo cog(kox+ ) with arelative phase. Whenv, Vs, the
rst potential will create a lattice at its minima x; and the second will make the e ective
local chemical potential uctuates as ;  V(xj) = Vaco$(rj + ) wherer = ky=k =
1= » Iis the ratio of wave-lengths. For non-interacting particls, we thus have to a good
approximation, a tight-binding model with a cosine potentl which commensurability with
the lattice is controlled byr. One ends up with the so-called Aubry-Ande model [135, 136]

X X
H= J [Q,b+hc]+ cos(zj +2 )b ; (1.1)
j j

in which = V,=2 and a constant term has been dropped for simplicity. One mayoint
out that this is not a random potential, it is fully deterministic and with in nite-distance
correlation. Typically, the potential forms wells of width1=(1 r) and there is no rare
events in the con gurations. Yet, the distribution of chemcal potential lls the [ ;]
window if r is irrational (see Fig. 11.2.

The rationality or irrationality of r plays a crucial role in the nature of the spectrum. If
r = p=qwith pandqcoprime numbers, the Hamiltonian ig-periodic so that Bloch's theorem
applies for cells of lengthg. Solving a given cell typically giveq) levels leading to several
bands. This mechanism is called band-folding. If now is irrational, the periodicity and
translational invariance is lost. A way to tackle the problen is to introduce subsequent best
rational approximations ofr asrn,, = pn=@¢, following a continuous fraction decomposition
of r. This gives a scenario in which the spectrum is divided into one and more bands
separated by smaller and smaller gaps. Such a non-periodisine potential can be viewed
as a sort of quasi-periodic model. Physically, it is as weklated to the Harper model [138]
describing a particle living on a 2D square lattice experieng the ux associated with a
transverse magnetic eld.
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Figure I1.2: Left: The bichromatic lattice forms wells of typical widthl=(1 r). Repro-
duced from Ref. [45]. Right: Typical phase-space trajectes showing the duality of the
Hamiltonian. Adapted from Ref. [137].

Duality and localization transition  In this paragraph, r is taken to be irrational and we
take = 0 for simplicity. A remarkable property of the Hamiltonian was unveiled by Aubry
and Ande [135]: the Hamiltonian is dual through pseudo-Fouer transformation. Indeed,
the cosine potential is the sum of two delta-peak in Fouriepsice. It is temptlng[g:) use these
momenta as units of wave-vectors and de ne a pseudo Fourieahsformb, = pT @21k p
with k integers. Sincer is irrational, the whole Brillouin zone will be spanned andhe
transformation is canonical. Transforming the Hamiltoniandiagonalizes the kinetic part,
as usual, and the potential energy introduces shifts of onaits in reciprocal space, so one
gets:

X
b1 +he] 23 cos(2rk )ik : (11.2)

k j

=3
Thus, we end up with exactly the same Hamiltonian with nearesteighbor kinetic term =2
and potential energy 2J cos(2rk ). There exist thus a duality transformation 2J $
Moreover, if an eigenstate is delocalized in real space (mte norm), it will be localized in
pseudo-Fourier space and reciprocally. The duality transfmation maps localized states to
delocalized ones. When = 0, the real-space eigenvectorsamplane waves so localization
is likely to occur at large . In conclusion, Aubry and Ande pr edicted a transition exactly
at =2 Jsuchthatfor < 2J, states are delocalized in real space while they are locatiz
for > 2J. The duality can also be understood straightforwardly by aalyzing the semi-
classical limit of the model in phase-space{p [137]. The single-particle energy of an orbit
of energy" is given by

"(g;p= 2Jcosfp)+ cos(2 rq): (1.3)

One clearly sees delocalized orbital ig for < 2J and delocalized inp otherwise (see
Fig. 11.2). Last the localization length in the localized rgime can be obtained from this
duality relation [135] and Thouless formula [139]
— 1 .
¢ T In( =23)
A striking feature is that it is independent of the energy, cotrarily to standard Anderson

models in one-dimension. There is no mobility edge in thisansition but multi-chromatic
potentials allows such a surprising feature in one-dimewnsial models [140].

(11.4)
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Figure 11.3: Phase diagrams of the bichromatic Bose-Hubbard model fomdities n = 1,

n=r andn =0:5 (lines are guides to the eyes)SF stands for the super uid phaseMI for

the Mott-insulating phase,BG for the \Bose-glass" phase andCDW for incommensurate
charge-density wave phase. Thd = V, line with n = 1 indicates theJ = 0 limit. Black

error bars are deduced from calculations averaging over tiphase-shift and nite-size

scaling. Grey error bars are roughly evaluated from calcti@ns on systems withL = 35

and xed = 0. In the phase diagram with densityn = 1, the darker (violet) region in

the BG phase is localized but could have a small gap which cdriye resolved numerically.
Reproduced from Ref. [45].

2 The bichromatic Bose-Hubbard phase diagram

2.1 Numerical phase diagram

As the single-particle physics was well known and the experemtal setup able to load
interacting bosons, the situation motivated several grougp[45, 141{143] to study rather
extensively the phase diagram of the Bose-Hubbard model wiéhquasi-periodic bichromatic
lattice, described by the following Hamiltonian

X U X X
H= J [g,b+hc]+ > ni(n 1)+ cos(2j +2 )n;; (11.5)

i i i

to which one can add a trapping con nement. We again recall tt instead of , disorder can
be quanti ed by the secondary lattice strengthV, = 2 in which case the transition for the
non-interacting system occurs av, = 4J. The literature contains several approaches to the
phase diagram using exact diagonalization, quantum Montarlo and DMRG. We repro-
duced on Fig 11.3 our results obtained by DMRG in 2008 for xeddensity phase diagrams
of homogeneous systems. The competition between the thremms of the Hamiltonian
gives birth to several phases: super uid (SF), Bose-glasBG), Mott insulating (Ml) and
incommensurate density-wave (ICDW). We have already encotered the rst three and
their determination was based on observables of Tab. I.1. &how list the main features
and comparison with the random phase diagram.
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2.2 Intervening Bose-glass phase

A striking di erence with the random phase diagram is rst that there is always a nite
critical value for entering the BG phase and which is alwaystger than the free particle
critical value. For instance this results in a SF dome on topfahe V, = 4J line on the
n = 0:5 phase diagram. A naive interpretation is that one requiresingle-particle states to
be localized at least to enter the BG phase and that repulsiveteraction favors anyway the
SF phase.

A second di erence is that there is no intervening BG phase beeen the Ml and SF
dome but rather a direct transition. This is supported by a dwiled analysis of the SF-MI
transition at nite V, showing that it has the same features as th&, = 0 one but only with
a shifted critical value of the interaction (see Ref. [45] fadetails). This absence is not in
contradiction with the \theorem" proposed for random potemial because the bichromatic
potential does not satisfy its hypothesis. In particular,tiis not possible to make rare events
of large SF or MI domains in the BG phase.

2.3 Incommensurate charge density-waves

The ICDW phase is speci c to the quasi-periodic lattice. We &ve seen that the potential
creates a succession of wells of approximately the same Widt=(1 r). When the lling

is such that there is one particle per well, ien = r (for a large enough system), and the
interaction su ciently high compare to the potential width , a fully gaped insulating phase
develops in a very similar way as for a commensurate poteriti@ar which one has a charge
density-wave. Contrary to the Ml phase, a niteV; is required since the system is otherwise
super uid. Other llings can lead to similar ICDW.

2.4 Bosonization picture for the mechanism and Luttinger parameter

The renormalization group analysis of the e ect of the bichomatic potential gives a situa-
tion in between a commensurate charge-density wave scepaaind the random BG one. An
external cosine potentiaM,(x) = V, cos(2rx ) couples to the density via a term with Fourier
peaks at 2 (n r) at rst order. Such terms may induce a commensurate-incomemsurate
transition when increasingV, if the conditionn r 2 Z is ful lled. In particular, the super-
lattice potential becomes relevant for the densities = r; 1 r; 1+r;2 r;:::, explaining the
main ICDW phases. Treating the superlattice potential in pgurbation theory to higher
orders generates other spatial frequencies that becomeexaint for largerV,. Whenr is irra-
tional, all densities are eventually a ected by the poten@l but the gaps that are generated
should be smaller and smaller. Of course, this perturbativ@cture is not realistic for large
V, but it nicely explains the results for hard-core bosons, oatgeU limit, as reproduced in
Fig. 11.4. One rst observes the opening of successive plates which are wider for the best
tting densities n=r;1 r;::: Second, on Fig. 1.4, we compute the Luttinger parameter
K for hard-core bosons, it starts fronK =1 when V, = 0. This is already below the critical
value forn=r;1 r;::: so plateaus open immediately with/,. An open gap is numerically
signaled byK = 0. For the other densities, we see thaK is renormalized by the external
potential and sub-plateaus progressively open. Whanh ! 4J, all densities are a ected and
one enters the Bose-glass phase for all densities except émes with a ICDW phases. In
the hard-core boson limit, the incompressible nature of thBose-glass phase is a bit peculiar
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Figure I1.4: Left: Density n versus chemical potential in the largeU regime close to hard-
core bosons physics. ICDW plateaus are visiblemat=r;1 r;1+r;2 r;:::. Right: Gaps
formation through the Luttinger parameterK for increasing V, as a function of density.
Reproduced from Ref. [45].

and related to the point-like nature of the spectrum. The wayne can distinguish between
a Bose-glass phase and a ICDW with a tiny gap is not trivial cke to the critical point
V, =4J. Indeed, a BG is incompressible yet with a nite correlatiodength but the latter
diverges at the critical point. For a ICDW, one expects the aoelation length to behave
as the inverse of the gap, so when the latter is tiny, the coledion is pretty large too. In
conclusion, we see that it is at least numerically hard to disguish an ICDW with a tiny
gap from an emerging BG close to the critical point. When onenters deeper in the BG,
the correlation length becomes decoupled from the spectruend, for HCB, is controlled by
the single-particle localization length.

A last interesting point with respect to the bosonization famework is the value oK at
the transition. We remember that the random potential univesal value ifK = 3=2. Looking
back at Fig. I1.4, we see that there exists super uid regime ith K . 1 for the bichromatic
potential in hard-core bosons. This would not be possible thithe random potential, one
would directly enter the BG phase whatever the density. Thiss an hint that the critical
value for the bichromatic lattice is not 3-2 and actually lower. The renormalization group
analysis was carried out by Vidal, Mouhanna, & Giamarchi [144145] for an irrational r.
They found numerically that the critical value was below ondor spinless fermions which
are similar to hard-core bosons. For soft-core bosons, weirid again a smaller value at
the critical point. This is one of the reason why the system ignderstood as intermediate
between a true random and commensurate potential. Last buton least, the value ofK is
not universal and depends on the parameters.

2.5 Varying the density

Another non-trivial point, yet important when one wishes to nvestigate inhomogeneous
systems, is the e ect of density for xed disorder and interetion. Following the main

observables in Fig. 11.5 shows a rather simple overall e eathich is that increasing density
favors delocalization and the super uid phase. For low-daities even at relatively small
values of the interaction, one rapidly reaches the hard-awboson limit too, since the disorder
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Figure 11.5: Condensate fractionf, correlation length , super uid stiness ¢ and single-
particle gap . for increasing density at rather large disorder and interamn. Reproduced
from Ref. [45].

potential prevents the localized particles from interactig much. The whole system is then
in a BG regime. When the density is large, many single-parte levels in the wells are
occupied, possibly will multiple occupancies, and tunnely can become relevant to rebuild
a super uid coherent state. The two regimes are separated laytransition occurring at a
critical density. Looking closer at the curve of Fig. 1.5, ne sees anomalies in the single-
particle gap for certain densities corresponding either ti€DW or to the MI phases.

3 An identikit for the Bose-glass phase

In this section, we begin the discussion of experimentallyrqbing localization and compe-
tition between interaction and disorder. We focus rst on a tansport experiment which
guided us to proposing Bragg spectroscopy as a good way to lpeonot only the localized
phase but also its mechanism, acting as an identikit of the Be-glass which is di erent from
a random potential Bose-glass.

3.1 Absence of diusion and transport experiments

One of the key feature associated with Anderson localizatioa the \absence of di usion”.
This stresses the fact that, if one leaves a particle in a distered potential in the local-
ized regime, it will explore a nite region of space around g starting point and not di use
throughout the lattice as a particle in a periodic potentialwould do. This signature of local-
ization found an echo in cold atoms experiments for which egsing the trapping potential
can be done routinely. The usual protocol is to start from a cmlensate at equilibrium in a
lattice plus trap potential, and release only the trapping aitime t = 0. The expansion that
follows is observed for several times in real space. If thepaxsion stops, this is claimed to
be associated with an absence of di usion due to localizatio

Numerically, such a protocol is not easy to study. First, it rquires large systems in
order to be able to let the cloud expand in a box before re ectg itself on the edges.
Second, the time-scales are rather long with respect to thepping which makes tDMRG
demanding. Last, interpreting the evolution of the densitypro le in the general case could
be complicated. For instance, one may imagine that there igst a redistribution of density
which could resemble a long-time expansion before the cloadentually freezes at a longer
time-scale. In order to get reliable calculations, we worldewith hard-core bosons for which
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Chapter Il. The quasi-periodic adventure

Figure 11.6: Expansion after release from a trap. Top Left: numerical calilations on HCB
of density pro les evolution in position-time diagrams forquasi-periodic and random poten-
tials. Ballistic expansion is observed below thé = 4J transition while random potential
always localizes. Top Right: experimental version for fre@spns showing the existence of
a critical value (keep in mind that = V,=2). Adapted from Ref. [134]. Bottom: pseudo
dispersion relations and interpretation of HCB expansionReproduced from Ref. [45].

the time-evolution can be expressed in terms of single-paie states and computed to
almost arbitrary times (see Sec. 3.3). The results of Fig..8 comparing expansion in a
true random potential with the bichromatic case shows thathe protocol indeed probes the
existence of a criticalV, in the case of a bichromatic potential. Experimental obseation
following this protocol was published soon after [134] in periments but in the other limit
of non-interacting bosons for which the same conclusion cae drawn (see Fig. 11.6).

As the hard-core bosons limit enables to interpret the dengitexpansion in terms of the
initial weights on the eigenstates and their dispersion ration, we give on Fig. 11.6 the two
guantities. For non-translationally invariant lattices, there is no real dispersion relation but
one can plot the modulus of the Fourier transform of the eigé&mctions as a function of
energy. For clean systems, pure waves yields a delta-peakichhreproduces the dispersion
relation. For disordered model, the spread in reciprocal ape signals the real-space local-
ization. Interestingly, while the random potential displgs roughly the same overall cosine
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3. An identikit for the Bose-glass phase

structure scattered by the randomness, the bichromatic late displays a strongly di erent
picture below and above the critical strength. Below, one slerves many-bands with gaps
and increased periodicity perfectly compatible with the bad-folding mechanism. There is
still some well de ned dispersion relation which explaingie ballistic expansion of the cloud.
For large potential, the wave-functions are extended ik-space in agreement with a strong
localization and gaps are still present in the spectrum, spprting the localization of the
whole cloud.

This strong di erence in the energy-momentum relation beteen random and bichromatic
potential is a direct evidence of the di erence in the locatation mechanism behind each
absence of di usion. Yet, such energy-momentum plots are ineasy to access experimentally
and not comparable to the nite interaction regime of the Bos-Hubbard model.

3.2 Absorption energy spectroscopy

A natural way to access information about the spectrum is tose spectroscopy. We recall
some basic ideas on the strategy that we tested quantitatilyeon the bichromatic potential.

Time-dependent perturbation theory  Spectroscopy works by perturbing the Hamilto-
nian Ho by some operatorB with time to study its response. If the time-varying couplimg
constant is written as f (t), with some coupling constant and (t) a dimensionless func-
tion, the total Hamiltonian at time t> O readsH(t) = Ho+ f (t)B. Let fj ni; E,g be the
eigenvectors and eigenvalues &f; and! , = E, Eg the excitation frequencies. Applying
time-dependent perturbation theory with as the small parameter gives for the absorbed
energy E(t) = E(t) E, at time t the following prediction:

X
E()= 2 jF(!n;1)j? jhnjBjoij2: (11.6)

n60

R . :
where F (! ,;t) = Otds e nsf (s). To discuss harmonic excitations, we také (t) = e "t ,
which gives the di raction function

sin( ! )t=2 2

T (11.7)

JF(niDj?=

centered around! of typical width 1=t and with a maximum jF (!;t )j> = t2. In the linear
response regime, the absorbed energy has di erent typicattmaviors depending on both the
time scales and on the nature of the underlying spectrum. AbW times, oge gets a frequency-
independentt? behavior which involves a sum rule foB, E(t)" t* 2 4, ! njhnjBj0ij 2.
After the short-time behavior, there is a regime in which the idaction function overlaps
with poles in a region around (see Fig. 11.7).

For intermediate times, it is wgrth introducing a continuots spectrum limit by using

the local density of states ( )=, ( I'n) and B(! ) a continuous function such that
B(! ,) = jhnjBj0ij?, so that
Z.,
E(t)= 2 d ()FGH)? B(); (11.8)

1
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Chapter Il. The quasi-periodic adventure

Figure 11.7: Principle of absorption energy spectroscopy. Left: typicahkar response theory
and non-linear e ects for increasing amplitudes U. Inset: matrix elementsjhnjBjQij 2
versus excitation frequenciek, and di raction functions for increasing time centered arour
I =6J. The closest pole lies at = 5:985). Right: Corresponding behavior of the delity

P(t)=jh o (1)ij%

If () and B( ) vary slower than the width of F, the diraction function behaves as a
distribution jF (! ,;t)j>' 2t (! !,) leading to Fermi's Golden rule:

E)=2 2 (1)!'B(!): (11.9)

ile. a behavior linear in time. At larger times, the di raction function probes the discrete
nature of the spectrum. Then, eithet = !, and the behavioris E(t)' t2 2! ,jhnjBj0ij?,

or the function increases and then oscillates with a typicahagnitude ( !,) 2. These
details are given for their relevance to nite-size simulabns and experiments.

The perturbative analysis is valid provided the delityh0j (t)i remains close to one, which
can be cross-checked numerically. Non-linear e ects can taklace rather soon. Physically,
the absorbed energy cannot diverge so there is always a timgcls that a saturation is
expected. To observe a proper Fermi's Golden rule behavi@ne needs to wait not too long
and with a small enough . Indeed, when is a bit large, a seemingly linear law can be
observed but not with the correct slope (see Fig. 11.7). A dicult aspect is that the time at
which perturbation fails depend on , the system size, the magnitude of the matrix elements
jhnjBj0ij 2 and excitation frequency! .

Spectral functions Fermi's Golden rule regime involves the spectral functiohg (! ) asso-
ciated to the B operator since the rate of absorbing energy at frequentyreads

E(!)=2 21g(!) (11.10)
P
with 1g(!)= (1)B(!)andlg(!)= ¢ jjBj0ij2 (! !,). Consequently, absorption

spectroscopy in Fermi's Golden rule regime directly giveseess to the excitation spectrum
I, and the matrix elementsm;Bj0i.

Application to the bichromatic lattice Since cold atoms experiments can almost arbitrar-
ily tune the Hamiltonian parameters and that the time-scaledr modulation are accessible,
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3. An identikit for the Bose-glass phase

Linear response modulation @5% modulation @25%

time ¢
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Figure 11.8: Time-dependent evolution of the total energy for di erent esttation frequencies.

at least for not too small frequencies, several spectral fciions can be investigated. The
most natural one is modulating the lattice depth [146{149Y, (see Sec. 1.2). If one assumes
that the modulation is small enough with respect to the aveige depth, then the dominant
perturbation corresponds to the kinetic operatoB = j[qv+lh + h.c.]. This diers from
solid-state physics where a more natural operator is the aent operator that enters the
de nition of the regular part of the conductivity (see eg. Ré& [150] for the conductivity of
the Bose-Hubbard model)

o1 ) = X jhnjJ 4=0j0ij 2

|

n60 ©n

¢ ) (11.12)

where the zero-momentum current operator iy = J P j i[lqy,,lq qvh +1]- Recent theo-
retical proposals have suggested horizontal shaking of tketice to mimic the e ect of an
oscillating electric eld [151].

Another way to probe the spectrum is to modulate the s,gatter'ryl length which enters as
a prefactor in the expression ob. Itis then exactthat B =, nj(n; 1). Notice that, for
an homogenous Bose-Hubbard model, the two modulations acliyegives the same signal

2] *?
Enin p(t) = U Epn(t) (1.12)
up to a known prefactor.

We studied numerically the validity of perturbation theory as a function of time and
perturbing amplitude on small system using direct time-dependent calculationsmpared
to spectral functions calculations. A previous work with snilar aims was published in
Ref. [147]. Results are given in Fig. 1.8 and illustrate thdact that it is not so obvious
to get rid of non-linear e ects for the magnitude of perturb&on typically used in cold
atom experiments. We found that modulation spectroscopy ¢t shown) allows to track the
closing of the Mott gap and entering the Bose-glass phase.tYi® the compressible disorder
gas, the weights at low-energies are pretty small so that isinot that easy to probe the
gapless nature. The hard-core bosons limit was worked out Brso and collaborators [152]
shows for instance that the absorption rate is quadratic wht! at low energies for a random
potential. This work also already provides a nice qualitate di erence between random and
bichromatic and we reproduce typical spectra on Fig. I1.9.
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Figure 11.9: Comparison of absorption spectroscopy between random angsj-periodic po-
tentials with HCB for = J. s the lling. Adapted from Ref. [152].

3.3 Bragg spectroscopy

Principle Although energy absorption spectroscopy already provides with a clear spec-
tral signature that is di erent for random and bichromatic potentials, it does not give any
information about the momentum structure of the elementaryexcitations. This can be
achieved using energy-momentum resolved experiments s Bragg spectroscopy. The
dynamic structure factor measured with this technique coesponds to the Fourier transform
of density uctuations and reads

X
S(k:')= jh jngOij2 (! ); (11.13)

60

where labels the eigenstates of the Hamiltonian andy = i ., € n, is the density
operator at momentumk. Bragg spectroscopy involves a two-photon transition andhe
measurement of the absorbed energy per unit timéE=dt taking advantage of the rela-
tion [147, 153]E-/ ! S(k;!) where! is the frequency di erence between the two photons
and k is the wave-vector di erence. Alternatively, it can be extrated from the rate of
momentum transfer [154]R-/ k S(k;! ). Both de nitions have been exploited to extract
S(k;!) in recent cold-atom experiments [155{160]. We have studiethis response using
Bogolyubov theory, fermionization of hard-core bosons anekact diagonalization for the
nite- U situation. A nice thing about free and hard-core bosons is #h they allow a direct
connection with the single-particle states and their featnes so that they naturally capture
the signatures of the localization spectrum. We refer to Ref161] for additional details.
Whether this survives away from these limiting cases is nobwious and we resort to exact
diagonalization calculation to discuss dynamic structuréactor.

Clean system First, we focus on the behavior of the clean system. In the iammensurate
case at densitiesn < 1, there are two main types of low-energy excitations. The st

type is represented by gapless acoustic modes related to sgper uid regime and which
have at lowk a dispersion relation! (k) ' uk, with u the sound velocity. The second
type is represented by doublon excitations, namely repwaly bound states of two particles
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3. An identikit for the Bose-glass phase
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Figure 11.10: Dynamic structure factor S(k;! ) for the clean system. Up: for an incommen-
surate lling n =0:5 (L = 22) from weak to strong interactions. Bogolyubov and hardcore
bosons results are compared to exact diagonalization. Dowfor a commensurate lling
n=1 (L =16) where the Mott phase emerges at largé=J. The perturbative result is also
shown. Colorbars from di erent gures are di erent. Reprodued from Ref. [161].
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Figure 11.11: Dynamic structure factor S(k;!) works as an identikit for the localization
mechanism. Adapted from Ref. [161].
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Chapter Il. The quasi-periodic adventure

occupying the same site, occurring when the repulsion engrgxceeds the bandwidth; these
bound states appear at the two-body level, and survive in thmany-body case [148]. Its
energy creation cost is aboutdl+ U in the strong coupling limit. In the Mott phase, sound
modes are absent and the elementary excitation is a brokenrpele-hole bound pair. This
gaped Mott excitation has a typical energy cost of the orderfd) and its dispersion known
in the Mott regime (see e.g. Ref. [162]).

These elementary excitations are visible in the dynamic stcture factor of the clean
Bose-Hubbard model shown in Fig. 11.10(a) for increasing iataction U=J and for two
typical densities: incommensurater( = 0:5) and commensuraterf = 1). We start with the
incommensurate case. At small=J, we display the Bogolyubov result which resembles the
ED data faithfully. This is no longer true for stronger intelctions, the spectrum is there
split into two lines which we interpret as an hybridization ketween the acoustic modes and
the gaped doublon state to which we attribute the peak emenggy on top of the acoustic
branch. As it gets higher in energy, its spectral weight deases, as one can see frag{! )
plotted in Fig. 11.10(b). Increasing interaction also trarsfers spectral weights to the low-
energy states at the R wave-vectork = 2 n (i.e. k = in the gure) corresponding
to back-scattering (see eg [163]). This is the very analogoé what is found in the Lieb-
Liniger model [164] in the absence of the lattice. In the hacdre boson limit, the spectrum
corresponds to the XX spin chain model which displays the fams Pearson-De Cloiseaux
continuum (see e.g. [162, 165]).

The commensuraten = 1 case in Fig. 11.10 displays the transition from the SF to tke
MI phase, although the opening of the gap in the dispersion lation is sizable only at
large enoughU.There, the fully gaped excitation spectrum corresponds tihe particle-hole
dispersion centered aroundd  U. For U = 10J, the gap is sizable an&(k;! ) has a similar
support as the perturbative prediction of Ref. [162], but te weight distribution is not yet
symmetric around! = U.

Comparing random and bichromatic potentials In Fig. 11.11, we show side by side the
dynamic structure factor for a random box and bichromatic pi@ntial using the simpli ed
notation V. V,. Taking the case of a commensurate density in the super uidegime
(U = 23J), a suciently large bichromatic potential is required to change the spectrum.
Above the localization transition, it displays many subgapsypical of the band-folding
localization mechanism (as seen in the panel f& = 2J, V = 10J) before reaching a
strongly localized spectrum at very large/ (see theV = 20J panel). Starting from the Ml
phase atU = 10J, and introducing a weak bichromatic potentialvV = 2J, we observe that
the spectral gap is initially lowered, and mini-gaps appearin the particle-hole dispersion.
For a stronger bichromatic potentialV = U = 10J, the gap closes and the system enters the
strongly-correlated Bose glass phase. The spectrum extsbboth low-energy excitations
with weights around k = 0 - corresponding to phonon-like modes of locally super di
regions - and excitations at relatively high energies - casponding to short-wavelength
localized excitations. Increasing furtheV to largely exceed the Mott gap ¥V = 20J =
2U), the spectrum appears as composed of two parts: a low-enemne, associated with
regions exhibiting locally incommensurate densities; ana higher-energy part with!

U, associated with localized particle-hole excitations agaring in regions with local Mott
behavior at commensurate lling. The typical bichromatic sgnature is best observed when
the spectrum possesses subbands and is very broakinThe commensurate spectrum for
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4. Phenomenological comparison with experiments

U =2J, V =10J displays nicely this ngerprint.

The true random potential has a qualitatively di erent sped¢rum due to the fact that it
scatters Bloch waves at any wave-vector, while the bichrorti@a potential primarily a ects
Bloch waves with a wave-vectok  r; r , and others at higher orders of perturbation.
Moreover, the bichromatic potential induces a stronger l@atization than the RB, leading
to much broader momentum features. In the case of strong imgetions, U = 10J, the
random potential also leads to a closing of the Mott gap, andegp in the Bose-glass phase
(V =20J), we recover a double structure made of a low-energy arc-gpleal part correspond-
ing to localized sound modes, and high-energy localized pele-hole excitations of the Mott
insulator at weak disorder. As for the bichromatic potentiglthis is a clear signature of a
strongly-correlated Bose glass regime, with the coexistan of regions with locally incom-
mensurate lling and gapless excitations, and regions wiigreserve a commensurate lling
and a Mott-like behavior.

4 Phenomenological comparison with experiments

We now turn to a more recent work that aims at investigating egerimentally the interaction-
disorder phase diagram over the whole range of parametersdatpnduct a tentative com-
parison with the theoretical phase diagrams discussed preusly.

4.1 Experimental setup and constraints

Figure 11.12: Sketch of the experimental setup and resulting bichromatattice.

The experimental setup at Florence uses Potassiuitk atoms which are bosons for which
the scattering length can be nely tuned by a Feshbach resonee. Tuning the interaction
independently of the lattice depth is crucial to scan the wHe phase diagram and is the
novelty of this set of experiments with respect to the previgs ones [133, 166].

Once a 3D BEC has been obtained by sympathetic cooling, thetaal lattices are loaded,
splitting the condensate into many 1D tubes as sketched ongrill.12. Each tube is subjected
to the harmonic trapping potential which acts mainly along he 1D direction. Because of the
preparation, each tube contains a di erent number of atomsThe total number of atoms is
known to be approximately 2 4 1¢*. To determine the number of atoms in the tubes, one
can use a Thomas-Fermi approximation for the initial 3D strature of the cloud, since the
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Chapter Il. The quasi-periodic adventure

Figure 11.13: Typical density pro les of three di erent tubes, computed by BIRG at T =0
and with numbers of atomd\N = 20; 55; 96.

atoms are prepared in a strongly-interacting state, and asse that the lattices cut locally
this density distribution. By doing this, one has a reasondé estimate of the distribution of
atoms in the tubes, which varies from a few to about an hundredVe will have to average
over this distribution when computing observables. As we kmothat the phase diagrams are
rather sensitive to the density, this will give a rst reasonfor smoothing out the transition,
in addition to the mesoscopic character of the tubes. Anothetli culty for comparison with
xed density phase diagrams is that the harmonic con nemennaturally induces a strongly
inhomogeneous density distribution within each tube. UsinPMRG calculation, typical
zero-temperature density pro les are reproduced on Fig. .13 showing the wedding-cake
structure at large interaction [115]. The onsite density careach rather large values for
small interaction and in the presence of disorder, sayx) ' 10, but is typically restrained
forn(x)'" 2 3in the largelU regime.

4.2 Coherence phase diagram

A rst important measure that is routinely accessible in call atoms experiments is the
momentum distribution P (k) inferred from time-of- ight detection. The momentum dis-
tribution is related to the one-particle correlation functon and thus probes the coherence
of the gas. It enables to distinguish between the coherent/ger uid regime with incoher-
ent/localized regimes of Bose-glass and Mott insulating. €Y, it cannot directly discriminate
the BG from the MI. Practically, we have

X
P(k)= jw(k)j® &< ™y hyi (11.14)

nm

whereW (k) is the Fourier transform of the Wannier function of the latice sites. The latter
is computed numerically and is actually pretty well tted by an inverse parabola over the
rangek 2 [ =a; =a ], a being the lattice spacing. A number featuring the coherenasaf
the system is the root-mean-square d? (k) which is denoted by in the following. The
experimental diagram is reproduced on Fig. .14 where ondserves a reentrance of the
incoherent behavior starting from a xed bichromatic streigth and increasing interaction
u.
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experiment DMRG at T=0

Figure 11.14: Diagram showing the root-mean-square of the momentum distributionP (k)
versus interactionU and bichromatic strength in the experiment and in zero-temperature
DMRG calculations averaged over many tubes. Notice the diemce in the colorbar range.
The crosses represent the chosen grid points from which the 2olor map is interpolated
from. The left dashed line shows a mean- eld estimate for ti®&F-BG transition while the
right one is the border of the region in which MI domains exish the typical tube with
N =55 atoms. Adapted from Ref. [167].

Comparing the data with xed density phase diagrams is not ey although we see an
overall qualitative agreement. One can still easily compatnumerically P(k) with T =0
DMRG for the many tubes present in the experiment and takingnto account the trapping
potential. This yields the diagram shown on Fig. 11.14. We sethat the mesoscopic size
and the averaging smooth out the transition into crossovetsetween di erent regimes. Still,
DMRG can give more insight on interpreting the data. For insance, one can determine at
T = 0 whether there are MI domains within the density pro les ofthe typical® tube with
N = 55. This gives a line on Fig. 11.14 above which the cloud is ia strongly-correlated
regime, either mixing SF and Ml when 2J or mixing BG and MI as on Fig. I1.13.
When disorder is too strong, MI domains disappear and thers ionly an inhomogeneous
BG phase.

4.3 A minimal approach to temperature e ects

Although the qualitative agreement looks encouraging, it igot satisfactory quantitatively
and one may argue that the observed broadening of the momentulistribution could be
attributed to spurious e ects or temperature. This is why wetried to introduce the e ect
of temperature.

Clean Bose-Hubbard model First, we recall some results on the non-disordered model
for xed density. To do so, we invoke some basics prediction®r instance from Luttinger
liquid theory, and we have performed full diagonalizationaiculations on small clusters to
complete our knowledge. The outcome, which is still a work der progress, is summarized
on Fig. 11.15 throughout the behavior of the correlation legth of the model and its tem-
perature dependence. Indeed, the long-distance behaviardne-dimension is expected to

1This typical tube is chosen because it has approximately thanean number of atom of a tube and because
in the super uid regime it almost reproduces the averaged mmentum distribution.
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Figure 11.15: Sketch of the nite-temperature behavior of the correlatiolength for the Bose-
Hubbard model at unit lling. See text for explanations.

beG(r)/ e ™ with a correlation length which originates from thermal uctuaions and
from the zero-temperature correlation length in the case velne it is nite.

First, the e ect of temperature on an homogenous 1D super di is expected to follow
Luttinger liquid theory at small enough temperature, ie.

1 sinh(2Kr= 1)

G(r)/ ex — NN —= 11.15
(/e 5 2K=n (11-15)
where K is the Luttinger parameter, n the mean-density and + a thermal correlation
length. This formula interpolates between two limits: ifr T, one recovers the zero-
temperature algebraic behavioiG(r) r ¢ while if r 1, the thermal correlation

length dominates and Kills the correlations exponentiallz(r) e = 7. Thus, 1 is the
typical length over which quasi-coherence takes place. Acllly, one expects an exponential
decay of the correlations at nite-T and long-distance more generally. What Luttinger liquid
theory gives is a linear-dependence with temperature of theverse correlation length

1o KeT . (11.16)

T 2K ~u’
where u is the sound velocity. The entropy and speci ¢ heat should sb be linear in the
low-temperature regime. At large temperature, one can arguand one can show numerically
on small system$ that there is a crossover to a logarithmic growth of the invese thermal
length (see Fig. 11.16):

T
1 .
In — 11.17
] = (11.17)
We may call this regime the \classical" or high-temperaturgegime. Last, if one starts at
low temperatures from the MI phase of gap , one expects an asfated law for the thermal
correlation which ts well numerical data

1T e Tl (11.18)

2|t is su cient to work on small systems since T becomes very short at largef.
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Figure 11.16: Behavior of the inverse of the total correlation length with temperature in the
main three regimes SF, Ml and BG from full diagonalization ¢aulations on small systems,
tting the real-space decay of the Green's function over aviesites. Unpublished and adapted
from Ref. [167].

where is an exponent of order one, which matches=2 for instance in the non-linear sigma
model. When the system already has a nite correlation lenptat zero-temperature (for the
MI and BG phases), which we write o, then the nite- T correlations have a total correlation
length  which follows

e (11.19)
For the MI phase, a melting temperature can be de ned when,* becomes sizable with
respect to o, signaling the onset of thermal uctuations. The same onsethows up in the
entropy and speci c heat. We nd in the largeU limit that the crossover temperature is
approximately given byT ' 0:2U (see Fig. I1.16). For the clean Bose-Hubbard model, these
various behaviors can be drawn schematically on Fig. 1l.151@an interaction-temperature
phase diagram showing the interplay between the three rega® separated by crossovers.
We will see soon that the information about 1 can be used as a thermometer to evaluate
the temperature.

A phenomenological approach to the e ect of temperature The experimental system is
rather strongly inhomogeneous so one cannot apply the preus results directly. In partic-
ular, there is no known analytical form for the correlationgnd the momentum distribution.
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Figure I11.17: Top: testing the phenomenological approach on small systefiesn full diag-
onalization. Middle: Fitting the momentum distribution P (k) for four points accross the
diagram with DMRG. Bottom: comparison between experimennd theory using the same
colorbar. Extracted thermal correlation length . Unpublished and adapted from Ref. [167].
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Moreover, there is about an hundred points on the phase diagn and for each point, one
as to average over tubes of di erent numbers of particles. then looks numerically chal-
lenging in addition to that, for a rst step of understanding, to scan the temperature to t

the experimental dat&.

Since DMRG s rather fast at zero-temperature and already atudes all the trapping and
tubes averaging e ects, we decided to introduce temperataiin a phenomenological way by
multiplying the raw hoh,i data at T = 0 with a factor e! ™ ™= and then take the Fourier
transform to obtain the momentum distribution. This is roughly speaking equivalent to
convolving the momentum distribution with a Lorentzian of wdth '. Of course, in an
iInhomogeneous system, this is not quite justi ed as; depends on the density but we wanted
a kind of e ective 1 as a single parameter tto do a minimum of cooking. On small e
homogeneous systems, we checked numerically this approachll regimes. It gave decent
results at large temperature§ 53 according to Fig. 11.17. Of course, at low temperatures,
the approach fails. Fortunately for us, it turned out that the experiments are performed in
this typical range of temperature. Then, with only one free tting parameter for each point
of the phase diagram, we tted the whole experimental momeatn distribution with DMRG
data. Four typical ts across the phase diagram are given inig. 11.17. Apart from the
largeU and = 0 point, the experimental data are well- tted by the ap proach within the
experimental noise. The relative failure at largé) could be explained by the presence of SF
and MI domains and the fact that it is known that both reacts dierently to temperature,
with, in addition, crossed contributions between domainsiithe momentum distribution. If
one now goes back to the colormap, DMRG data supplemented lifne 1 input reproduce
quite quantitatively the experimental diagram (see Fig. 1117).

Looking at the behavior of + across the interaction-disorder plane helps to interprete
experiment (see Fig. 11.17). First, in the lowd region, one nds typical values of 1 1,
which is small. It explains the strong broadening of the sup@id data. Using Fig. 11.15,
one gets a rough estimate of the temperature @' 3 6J which is consistent with the
initial preparation of the condensate. Such a temperaturef ¢he order of the bandwidth is
at the bottom of the classical regime and the quantum coherea takes place only within
a few sites. In order to really reach a Luttinger liquid behaer, one would need to go
below T * 0:1J. Still, the advantage of the setup is that localization (efher Mott or
bichromatic) can be very strong. This means that one can a&he , that are smaller than

1 for large and large U. Using Eq. (11.19) as a guide, one can argue that the data of
Fig. 11.17 show that the broadening at large- and large U is mainly due to the intrinsic
T = 0 broadening rather than the e ect of temperature (see di @ence between red and
blue curves for instance). A rst conclusion that can be draw from this minimal approach
is that the experiment is indeed compatible with the Hamiltoran which it is supposed to
simulate, making it a good quantum simulator for disorderethosons physics, but which is
yet working at rather high temperatures in a regime where quéum coherence is restricted
to a few sites. These obtained temperatures are actually tygally the ones of other current
lattice experiments that go down toT ~ J. One di culty here is the necessity to maintain
a largeV, required to use the mapping of the bichromatic potential omt the Aubry-Ande

3A more truthful reason is that we would have had to learn nite -T DMRG or QMC (as done in the work
by Roscilde [142] for instance). Yet, looking back at the time it took for the study to be published,
we think we could have taken this time. Now that this study is still under progress with more serious
methods, it is actually not a so easy system so maybe the \chgd approach was anyway a good start.
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Chapter Il. The quasi-periodic adventure

Figure 11.18: Modulation spectroscopy at xed and rather large interaatn. The two peaks
at ' 2kHz' U and2U are Mott excitations. From left to right the disorder is inceased,
creating low-energy excitations. The last right panel corad HCB nite- T predictions to
these low-energy excitations. The arrows signal. Reproduced from Ref. [167].

model, its reduces the kinetic exchang& which controls the development of coherence.

4.4 Spectroscopy

As we have seen, the momentum distribution discriminates beéen super uid and localized
regimes but it does not help discriminate between Bose-gkaand Mott mechanism. In

order to show the e ect of disorder on the low-energy excitans and their gapless nature,
experimentalists have performed modulation spectroscopy the main lattice, at 15%, and

measured the evolution of the condensate fraction with timeThe spectra are reproduced in
Fig. 11.18 for di erent disorders. At large enough disorderlow-energy excitations develop
below the Mott excitations and are reasonably well tted by he nite-T hard-core bosons
approach of Orso and coworkers [152], using a superpositatwo fermionic clouds to take
the inhomogeneity into account, up to densitiesr = 2 which is typical in this regime, and

following the approach of Ref. [168].
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Chapter |II

Disorder and frustration in
low-dimensional antiferromagnets

Acronyms

DMRG: density-matrix renormalization group
ED: exact diagonalization

QMC: guantum Monte-Carlo

RSRG: real-space renormalization group
BOMF: bond-order mean- eld theory

RS: rung-singlet phase

RVB: resonating valence bond

(R)MG: (random) Majumdar-Ghosh

F-AF: Ferromagnetic-Antiferromagnetic

1 Quantum magnetism in one-dimension: a quick selection

We start by review a few known results about quantum magnetis models that will enter
the presentation of the results. Quantum magnetism focuses the physical properties of
guantum spins S; localized on a lattice and interacting mostly through Heisdrerg type
Hamiltonian
X
H = Jij Si Sj + 0l (|||l)
hij i

where dots can include many type of competing terms, breakjr8U(2) symmetry or involv-
ing many spins-operators. The dimensionality and geometiyf the lattice, the size of the
spins and the competition between couplings give birth to aealth of behaviors and phase
diagrams. Already in one-dimension, highly non-trivial phgics occurs. We only discuss an-
tiferromagnets which dominant couplings are positive, exgeted to lead to a Neel ordering
and favoring a zero total spin in the ground-state. When we tia about a gap, it usually is
the spin gap, ie. the di erence between the energy of the rsexcitation of total spin S =1
with respect to the S = 0 ground-state.

1.1 One plus one Heisenberg chains

A single chain A single Heisenberg spin chain is exactly solvable by Bethesatz [169]
and displays a quasi ordered Neel phase. Because of quantwotuations and in agreement
with Mermin-Wagner theorem, no long-range order is possiéleven atT = 0 and the
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Chapter Ill. Disorder and frustration in low-dimensional atiferromagnets

P
spin correlations decay in a power-lawS’, .S i ( 1)r%. Its elementary excitations
have a linear behavior for small wave-vector, typical of a lttinger liquid and are well
understood as the combination of domain walls excitationsetween two Neel domains, or

spinons excitations carrying a\charge" 1/2.

The two-leg ladder  Surprisingly [170], when one couples two chains to build adder with
transverse couplingl, , a spin gap opens as soon as the coupling is turn on. The eletaen
excitations are magnons excitations which are best undeostd in the larged- limit. In this
limit, a good starting point is to put dimers on each rung and oner have a gap equal to
J» . Branching the couplingJx along the chains makes the triplet excitations disperse ohe
lattice which lowers the gap but it survives. The ground-st@ made up of dimers is a singlet
and the dimers resonate whed, is present. This gaped phase of resonating singlets has
some analogies which resonating valence bond (RVB) phasespwsed for two-dimensional
models which sustained the study of ladders in the beginningVhen a magnetic eld is
applied, it stabilizes the triplet excitations and serves @a chemical potential for this kind
of hard-core bosons. At nite density, a analog of Bose-Eitein condensation [171] for
these quasi-particles develops and interactions and dingonality make this quantum uid
belong to the Luttinger liquid class. Many ladders compoursgdhave been realized, both in
inorganic and organic materials and are now one of the bestagground and understood
system to investigate Luttinger liquid physics [172, 173].

1.2 Strong disorder approaches in one dimension

For one-dimensional disordered systems, a possible toolthe Luttinger liquid approach

provided the clean phase is in this class [9], yielding sceis similar to the one described
in the previous chapter. Another method of choice, which is@ated either fully numerically
or analytically when possible, is the real-space renormadition group (RSRG) technique
designed by Ma, Dasgupta and Hu [174, 175] to address the plogsof the random antifer-
romagnetic chain. A good review can be found in Refs. [176,71.7

Real-space renormalization group and the random singlet ph ase We brie y describe
the procedure and its outcome in the case of the random angffomagnetic chain with
random Heisenberg couplings. Given a distribution of couplys, one looks for the stronger
bond, sayJ,,, corresponding to the higher energy scale, and decimatesattcording to the
following rule, illustrated by Fig. I1l.1. Spins 1 and 2 forma strong dimer that creates an

Ji1 J12 J2;

S, S So Sj S; Sj

Figure 111.1: A decimation of the RSRG procedure in the random antiferrongmetic chain.

e ective coupling Jj between the neighboring spins and j, which, according to a second
order perturbation theory estimate, reads
Jitdy .
PAIPES

AE (111.2)
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1. Quantum magnetism in one-dimension: a quick selection

and remains antiferromagnetic. The bond disappear from thehain and one can start
again the procedure with the new set of couplings. The proae@ can be parametrized
through the energy scale which is the highest coupling at aigen step (the decimated
one) = max Jj. If all the couplings are drawn independently initially, then Eq. 1.2

preserves this statistical independence and one can writevah analytically the equation of
evolution of the probability distribution P(J; ). Fisher [178] showed that a xed point of

the renormalization ow is the probability distribution

0 PO
P, )= —— 3 ( J): (11.3)
with () = 1=In ! Oas ! 0. Itis thus a power-law which becomes more and
more peaked around zero. With such distribution of the coujplgs, the ratio between the
uctuations and average coupling scales as ™2 and diverges during the procedure. Since
the e ect of disorder becomes more and more relevant duringpg ow, the xed point is
called an in nite disorder xed point which makes the procedre asymptotically exact for
this model. The physical picture is a phase in which arbitrar distance singlets continue
to form down to arbitrary low-energy scales and is called theandom singlet phase. It
possesses some universal behaviors. For instance, the nesignsusceptibility diverges at
low-temperatures as  1=T(In T)? in which the correction to the Curie law is due to the
scaling of the density of dimers with . T so that their spins are decoupled by temperature.
Another striking feature is that the averaged spin correlatins follow ( 1)'=r? and is not
exponential as in localized phases.

The RSRG procedure in other cases does not lead to such trdu& and remarkable
results. It can be applied numerically to follow the evolutn of the distribution of the
couplings and the relative strength of disorder during the ow. There are typically two
other situations: the ratio converges toward a constant anthe distribution is often a
power-law as in Eqg. 111.3 with a xed exponent. Such phase isatled a nite-disorder xed
point and belongs to Gri th's type because large and rare reigns of almost homogeneous
couplings are still possible. In such case, it is usual thah¢ xed point exponent depends
on the initial distribution so that the physics is not universal as for the random singlet case.
The validity of RSRG in this case remains questionable startg for weak disorder. The
RSRG is believed to capture the physics in the strong disondimit but its connection with
the weak disordered phase is uncontrolled. The last situat is when the ratio goes to zero
meaning that the disorder is irrelevant and the low-energyhysics should be controlled by
that of the pure phase.

Random ferromagnetic-antiferromagnetic chain and the lar ge-spin phase This intro-
duction ends with the physics of the random ferro-antiferrmagnetic (F-AF) chain which
ows towards the so-called large-spin phase [179{181]. Thehavior is summarized as fol-
lows. The presence of ferromagnetic couplings drasticatthanges the decimation because
larger spins will be built, all bonds will not remain in a singet state. One has to follow
the average total spinS as well as the distributions of the ferro and antiferro coupigs.
They converge toward power-laws with xed exponents which akes the phase belongs to
Grith's type. Let n be the density of remaining spins at the energy scale . As s
similar to a gap scale, one introduces a dynamical exponentsuch that n*. Numer-
ically, this exponent has been shown to display a universahlue z' 1=0:44 provided the
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Chapter Ill. Disorder and frustration in low-dimensional atiferromagnets

distribution is less singular thenJ %7 (the exponent of the initial distribution is used as
a tuning parameter) but remains non-universal otherwise. dst, the total spin undergoes
a random walk during the procedure as its value increases cgaleases randomly at each
step. From this argument, one gets the scalingd n ™2 and S2 = 1=4n. From this, the

estimate of the Curie per spin, taking again the cuto T in the energy scale, reads
+1 1
oT)= n% = 1—2+K T¥22, where K ' 0:117 and % 0:22: (11.4)

2 The frustrated spin- 1=2 chain and its Majumdar-Ghosh
point

Before investigating the e ect of disorder on the frustratd chain, we review the physics in
the absence of disorder to which we contributed in giving amsple view on the elementary
excitations.

2.1 Phase diagram

We start by recalling known results on the frustrated spin-42 chain Hamiltonian which
reads

X
H= 1S S+ J2S S (111.5)

i=1

in which J;., > 0 are antiferromagnetic couplings an&; are spin-E2 operators.L denotes
the length of the chain and periodic or open boundary cond@ns can be used. A next-nearest
neighbor coupling is known to bring two main features. Theres rst a transition from the
guasi-long range ordered phase to a gaped phase (see Fig2)lwhich order parameter
is the dimerizationd = hS; Sj41i h S 1 Sji, breaking translational invariance. The
second is the onset of incommensurability in the spin coreglons and dispersion relation of
elementary excitations. TheJ;-J, frustrated chain model is thus a paradigmatic model for
guantum magnetism which has been widely studied and from vdhi stemmed the physics
of valence bond solid phases.

The phase transition to a dimerized state can be understood lbosonization arguments,
leading to a Kosterlitz-Thouless type of transition [183{&5]. The transition point can be
e ciently determined by level spectroscopy [186] and is foud to be located atJ,=J; '
0:241167 [184, 186, 187]. Another way to understand the openiofjthe spin gap s =
Eo(S = 1) Eo(S =0), with Eq(S) the ground-state in the sector of total spinS, and
the onset of a dimerized phase is to start the bosonizationofn the limit of two chains
coupled in a zig-zag geometry [182], ie. th& J; limit. Then, the gap is shown to
decay exponentially withJ,=J;, so as the dimerization. Between both regimes, the gap
and dimerization curves display an intermediate maximum, ot at the same location for
both quantity, which is captured by numerics [182, 184]. Deein the dimerized phase,
the two degenerate ground-states in the thermodynamicalniit are well pictured by the
Majumdar-Ghosh (MG) state which is a product of decoupled diers on bondsgMGi =
j-e oo o~s oo oo o-i, Where dimers are represented bjp-i = pl—é(j"#i j#"1 ) and an even
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21 /3

\I/ -NIG 1

* MG e, MG

Figure 111.2: Phase transition in the frustrated chain from DMRG calculabns. The red
arrow indicates the transition from quasi-ordered to dimezed phase. is the spin gap,d
the dimerization order parameter andg the incommensurate wave-vector. The blue point
locates the Majumdar-Ghosh point. Adapted from Ref. [182].

length is assumed. Actually, for the special valud, = J;=2, this MG state is the exact
ground-state of the Hamiltonian [188, 189].

2.2 Incommensurability

The other feature introduced by frustration is incommensuability in real-space spin correla-
tions: they start to oscillate at a wave-vectorgé above a point called the disorder point.
This e ect already emerges in the classical limit [190] in with it is simply understood as
a best compromise between the two couplings, one aiming toder at  while the other
aims to order at =2. The classical disorder point is atl,=J; = 0:25. In the quantum
version, the easiest and actually the only quantitative wago far, is to compute numerically
the real-space spin correlations [182, 184, 191, 192]. lincke argued [193] that the on-
set of incommensurability should match the minimum of the sp correlation length which
corresponds to the MG point in the model under study. This soario is con rmed in the nu-
merics and also supported by variational [194] and perturkige [195] arguments. Moreover,
incommensurability will naturally show up in the spin strucure factor then [182, 194, 196].
Yet, in the presence of a nite correlation length, the onsebf incommensurability in this
signal occurs for a stronger frustration [193], called theifshitz point. This point has been
estimated numerically atJ,=J; = 0:52036 [196], and it has been recently shown that for
odd size chains (in which the MG state cannot be the groundate) the Lifshitz point is
actually shifted toward a larger valueJ,=J; = 0:538.

Last, the dispersion relation becomes incommensurate toio, the sense that the mini-
mum of the triplet excitation lies at a wave-vector away fronthe K =  antiferromagnetic
wave-vector, and for which we will use the notatiorg in the following. Together with the
dispersion relation, the dynamics of elementary excitatis has been investigated in several
limits of the model. For the Heisenberg chain, the Bethe-anzasolution provides a quanti-
tative and physically transparent picture in terms of two-pinons continuum, corresponding
to the so-called des-Cloizeaux Pearson law [165, 197, 198}.the MG point, variational
methods have been used to tackle the dispersion relation §1206]. Working in the dimer
basis gave a good account for the shape of the dispersion tiela with, in particular, the
explanation for a triplet bound-state [199] close t& = =2. Going away from the MG
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Chapter Ill. Disorder and frustration in low-dimensional atiferromagnets

point is more di cult and other techniques such as matrix-pioduct states [207] have been
used to clarify the behavior and the onset of incommensurdiby that was found to be at
Jo,=J; = 9=17" 0:52941. This shows that this de nes a third di erent point for the onset
of incommensurability.

2.3 Variational approach to spinon excitations

We now reuse the variational method but in a slightly di ereh way which enables us to
obtain analytical results away from the MG point. We introdwce the method on the single
spinon case, living on odd size chain of length assumed to be open. The variational
approach consists in working with the subspace generated byates of the formj2ii =
j-o o= § e . With & spinon at site 4 which separates two MG domains. They constitute
a free family but they do not span [208] the whole spin sectdiS,,; = 1=2; Si, = 1=2g,
making the approach variational. A crucial point is that the states are non-orthogonal.
The situation is the same as in quantum chemistry, like kckel theory, and one has to
introduce the overlap matrix O and a di erent notation A for the matrix representation
of operator A since Dirac notation can be confusing while working with nearthogonal
states. The elements ofO are

i jj

O, = feijgi = (111.6)

NI =

The goal of the variational approach is to diagonalize the striction 14 of H in the subspace
fj 2iig for which we havel¥ = PHP, whereP is the orthogonal projector on that subspace.
SinceP is self-adjoint, the e ective Hamiltonian ¥ is self-adjoint two which ensures that its
eigenvalues are real. Diagonalizing the representationtfin the basisfj 2iig is a generalized
eigenvalue problem that reads

X X
jjHj2ii = E  hgjj2i (111.7)

whereE is an eigenenergy and

X
ji= ijai (111.8)
is the decomposition of the associated eigenfunction in shbasis. We would like to stress
the fact that the I2j jI4j 2ii are not the matrix elements 1§ . of I¥ in the basisfj 2iig since

the latter in non-orthogonal. Yet, they are connected by theprojector P which writes as
the inverse of the overlap matrixP = o'l i j2iih2j j. Then, one gets the relation

X
g = O ' hekjHj2ji : (111.9)
k

In general, inverting the overlap matrix is hard and authorgprefer to solve (I11.7) directly
with numerical methods. However, in the case of a chain, we faithat the inverse of the
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2. The frustrated spin4=2 chain and its Majumdar-Ghosh point

overlap matrix takes the following tridiagonal form

0, , 1
2 5 2
1
ol =:2 2.5 2 : (111.10)
2 5
2 4

which will allow some analytical solutions of the diagonalation of the e ective Hamiltonian.

2.4 Application to single-spinon spectra

In what follows, we work with (111.5) which can rewritten at the MG point as

X
Hue = Jo (25, S+ S5 Si+2) ; (”'11)

i
with J = J,. We also recall two basic facts on the two MG states. Their ergy is

3
Ewe = L2 (111.12)

for periodic boundary conditions and for the ground-state ith open boundary conditions.

Second, they are non-orthogonal and their overlap realSIGiMG'i = % 2 1, irrespec-
tive of the boundary conditions. In practical calculationsone can choose a more pedestrian
way to obtain the Hamiltonian by applying the terms on the bas elements and keep only
the orthonormally projected result. For instance, at the MGpoint, one gets a tight-binding

Hamiltonian for the single-spinon dynamics
U B . .
Bve Ewmc j2ji= > 2 2+ 512“ +j2) +2i (111.13)
which gives back the known dispersion relation
5
(k)= Jz Z+cosZ< : (1.14)

The same procedure away from the MG point yields a dense matfvith Fourier transform
elements can be resumed. Then, the general dispersion riglatof a single spinon within
the variational method reads

7 1 sin? 2k

| = — — R
()= gh 5da+ (I J)oosK+a(dy 2Dz

5 (111.15)

The same dispersion relation, tough di ering from a constanwas obtained from a matrix-
product states ansatz in Ref. [207]. Their gap was not the sanbecause the constant factor
Is di erent. Within our variational approach, we obtain a vanishing gap forJ, = 0:25];
which is actually rather close to the numerical value for thdransition, thereby giving a
simple picture for the onset of the transition, starting fran the dimerized phase.

83



Chapter Ill. Disorder and frustration in low-dimensional atiferromagnets

Jo =0.45

Jo=0.5 (

MG point) Jo=9/17

Figure I11.3: Single spinon dispersion relations: variational predictions are plotted
against ED data on odd size chains for increasing frustratial,, taking J; = 1 as the unit of
energy. The grey area represents the region for which enesgelong to theS?®* = 3=2 sector
in ED. The black curves are the lowest branches of spinon disgon expected from Bethe
ansatz calculations. ForJ; = 0, the J;5j coskj is exact while forJ, = 0:25]4, the prefactor
is tted to the curve. In the J; = 4J; plot, J,5jcos X is used as the system consists in
almost decoupled chains with double lattice spacing. Netithat, strictly speaking, plots with
J, = 0:25J; and J, = 4J; correspond to gaped systems but the gap is so small that the ED
data cannot resolve it and the Bethe ansatz curve reproducelmthe higher energies part.
The cyan curve is the variational result(l11.15) . The orange curve is the lowest branch of
3-spinons dispersion relation in the variational approachnd assuming independent spinons,
to be compared to the region of states with;;, = 3=2. Reproduced from Ref. [209].

The minimum of the dispersion relation is ak = =2 for smallJ, but becomes incommen-
surate above the thresholdl,=J; = 9=17" 0:52941. This value is the same as in Ref. [207]
and in agreement with the recent numerical study of Ref. [2D6 In the incommensurate
regime, the positionk of the minimum of the single-spinon dispersion relation flows

r !

1=2
arccos §+§: 2 B and- K 2 9 : (11.16)

k = _<
Jo 2 J2=J1/! =17 J¢ 17

NI =

Fig. 111.3 compares these results to exact diagonalizatiospectra both in theSf, = 1=2 and

~i = 3=2 sectors to observe the opening of the gap and the onset ofamenensurability. At
the Heisenberg pointl, = 0), comparison is made with Bethe ansatz exact solutioh(k) '
Jisjcoskj (black curve). Using the variational approach and assuminghtee independent
spinons, one obtains the lowest part of th&7, = 3=2 sector from

! 3-spinons(K) = #lezn;kg [! (k) + ! (k2) + ! (Ks)] ; (11.17)
K=k

in which ! (k) is (111.15) and displayed as the orange curve on Fig. 1l1.3rad which can be
compared to the boundary of the grey area.

2.5 Two-spinons spectra

We now study the elementary excitations on an even length dmaat the MG point using

states with two-spinons excitationg-e ¢ «- e 4 «-i such that the spin sector is determined by
the two spinons while the rest of the chain is in the singlet s®or because of MG domains.
After writing the e ective Hamiltonian, one goes to the centerof-mass frame and there are
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2. The frustrated spin4=2 chain and its Majumdar-Ghosh point

wave-vectorsK for motion of the center-of-mass and for the relative motion. One ends
up with an K -dependent Schodinger equation orr and the singlet and triplet sectors di er
only by the boundary condition atr = 1. In the singlet sector, a continuum is obtained
which follows

(K k) = ng +2J,cosK)cos(X) ; (111.18)

wherek 2 [ 5;5]and K 2 [ 5;5]. In the triplet sector, the same dispersion relation
is recovered except foK 2 [3; %] for which a bound-state of width (K) exists, with a
dispersion relation

S

5 1 2
!(K)=§J2 J, 4cosK + §+cosZ< ; (111.19)

below the singlet continuum, and (K) satisfying to
q

2
4co$K + 1+cosXK 2 cosX

2= (K) — .
2 cosK '

e (111.20)

which displays a divergence(K)! +1 whenK ! =" for which one recovers decon ned
excitations as for the singlet sector and the disappearanoéthe bound-state.

We now compare these predictions to numerics from exact d@wplization on Fig. I11.4.
In particular, we show the bottom of theS%, = 1 and S, = 2 spectra to discuss the
bound state and many-spinons excitations. We could not deg the exact dispersion rela-
tion analytically for two spinons away from the MG point, but the single spinon dynamics
can already give insights through an independent spinonscpiire in which the two-spinon
dispersion relation reads

2spnons(K) = min {1 (ki) + 1 (k)] ; (111.21)
ki+ k=K

in which ! (k) is (l11.15), and for which singlet and triplet sectors are aturally degenerate.
Similarly, a four independent spinons dispersion relatiooan be obtained to compare with
numerics. The two-spinons Bethe ansatz solution at the Herdgerg point J, = 0 reads
! 2.spinons(K') = J15 sinK. At the MG point, the dispersion relations for the di erent spin
sectors are very well reproduced by the variational approac In particular, the triplet
bound-state is the lowestK = =2 energy. Interestingly, displaying theS%, = 2 sector
shows that the four spinons continuum start much higher in eargy than the two-spinon
continuum, essentially because of the single spinon gap. &imdependent spinons picture

shows that close to and atk = =2, the lowest boundary of the continuum is actually
due to four spinons excitations and not due to two-spinons had-state which lies higher in
energies.

Increasing further the frustration (J, = 9=17J;, and J, = 0:6J,;) brings incommensura-
bility in the dispersion relation. The shapes of the contina are well reproduced by the
variational method but, as we saw for a single spinon, the gap not quantitatively repro-
duced. Therefore, we shifted the variational curves upwaialy an amount which is speci ed
on the two plots for each line. The shift for the four spinondrie is nearly twice the one for
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Jo = 0 (Heisenberg) Jo =0.25

Jo = 0.5 (MG
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Figure 111.4: Two spinons dispersion relations: Evolution of the low-energy spectrum
of even sizel;-J, chain for increasingJ,=J,, taking J; = 1 as the unit of energy. The light
grey area stands for energy belonging to tl&f, = 1 sector (2 spinons in a triplet state)

while the dark grey area corresponds to thg;, = 2 (4 spinons). These are compared to
Bethe ansatz (black lines) and the variational approach ftwo independent spinons (blue
line, exact at the MG point) and four independent spinons (gen line). The yellow line at

the MG point shows the variational result for the triplet bawd-state. Extra numbers close
to the variational lines for J,=J; = 9=17;0:6 indicate that a vertical shift has been applied
to the variational prediction to better t the ED data. Repraluced from Ref. [209].

the two spinons line which is reasonable. Fal, = 9=17J,, the attening to a quartic be-
havior for smallK is visible in the ED data thanks to the variational curve. ForJ, = 0:6J4,
the incommensurate wave-vectoq is well resolved by the ED data and in good agreement
with the variational prediction. Looking for the minimum over K in (111.21) gives twice the
minimum of the single spinon dispersion relation. Thus, thendependent spinons picture
gives the following prediction for thle incommensurate waveector:
r . -
5 3 J1

g = arccos i + 1 2 3, (11.22)
Interactions between spinons can a ect both the magnitudefahe gap and the incommen-
surate wave-vector through their variation with the relatve distance. At the MG point,
this dependence is very weak at smakl since the interaction is essentially local. As the
incommensurability in g occurs close to the MG point, these corrections should be dina
The least one can say is that ED cannot resolve them. Notice thlaoth the ED and the vari-
ational ansatz shows that theK = 0 energy is actually almost degenerate with th& = q
energy. This may be seen as a precursor of the degeneracy ef ghhound-state in the large
J, limit in which g ! =2 gets degenerate with th&k = 0 sector. Interestingly and as
expected from an independent spinon picture, the bottom ohe four spinons continuum
also displays incommensurability with six minima over theuil Brillouin zone. Last, in the
limit of large J, and eluding the resolution of the tiny gap of the system, thexeitation
spectrum is here again well tted by the Bethe ansatz prediain replacingJ; by J, and
folding the rst Brillouin zone (see plot for J, = 4J,).

3 The random Majumdar-Ghosh chain

We now turn to the e ect of disorder on this frustrated chain. We take random antiferro-
magnetic couplings with a bounded distribution, typicallya box distribution of width ,
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and set ourselves at the MG point on average to bene t from thgood variational descrip-
tion of the elementary excitations at this point. The initia and naive idea that motivated
this work with Arthur was that a single spinon at the MG point behaves almost as a free
particle and adding disorder would localize it through Andeson mechanism. We could then
get a simple scenario for localized excitations in a randormutrated magnets, and also a
analogue of localized solitons known in cold atoms [210]. dlsituation turned out to be
actually more complicated but also more interesting.

3.1 Decoupling of the Hamiltonian and random Majumdar-Ghosh
point

We consider a frustrated dimerized spin=2 chain with random nearest-neighbor couplings
i and next-nearest neighbor couplings;:

X
H= iSi Sis1t S 1 S (111.23)

In the following, the average couplings are written; = and ;= with =2 to start
from the usual MG point. Applying H on the statejMGi which starts on even sites 2
gives [211]

oo 1X 1K o
HJMG|:Z ( 3+ w1 i+1)JMG|+§ (ix v ol Zi+1]i;

(111.24)

where we writgj[i  2;i + 1]i = j- e-e ¢ ¥ o o-i, the state with a dimeronbond { 2;i+
1). Consequently, the latter remain degenerate eigenstatef the Hamiltonian provided

=t (111.25)

which we call the random Majumdar-Ghosh (RMG) point. It impcses a local correlation
between the random couplings. The Hamiltonian is then splinio H = Hrye + Hgim,
whereHgue follows (111.25) and H 4, is the remaining part. We will now observe that two
localization mechanisms for the spinon are associated wigach parts of the Hamiltonian.

3.2 Anderson localization from Hguc

Assuming (111.25), we apply the variational method to derivean e ective Hamiltonian for
Hrme , USINg the spinon stategji = j-» « § e o.i With a spinon at site 3 + 1 separating
two MG domains. One gets

(Bevo Ewediii = 2% ji 2+ Jjji+ji +1i ; (11.26)
P
whereEyg = % i i Is the MG state energy extrapolated to odd sizes. This is spakt

kind of Anderson Hamiltonian with both random onsite and hoppig enegies that are cor-
related. The matrix of Bryc is non-hermitian becausdj j ig is not orthogonal but has real

1We switched to simpler notations due to the index for disorde.
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Figure I11.5: Anderson localization at the RMG point : (a) Lyapunov exponent vs

energyE of the e ective model. (b) magnetization pro le from DMRG in ®ctor S* = 1=2.
Inset: log plot. (c) dimerization pro le showing the MG domams. (d) nite size e ects on
the Lyapunov exponent. Reproduced from Ref. [215].

eigenvalues. It is then easy to solve the e ective Hamiltonmanumerically. Furthermore, this
tridiagonal form is well suited for perturbative disorder elculations based on the Dyson-
Schmidt method [212{214]. This method allows us to computenalytically the integrated
density of states oftf¥grus, denoted by N (E) and Lyapunov exponent (E) which is the
inverse of the localization length. In the case of a uniformistribution over [ ;o]
the explicit calculation for energie€ < = 4 gives

E 1 E?2 2
- = — (11.27)

5
(E) = arcosh i

The result is compared to numerics on Fig Ill.5(a). In partialar, we obtain that the
RMG spinon localization length rug = 1= (Emin) in the state with the lowest energy
Emin = min=4 (Where njn =min ), scales as:
r
RMG 2 ; (111.28)
Notice that gruc IS not related to the spin correlation length of a MG state wiah is still
one site.

Another important outcome of the e ective model is that it provides hints on the nite-
size e ects on the spinon energies, with consequences on lthwalization length. The lowest
energy spinon states correspond to the regime of Lifshitzcllization, in the tail of the
density of states and controlled by a rare-events scenariddapting Lifshitz argument [213,
216] as sketched on Fig. 111.6, a region of lengthwith many 7 close to i, {i.e. provided
17 min] C(E- Emin) for all j in the region, with C a constant { has its lowest energy
of the order ofE- ' Epmin+ min 2=2'2, aSSUMING min > 0 and writing Epmin =  min=4. Since
the probability of creating such region scales a8 / [C(E- Emn)=2] for a uniform
distribution, the low-energy behavior of the integrated desity of states is

( s—— )
min =2 2 =C

n =~ (111.29)

N(E)/ e _—
( ) xp E Emin E Emin
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Figure 111.7: (a) Magnetization pro le of a single spinon wave-functionwaay from the RMG
point. (b) Log plot showing ts by Airy functions and the e ecive local potentialhijH gimjii
coming from the dimerization Hamiltonian. Reproduced fronRRef. [215].

Regarding nite-size e ects on the spinon energ¥, in a chain of lengthL, the probability
to have the minimum energy must be such thaf: 1=L. This yields N(E.) 1=L
in Eq. (111.29). Asymptotically, we thus expect nite-size corrections of the formE_ '
Emin + K min(In(In L)=InL)? with K a constant.

In order to validate this e ective model, we compare it to acarate DMRG calculations
of the magnetization pro le in a chain with total spin S* = 1=2 with the e ective model
predictions wherem; h S’i is deduced from the coe cients of the eigenfunction. As judgk
by the results of Fig. 111.5(b), the e ective model providesquantitative predictions of the
magnetization pro le. From the local dimerization patternd, = hS; S;.;1 of Fig. 111.5(c),
the localized spinon clearly separates two di erent MG donmas. One can extract the actual

rve from DMRG pro les. On Fig. I11.5(d), strong deviations between DMRG calculations
and the in nite size result (111.28) are observed. This di eeence actually originates from
nite-size e ects : one has to take ryg = 1= (EL) on a nite system, which yields strong
deviations, even for large sizes.
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Chapter Ill. Disorder and frustration in low-dimensional atiferromagnets

3.3 Random con nement from Hginm
We now movc;( to the e ect of the rest of the split Hamiltonian whth explicitly reads
Hgim = iSi S+ ; (111.30)

with ; = i i+1. This is nothing but a random dimerization term such that the
random couplings have a mean-valug = 0. The e ect of Hg, is to localize spinons via
a random con nement mechanism that can be understood withithe variational approach.
The associated e ective Hamiltoniant¥4;,, in the single spinon basis takes a rather compli-
cated form [215], with a dense-matrix representation. Stjlits main e ect is to induce an
e ective random chemical potential ; for the spinon which reads
3 X1 (Lx D=2
i = hjHgimjii = 2 on+1 t on (111.31)
n=0 n=i+1
It is the sum of two independent random walks (the s on each sublattice) constrained to
have a total xed length. Such a potential typically has a mimmum in the bulk of large
chains and creates a well which localizes the spinon as shamFig. I11.7. As for explicitly
dimerized chains [203], moving away from the minimum of theopential is locally analogous
to a linear con nement. DMRG calculations of Fig. 111.7 are rnicely tted by diagonalizing
the full e ective Hamiltonian ¥ matrix. The location of the spinon is found to be principally
governed by the ; while both Anderson and con nement mechanisms are to be takento
account for a quantitative description. We also notice thathe almost linear shape of the
con nement well on average translates into wave-functionails that are closer to an Airy
function rather than a true exponential.

3.4 Domains formation and Imry-Ma mechanism

We now see that another essential feature &fg,, is that it is responsible for an Imry-Ma
mechanism [217]. This basic idea is that if you are in an ordst state with several degenerate
ground-states and that if disorder can stabilize energetily and locally a domain usually
proportionally to the domain size, then the cost of creatingnterfaces will be compensated
by this gain. Consequently, the initially single domain wilbe fragmented into many sub-
domains. The scenario takes a quantitative form in the RMG natel with H 4, acting as a
perturbation which locally lifts the degeneracy between th two MG states [211]. Clearly,
MG states are no longer eigenstates since the perturbationtpiveights on long dimer states
J[21 L2]i = j-e oo es oo o-i Withadimeronbond (4 1;2j). To analyze the Imry-Ma
e ect, we compute the energy dierenceE; = H2i 1, 2]jHj[2i 1,2j]i Ewuc between
j[2l 1;2j]i and the corresponding MG state reads

vy 1
3 3 X o
Eij=— 201+ 2 = ( D" n: (111.32)
Pl By
E t of
crenaetirgg);/ ggisno(;\s Energy gain for

stabilizing a domain

The rst term which averages tog stems from the cost of creating two domain walls
(spinons). The second term can as well be viewed as an e eetilng range interaction be-
tween the two spinons induced by disorder. It averages to rebut rare events can de nitely
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Figure 111.8: (a) Magnetization pro le of a MG chain with uncorrelated coplings displaying
localized spinons. Lines are the e ective model predictioran each sublattices. (b) Dimer-
ization pattern and corresponding average of the randomdimerization term of Eq. (111.32)
over MG domains (orange line). Reproduced from Ref. [215].

bring this state to a lower energy than the MG state: in an in ntely large system, it is
always possible to nd a region with s that do not compensate and such that the random
interaction scales as the region size to makg ; < 0. We exhibit in Fig. I11.8(a) DMRG
calculations on a sample where four spinons are present iretground-state. To complete
the description, the magnetization pro le along each domaiwall is pretty well reproduced
by using the local e ective Hamiltonian for a single spinon (Brn-like approximation). Fi-
nally, the averaged ofH g, in each domain, plotted in Fig. I11.8(b), supports the pinirg
mechanism of the MG domains. Preliminary unpublished redslon the spinon density and
the average size of a domain and their scaling exponents atahdisorder can be found in
Ref. [218].

3.5 Residual interactions and strong-coupling picture using the RSRG
approach

To complete the physical picture of the nature from this weaklisorder approach, the residual
interactions between localized spinons are to be discussdthe magnetic couplings depend
on the overlap of the spinon wave-functions which vanishesitiv the density of spinons.
Therefore, magnetic couplings can have arbitrary low magode. Second, there is no con-
straint on their signs, and local con gurations can have laye ferromagnetic couplings. In
consequence, we may infer that the spin gap is immediatelysiiyed be a minute amount
of disorder and that the phase is partially polarized. The eective low-energy model for the
spinon is likely to be that of a ferromagnetic-antiferromagetic random chain. In particular,
it has been shown that the model pertains to the large-spin pise of Gri th's type. In this
end, it sounds surprising to end up with a gapless partiallygarized phase starting from a
gaped phase with only antiferromagnetic couplings.

We conclude the discussion of this model by recalling ressifrom the literature [219] that
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Chapter Ill. Disorder and frustration in low-dimensional atiferromagnets

capture the emergence of e ective ferromagnetic coupling®m a strong-disorder renormal-
ization group approach. Applying RSRG to the frustrated randm chain indeed yields two
kinds of processes provided one does not miss to take into@aat the possibility to generate
spins higher than 2. The renormalized couplings, which are here written in thgeneral
form J; , depend on the spin size;. We have the following two equations corresponding to
the decimation scheme sketched in Fig. 111.9:

Jo2
m — .L
So or g 12 So So S
Jo2 J13

Figure 111.9: Decimation scheme for the RSRG procedure of Modé@lil.23). Reproduced
from Ref. [215].

if 5,6 s, 0rJ;,<0,wetakes= s+ s,forJi,< 0ands=js; syj for J;, > 0 and

we have
£ s(s+1)+ si(s1+1)  sy(sp+1) I + S(s+1)+ sp(s;+1)  si(sp+1) 3
B 2s(s + 1) ot 2s(s + 1) 0z
(111.33)
if s, = s, and J1» > 0, we have
Bz = Jos + gsl(sﬁ 1) Jor JO"‘J)(J” J13) (111.34)
12

Negative couplings can clearly occur out of antiferromagretcouplings, and this is made
possible only due to the presence of frustration.

4 The frustrated ladder

We now turn to two J;-J, chains coupled by a rung coupling,. The model under study
bridges the physics of the two famous spin-liquids which athe two-leg ladder and the
frustrated chain. It realizes a transition from a columnar dner phase to the rung-singlet
phase. The search for a transition between the RS phase andnérized phases in spin=2
two-leg ladders was initially triggered by Ref. [220] whichbroposed two scenarios. Based on
the rewriting of the low-energy physics in terms of four gageMajorana fermions elds [221]
comprising one in the singlet sector and three in the tripletector. Taking into account a four
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4. The frustrated ladder

spin interaction [220] leads to closing the triplet gap or th singlet gap while the other sector
remains gaped. The rst scenario was realized in the welltglied two-leg ladder model with
ring exchange [222], displaying a transition to staggerednder phase. The second scenario
has been realized following the initial proposal by takingito account four spin interaction
with a negative coupling [223]. Restricting models to two4dxy exchanges only, the main
frustrated models which have been investigated to stabibzdimerized phases are two-leg
ladders with cross-coupled, zig-zag and inequivalent exaiges on plaquettes [224]. In the
context of the con nement-decon nement transition [225]the J,-J, ladder model for which
there is an experimental realization [226], was studied ug the low-energy physics [227]
and numerics, yet limited to the MG point [228, 229],=J; = 0:5 and with little evidence.

Besides the mere theoretical interest, this model is alsdeeant to the spin ladder material
BiCu,POg where several studies have pointed towards a scenario inwnf a sizable intra-
chain frustration J,=J; [230{232]. In particular, inelastic neutron scattering eperiments
display incommensurate spin correlations which originat#om magnetic frustration [231].
Based on numerical and analytical calculations, we report@areful study of the incommen-
surate response upon increasing the frustrating coupling.

4.1 Phase diagram

We study the fgllowing Hamiltonian on a spin-£2 two-leg ladder and depicted on g-
ure 11.10: H = 1, h;, with the three couplings

h; = Jl[Si;l Si+1;1 + Si;2 Si+1;2] (111.35)
+J32[Si1 Sit2a+ Si2 Sisz2] (111.36)
+J- Si;l Si;2 ; (|||37)

with the various couplings taken to be antiferromagneticX > 0). The zero-temperature
phase diagram is derived using ED and DMRG. We now describelts the main features
of the obtained phase diagram of Fig. 111.10.

The phase diagram of Fig. 111.10 displays two main phases (ap from the critical line
J, =0and J; <J,c): acolumnar phase of dimer which breaks the translationaysimetry
and the RS phase. The columnar phase, rst proposed by Vekuad Honecker [229] along
the MG line J, = 0:5J;, emerges naturally as the combination of two dimerized chres
with their dimer patterns in phase. The physical picture of he transition is the following
. starting from J, = 0, we have two dimerized chains between which the interchraian-
tiferromagnetic coupling will favor resonating valence bw (RVB) uctuations leading to
the alignment of their dimers (reminiscent of two-dimensiwal [227] columnar phases) and
a lowering of the order. RVB uctuations enhanced by largetd, eventually destroy the
dimer order through an Ising second-order transition to thd&kS phase (as expected for a
single-component order parameter, the transition correspding to breaking a discreteZ,
symmetry). As we will see, the triplet gap remains nite acros the phase diagram and on
the transition line between these two distinct spin-liquidohases. This melting of the dimer
crystal is driven by the low-energy uctuations which lie inthe singlet sector.

The transition line has a remarkable non-monotonic behavi@howing a reentrance of the
RS phase at smallJ, when increasing the frustrationJ,. This shape can be understood
on simple qualitative grounds : the order parameter and spigap in the J;-J, chain (along
the J, =0 line) typically have a steep increase above the transitiopoint and then a slow
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Figure 111.10: The J;-J, two-leg ladder model (top). Qualitative sketches of the typbases
realized : the columnar dimer phase (middle) and the rungagjlet phase (down). Phase
diagram of theJ;-J, ladder. The commensurate-incommensurate regimes sepatoy the
dashed green line corresponds to the incommensurability enging in the real-space spin cor-
relation functions. The violet transition line at nite J, is of the Ising type. The dashed
violet line is the conjectured behavior of the transitionie close toJ,. = 0:241J;. Repro-
duced from Ref. [233].
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decrease for largel,. ConsideringJ, as a perturbation, the larger the initial order, the
larger J, is required to destroy it. This argument is all the more validas the magnitude of
J» along the transition does not exceed:8J;. When the order parameter is in the ordered
region, we may use its scalin® (J->)/ (J>.. J-)¥® as a rough estimate of the transition
line which yields : J, ../ [D(J2)]8, with D(J,) the dimer order parameter of a singld; J,
chain. Furthermore, the numerics are particularly di cult whenJ, and the gaps are small,
which corresponds to the behavior of the transition line cé® toJ,..' 0:24J; and at large
J,. There, we may conjecture that the transition line qualitaively follows the behavior
of the J, = 0 order parameter and should therefore exhibit an exponeial-like opening
Jo.c ] e A1=2 J2¢) close toJ,. and an exponential taild, ../ e A¥271 at large J,=J;.

4.2 Incommensurability and correlations

The second remarkable feature of this phase diagram is theseth of incommensurability
which is a typical signature of frustration. We have alreadyseen that the onset of in-
commensurability depends on the quantity we look at, althagh the most natural one is
real-space correlations, and to keep the same notation addre, we recall the three de ni-
tions and notations of wave-vectors signaling incommensloility:

8
2 . real-space spin correlations

q
Sa maximum of the spin structure-factor (111.38)
g : minimum of the magnon dispersion relation
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Figure 111.11: (a-d) Low-energy excitations spectra for xed], = 0:6J; and increasing
J». The up arrows indicate an approximate location of the incomensurate wave-vector
g corresponding to the minimum of the magnon relation dispeos. Full (dashed) symbols
are for L = 18 (L = 16). (e) scaling of relevant gaps very close to the transition point
. the triplet excitations remain gapped while a gapless sieigmode develops around the
wave-vector( ; 0) as can be seen from the vanishing of the singlet gap(at 2 =L; 0).
Reproduced from Ref. [233].

In Fig. 111.10, we chose the standard de nition for the onsebf incommensurability as the
appearance of an incommensurate wave-vector in the reabsp spin correlations. The
magnitude of the frustrating term required to driveq away from is reported on Fig. I11.10

by the green dashed line. The line starts at the MG poinfl,=J; = 0:5 for J, = 0 and

asymptotically decreases towardd,=J; = 0 in the large J, limit. There, an accurate
description of the onset line, as well as the comparison beten the wave-vectors (111.38)
is accessible (see hereafter). We lastly notice that for & J,=J;, q naturally reaches =2

since the model boils down to two weakly coupled ladders with doubled unit cell.

4.3 Elementary excitations and gaps

We reproduce on Fig. Il1.11 the nite-size spectra as a funiin of the momentumk, in the
two parity sectors (de ned by the transverse momentunk,) and for the singlet and triplet
channels (identi ed using spin inversion symmetry), for a xed frustration J, = 0:6J; and
increasingJ- .

Starting with a small J, (Fig. 111.11(a)), the spectrum has four nearly degenerateoiv-
energy states. They clearly stem from the four possible siegstates corresponding to the
combination of two doubly degenerate chains. The degeneyas lifted by J, which stabilizes
the combinations associated with the columnar phase, whigtaggered con gurations have
a gap controlled byJ,. Above these four low-energy singlet states, gaped singlatca
triplet modes reminiscent of the dimerized chain [199] deleg around ky, = 0; . Their
near degeneracy is a signature of weakly con ned spinons. Wetice a minimum in the
magnon dispersion relation occurring at an incommensurateave-vectorq ' 3 =4, using
the notation of Eq. (111.38). Comparison between the two wae-vectorsq and q will be
addressed hereafter.

Very close to the critical point (spectrum withJ, = 0:37J; of Fig. 111.11(b)), we observe
that the triplet excitations remain fully gaped, while a lowenergy singlet mode emerges
around (; 0) (the wave-vector of the nearly degenerate ground-state)The emergence of
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Chapter Ill. Disorder and frustration in low-dimensional atiferromagnets

this mode is signaled in Fig. I11.11(e) by the scaling to zerof the singletgapat ( 2=L; 0).
On the contrary, the triplet modes clearly have a nite gap inthe thermodynamic limit.
This singlet mode is related to the algebraic decay of the dan correlations, supporting the
melting of the dimer crystal scenario for the transition. Tls scenario seems to agree with
the eld theoretical approach and early numerical results foRef. [229].

Entering the RS phase by increasing furthed-, , the ground-state is now non-degenerate
and the spectrum fully gaped with an incommensurate magnorrdnch as the lowest exci-
tation. For J, = J; (Fig. I11.11(c)), this branch enters the continuum of manymagnons
excitations for small and largeky, but for large enough transverse couplingJ¢ = 3J; in
Fig. 111.11(d)), the incommensurate magnon branch is welleparated from the continuum
(as usually found for Heisenberg ladders). This strong-coiupy physics is well captured by
the perturbative calculations that we now discuss.

4.4 The large-J, limit: magnon dispersion relation

Thanks to strong-coupling expansion and the bond-order meaeld (BOMF) technique, the
large-J, limit, taking J; and J, as perturbations, is investigated analytically. For instace,
a strong-coupling expansion gives the following magnon persion relation
3J2+ 32
I (k) = J» + Jycosk) + Jpcos(X) + Z% : (111.39)
?

In comparison to the standard ladder dispersion relationydstration brings the harmonic
2k leading to incommensurability. Remarkably, and contrary ¢ the case of a singld;-J,
chain, we here have an exact estimate for the wave-vector nmnzing the magnon gap,
which we wroteq and which is, in principle, di erent from g. In this limit, if J, J;=4,

the minimum of the dispersion remains aty = while for J,  J;=4, the minimum takes
place at the incommensurate wave-vector
= arccos R (111.40)
q 4]2 1 -

which reaches=2 in the largedJ, limit.

The bond-order mean- eld approach can give slightly imprad results and we only recall
here its principle [234]. The local Hilbert space on each rung spanned by introducing a
singlet creation operators), and three triplet creation operatorst}, , t/, andt}, Due to the

fact that there is either a singlet or a triplet on a rung, the bcal constraints’'s; + t,y t. =

1 is introduced using a Lagrange multiplier which identi edo a local chemical potential .
Rewriting H in these variables leads to an Hamiltonian with quadratic andjuartic terms.
This is where there is a little bit of physical input: one canee the RS phase as a condensed
phase for singlets so that one introduces the mean- eld pareeter s; ' s which value,
together with  will be obtained self-consistently. Before that, negleectg some terms and
performing a Bogolyubov transformation on the remaining cadratic Hamiltonian allows to
diagonalize it, providing the magnon dispersion relation.

4.5 The large-J- limit: incommensurability

The most interesting thing about the larged, limit is that we can derive the behavior of
the incommensurate vectorg analytically. We rst recall that we write g the wave-vector
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Figure I11.12: Incommensurate wave-vectorg and g with increasing frustration J, for dif-
ferent J, from DMRG results (dots) and compared with BOMF formula(l11.42) (straight
lines). The black line gives the strong-coupling predictidor q from Eq. (111.40). Repro-
duced from Ref. [233].

at which the spin structure factor S(k) is maximum. In unfrustrated antiferromagnets, the
tendency to Neel ordering usually translates in the facttat = q = g= . In a gaped
system with incommensuratey, the di erence betweenq and q is easily understood from a
Rayleigh criterion. Indeed, by taking the Fourier transfom of short-range correlations at
wave-vectorg, one gets a double-peak structure foB(k), which width is governed by the
inverse of the spin correlation Iengthsp}n. We thus expectqto be larger thanq, qualitatively
g = g+ const. Spiln. Clearly, the onset ofg will occur after that of g (when increasing
frustration).

Typical cuts at xed J, and increasingJ, are gathered in Fig. 111.12, showing that the
larger J-, the larger the discrepancy between the onset and the behawiof q and q. The
black line recalls the prediction forqg from Eq. (111.40) for comparison. In particular, we
observe thatq is very close tog in the strong-coupling regime.

These observations can be explained using a scenario pragebby Nomura [193]. Within
the BOMF [234] or single-mode approximations, we obtain théollowing expressiof for
S(Kk):

S(k) / 1=! (K) : (111.41)

First, this shows that incommensurability in S(k) occurs on the same linel, = J;=4 as
for the dispersion relation, in other wordsg = q (valid only in the strong-coupling limit,
small deviations are found otherwise). The idea of the scaiais the following [193, 235]:
by extending S(k) to the complex plane and studying the evolution of its brart cuts
and singularities, one will get a scenario for the maximum othe real axis. In particular,
the onset of incommensurability in the correlation functia can be interpreted as a fusion of
branch points in the complex plane. We will not detail the resoning here, which analyzes the

2Since the one-magnon dispersion relation is in thé, =  sector, we only consider the structure factor in
this sector which amplitude is much bigger than the one atk, = 0.
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Figure 111.13: Evolution of singularities (dots) and branch cuts (greennes) of the BOMF
structure factor with increasing frustration. Dotted lines are the lines wherém[P (cosk)] =
0. Reproduced from Ref. [233].

roots of! (k) [233], but it is graphically summarized in Fig. I11.13. Theparametersd,., enters
the dispersion relation and are such that,=d; = J,=J;. There are three di erent steps while
increasing frustration, shown in the complex planes¢ b): for d, < d,.., there are four branch

points on the axisa= so the maximum liesatg= q= . For d,. <d, < d;=4, the branch
points leave thea = axis so that the real-space correlations become incommeraga. Still,
the maximum on the real axis remains atj= . Last, whend, > d;=4, both g and g are

incommensurate and they are not equal since one has thgn= g. One can show that good
approximations of the critical value for the onset of incomensurability J,.. and wave-vector
g are

Joe = J2=4J, ; andq' arccos —pJ1: : (111.42)
2 JyJ»
showing that it vanishes at largeJ, in the phase diagram of Fig 111.10, while the lines
corresponding toq and g would saturate at J,=J; = 1=4. The prediction for g is in very
good agreement with the DMRG calculations of Fig. 111.13. Irparticular, we see that the
departure from for both gand g = q has the same scaling exponent=2.

5 Impurities in the frustrated ladder model

5.1 Looking beyond the Brillouin response

In this section, we analyze the behavior of the magnetizatiocurve of frustrated ladder
doped with non-magnetic impurities. In this system, disorer enters through only one
parameter, the dopingz, since impurities are assumed to be distributed independgnfrom
one to another as on Fig. I11.14. Such model was studied in tH#9s and regains attention
nowadays due to the possibility to address the Bose-glassygits with doped compounds.
A seminal work was carried out by Sigrist and Furusaki [236]nal following contributions
but little attention was given to the actual shape of the magatization curve. The goal of
this contribution is to improve on existing results by proviling more quantitative results
and to discuss the shape of the magnetization curve in the leeld regime, below the gap
of the undoped ladder.
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Figure I11.14: A typically ladder compound where Cu atoms carry a spil=2 while Zn are
non-magnetic impurities.

Physically, putting a non-magnetic impurity in a ladder frees a spin-¥2, which we may
also call a spinon, that appears on the opposite site of theng containing the impurity
and remains con ned to the impurity. For instance, this trarslates into an exponential
magnetization pro le around the impurity, as sketched in Fg. I11.14, and which is well seen
in NMR experiments. Consequently, for a low impurities conogration, the simpler picture
would be that of a paramagnetic gas di; spin-1=2 which magnetization curve is given by
a Brillouin curve

m(H; T) = ztanh[H=2T] ; (111.43)

where z corresponds to theimpurity saturation plateau, and drawn below on Fig. 111.15.
The region we focus on is the region below the spin gaps so that the spinons should be
the only ones to contribute to the magnetization.
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Figure 111.15: Sketch of the magnetic curve of non-interacting spinons ée by impurities.

Naturally, there exists some e ective interaction betweentte spinons which is mediated by
the spin-gaped bulk of the ladder. Our goal is to look for thampact of these interactions
on the magnetic curvem(H; T) with H the magnetic excitation andT the temperature.

We rst need to better understand the e ective interaction before focusing on two main

. —— c(T
guantities already present on the Brillouin curve: whef  H, one hasm' ¥H where

¢(T) is an e ective Curie constant which depends on temperaturedtherwise, whenH & T,
we may interested in the way the magnetization approachestseation.

5.2 Main considerations

E ective two-body interactions between impurities In order to better understand the
e ective interaction between impurities, sketched on Figlll.16, we assume that two-body
processes will be dominant at low-doping and one can see thiaé e ective model can be
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Figure 111.16: E ective model for interacting impurities.

viewed as spin-%2 operatorsS, living on the impurity at site |, in a similar approach as holes
describing the absence of electrons. Previous works alohgstdirection are Refs. [236, 237].
Adopting a RKKY-like reasoning, an impurity at site S, will create locally a magnetiza-
tion pattern that reaches other impurity spins at sitesS; and acts as a local magnetic eld.
Assuming linear response, the spin &; will respond to this eld with the magnetic suscep-
tibility  of the bulk system. In the end, one can write the following e@&ive Hamiltonian
for the impuri)tg/ spins

Himp = J|e JS| SJ , (|“44)
1;J
X :
where J§ = jJkj? e '®R and Ji is the Fourier transform of the couplings. This

k
formula can be computed analytically in the strong}, limit where the susceptibility can be
obtained from BOMF theory. From intermediate to long distarte, the behavior in real-space
is very well tted by the formula

Jey = Jo( 1™ e cosx+ ): (111.45)

In the commensurate regimeq =  and the couplings alternate sign according to the
antiferromagnetic background. The three parameterd;,, andqcan be derived analytically
or computed numerically with DMRG. and q are the same as for the real-space spin
correlations. For short-distances, special con guratiaand frustration can lead to couplings
that have a di erent sign or magnitude than what is expectedrbm the formula. In any
case, DMRG allows one to compute them almost exactly for alhése special cases. The
key feature of the couplings is that they decay exponentigllwith the relative distance,
something expected for most gaped systems with gaped suditsity.

Coupling distribution  The coupling distribution is then simply inferred from the dstribu-
tion of relative positions, labeled with two integers ifx; ny). It is given by a geometric law
Pnny, = Z(1 z)>*"v 1 for ny + ny > 0. The exact distribution is discrete but, to keep
things tractable for some discussion, a fair continuous appimation of it is the following
power-law behavior
A 1
pa) = = 1] with  =22z; (111.46)
Jo Jo

ford 2 [ Jo;Jo]. The exponent , which will enter many observables, is doping-dependent.
In the presence of incommensurability, the distribution otouplings for samez is hardly
a ected. As the observables we are interested in are essefiji@ontrolled by p(J), we foresee
that frustration, through incommensurability, will not play a crucial role in the physics.
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5. Impurities in the frustrated ladder model

Chain breaks and cluster size distribution Ladder is a one-dimensional system but not
a chain. A single impurity cannot break the connectivity of he ladder but two impurities
can, and they have three ways of doing that, depending on thegositions on a plaquette,
as sketched on Fig. 111.17.
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Figure 111.17: Chain breaks and typical cluster in the doped ladder.

A chain which is doped breaks into nite clusters, which are yre chains of nite length
". The distribution of " in a a chain is simply an exponential of mean-value' 1=z in the
low-doping regime. A ladder also breaks into nite-size chiers, but the di erence is that
the clusters are generally doped themselves in a fully-caoted manner and with an average
doping close toz. If one knows the physics of a nite-size cluster at some givedoping,
one must average over cluster sizes and doping distribut®rio obtain quantities in the
thermodynamical limit, susceptible to be compared to expegnents or ab-initio numerics.
The ladder is thus much more involved and we do not know the estap("; z) distribution.
In Ref. [215], we give a re ned analysis of the cluster-sizésttibution which is itself not so
trivial. For sake of simplicity, one can stick to an exponemal law at low-doping

() e (111.47)

with * ' 1=3z2 in the diluted and continuum limit. The factor three comes fom the three
possibilities for breaking the ladder, and the square fronié need of two impurities to break
the ladder.

Di erent kind of approaches In order to understand the physics, we resort to various
complementary methods:

brute-force ab-initio calculations on nite-size samplesf ladders in which some sites
have been removed. Using DMRG and quantum Monte-Carlo, in d¢aboration with
Nicolas La orencie, we can access bothh = 0 and nite- T behavior of the Curie
constant and magnetization curve.

numerical solution of the e ective model of Eq. (111.44) uang the exact coupling distri-

bution computed by DMRG or an analytical ansatz. As the Heiserdrg model is fully-

connected, we use a full diagonalization which also givescass to nite-temperature

properties. Usually, the e ective size of the correspondingample is comparable or
larger than for the ab-initio calculations. QMC has also beeused on the e ective

model directly.

The simplest analytical calculations one could buy and wHicis expected to be rea-
sonable at large and intermediate energy scales, is to calgsithat each spins is bound
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Chapter Ill. Disorder and frustration in low-dimensional atiferromagnets

to its neighbour in a dimer state each two links. The magnet&ion curve is simply
the sum over the contributions of independent dimers of colipg J:
Z

m(H:T)=2z dIp(d) Sinh[H=T]

1+ &7 + 2coshH=T]

(111.48)

This can be pictured as on Fig. 111.18 and gives a simple rout® the connection
between the magnetic curve ang(J).

Figure 111.18: The independent random dimer model.

comparison with known results in the literature on the randm Ferromagnetic-
Antiferromagnetic (F-AF) chain.

5.3 Curie (not so) constant

The total Curie constant C(T) characterizes the limit of vanishing magnetic excitatiod !

0 at nite temperature T. It is related to the total static susceptibility as (T) = C(T)=T.
In a system of total spinhSZ,i = 0 at H = O taken to be along z, the Curie constant
measures the uctuations of the total spinS,; according to

C(T) = h(S&)% = rs“’t(s‘?‘:t t )i ; (111.49)

in which the average can mix quantum expectation, nite-terperature e ects and disorder
averaging. It is thus a simple global quantity that is relatvely accessible to experiment
through static susceptibility measurements. In the follomg, we rather discuss the Curie
constant per rung de ned byc = C=L with L the length of the ladder. A single spin-#2
has a Curie constantc = 1=4. Thus, in the limit of high-temperature in the ladder, we
should havec = (1 z)=2 when all spins are uncorrelated by thermal uctuations. lone
decreases temperature and assumes that the spin gag can be signi cantly larger than
the maximum couplings between the impurities, typicallyy, then there exists a regime such
that Jg T s in which the magnons contribution is frozen and the impurityspins
are uncorrelated. This yields a plateaw' z=2, which value is a ected by chain breaking
e ects®. The evolution below this plateau is a non-trivial power-lav with temperature
that reaches a second plateau at very low temperature at vawc' z=6, if here again we
neglect chain breaking e ects. This scenario, rst intuitel by Sigrist and Furusaki [236], is
summarized on Fig. 111.19 and shows that this simple quantt already captures the main
energy scales of the system. We now explain in more detailetlast two behaviors, starting
from zero-temperature.

3|t lowers the actual number of freed spinons. Consider for istance the case of two impurities on the same
rung. A rst correction would be ¢' z(1 2z)=2.
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5. Impurities in the frustrated ladder model

Curie constant

Figure 111.19: Sketch of the behavior of the Curie constant. The plateasx z=2 corresponds
to free impurity spins.

Zero-temperature limit  The z=6 plateau is understood in a bipartite lattice, ie for the
non-frustrated model, directly from the distribution of impurities over each sub-lattices.
Indeed, by denotingN = 2L the total number of sites (including impurity sites),N; = zN
the number of impurities, and assuming that there is no chaibreaking e ects, applying
Marshall's theorem yields that the total spinS of such cluster matche$ = %jNi;A Nig | =
%jZNi;A Nij, whereN;a (resp. N;g ) is the number of impurities on sublatticeA (resp. B).
This theorem transforms the search of the total spin distribstion into a purely geometric
problem. The probability of having a con guration with N;, impurities on sublattice A is
given by

N=2 N=2
P(Nja) = 2 gn (111.50)
N;
so that the probability of having a total spin S on a sample is
N=2 N=2
Pni(S)= ——x"—(2 s0); (111.51)

Ni

whereS 2 [0; N;=2]. This result is exact and allows to compute numerically #n mean total
spin and the Curie constant. Controlling the nite-size e ects on the T = 0 plateau is
essential to be able to extract properly the power-law expent as discussed hereafter. It
is also essential if one wants to average over cluster sizdsew considering chain breaking
e ects.

ForlargeN; and xed z, according to the central limit theorem,P,., (S) converges towards
a Gaussian. A saddle-point calculation gives the asymptatbehavior:

2 _
Pzni(S) ' P3¢ =25 (I11.52)
S
. N; . . . :
of variance 2 = Tl(l z). One then obtains the average spin and total Curie constar
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theNI11 I[imit as
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S 5— Ni and Cyy, = 1—é(l z) 1+ 'II__EjNilz

(111.53)

For a large number of impurities, the Curie constanper impurity is then (1 z)=12 at
T = 0, while the Curie constant per spin is z=12. Taking the same de nition as before,
the T = 0 plateau is well approximated byc = z(1 z)=6. The doping dependence of the
prefactors and nite-size corrections were missed in preus work. They originate from the
dilution of the lattice and play a crucial role in the quantitative comparison with numerics
that usually work with a restricted number of impurities. Fa the frustrated model for which
Marshall's theorem is not applicable, and numerical simulins on the e ective model with
incommensurability show an appreciable reduction of bothhe total spin and the Curie
constant, essentially due to the short distance behavior tfie e ective interaction.

Last, one can average over the cluster sizes, assuming thhéey have a xed densityz,
which is not fully correct. The total spin per unit lengths = S= and averaged Curie
constant follow

q— P
1 1 _ _33=2
S > z(1 2)= 2z (111.54)
and
9 — _
C'%ﬂ z)(1 F0+%za af'éu+p&+:o; (111.55)

Notice that the system has a nite total spin density in the themodynamical limit thanks
to the chain breaking mechanism. This means that it is partity polarized at T = 0,
or partially ferromagnetic. Again, disorder non-trivially makes a purely antiferromagnetic
model partially polarized atT = 0.

Power-law behavior and doping dependent exponent The power-law behavior at inter-
mediate temperatures is not easy to catch properly numeriba The picture we obtain in
the end is that there is probably two regimes featuring an exment close to thez=2 plateau
and another one at lower temperatures. There is a simple wag see how a power-law can
emerge in this context by considering the random dimer modeindeed, the Curie-constant
computed under these assumptions is

z

co(T)=2z dJpJd)

ey (111.56)

It clearly shows aT-dependence and also reproduces tke2 plateau in the largeT limit.

By doing a Sommerfeld-like expansion at loW- one gets
oT) 1 T

— 2= _+ K

= 3 (111.57)

with K a known numerical constant of the order of :Q-0.2. The rst constant is not
correct (it should be ¥12) because the model does not take into account the posstpito
build large total spin. The predicted exponent is = 2 z is doping-dependent and simply
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5. Impurities in the frustrated ladder model

Figure 111.20: Left: scaling of the Curie constant with temperature from QK. Right: esti-
mates for the Curie constant exponent(z) from the e ective model withN; = 100 impurities
with = 3. The horizontal = 0:21 line indicates the RSRG universal regime of the F-AF
chain. In all cases, the exponent (z) is smaller than the prediction2z which seems to
hold only in the limitz ! 0. Reproduced from Ref. [238].

connected to the coupling distribution. This exponent actally matches well the ED results
on small e ective model at rather large temperatures, althagh Eq. (111.57) does not t
at all the data. We consequently believe that the departurerém the z=2 plateau is well
understood as a power-law originating essentially from thaupling distribution.

This is actually in agreement with large-scale QMC simulatins reproduced on Fig. 111.20,
at least for the high temperatures close to the free spinongapeau. The full lines indicate
the slope given by the 2z exponent. Yet, one observes at very low energy scales thab#mer
exponent, slightly smaller, emerges and the larger the doyj, the larger the deviation from
the 2z exponent. These low-temperature exponents are reported Big. 111.20 and tenta-
tively explained with a scenario based on the RSRG studies d¢ime random ferromagnetic-
antiferromagnetic chain [179{181, 239].

Indeed, for reasonably short correlation lengths, the e ective model should fall into the
F-AF universality class in the RSRG sense. As regards the pdssi universal exponents of
this phase, it was found numerically [179] that it is strongl dependent on the singular nature
of the initial coupling distribution. By denoting P(J) j Jj Y the initial distribution of the
couplings, the following scenario is proposed: (i) when> y. with y. ' 0:7, the RSRG
ows towards a non-universal xed point with non-universalvalue of . This exponent
should depend onz and but is not necessarily equal to 2 ; (ii) when y < y. (initial
distribution \not too singular'), the RSRG ows towards a universal xed point with '
0:21. QMC calculations [180, 181] have demonstrated the fallmg typical behavior for
the Curie constant on the F-AF random chain: at high-temperatres below the saturation
plateau, ¢(T) strongly depends on the initial distribution coupling. Ye, at low enough
temperatures, the variousc(T) curves collapse very close to the RSRG prediction with
cT) c0)= K(T=Jnax)¥?* wherec(0) =1=12 andK ' 0:117.

Coming back to the situation of doped ladders, the RSRG picte is certainly applicable
to the ladder provided z 1 but hard to justify when z 1, we rst expect from
Refs. [180, 181] that the high-temperature regime is alwagependent on the distribution,
which is consistent with the previous observations and theandom dimer picture. Then,

105



Chapter Ill. Disorder and frustration in low-dimensional atiferromagnets

Figure 111.21: Typical magnetization curve of the doped ladder for increas temperature.
ED is done on the e ective model. Reproduced from Ref. [238].

one expects that the RSRG picture develops at low-temperates with two possibles cases.
The y. ' 0:7 criteria translates on ladder to a critical dopingz. ' 1 e %> such that
() if z < z¢, the low-temperature exponent is non-universal, dependean z and and
could di er from the high-temperature exponent expected tde 2 ; (ii) if z > z., one
can fall into the RSRG universality class and the low-tempeature exponent should become
independent ofz and and reaches 22. One must notice that the second situation can
actually be realistic for doped ladders in the weakly coupleregime, since, for instance,

& 7 forJ, = J=2, givingz,' 2%.

We observe on Fig. 111.20 that the low-doping regime is corsent with the 2 z limit
while intermediate dopings display signi cant deviationsand a tendency to saturate around
the RSRG universal regime foz & z.. Yet, the validity of the random F-AF RSRG picture
can be questioned for two main reasons: when becomes large, the dilute short range
interaction limit fails and it is not guaranteed that the RSRG is still under control with
longer range interaction. Second, as we will see on the matmeurve, the discrete nature
of the distribution can play a quantitative role. The critera for the initial distribution
exponenty is valid within a continuous description but the discrete ntaure of the coupling
can make the distribution more singular. Interpretation inthat sense was proposed on the
same model through the study on correlation lengths [240].

5.4 Magnetization curves

We now brie y comment on the behavior of the magnetization awe m(H; T).

Magnetization jump and impurity plateau  Strictly speaking, we must havem(H; T) =0
whenH = 0 due to the SU(2) symmetry. If one now considers a nite-sysim with T =0
and a small but nite magnetic eld, the degeneracy within a sctor of total spin S will
be lifted to favor the state S* = S. Then, there exists a disorder averaged magnetization
jump m =m(H =0*";T=0) m(H =0;T =0) which matches m = s of Eq. (I11.54).
This is typical of a partially ferromagnetic state. Moreovg as for the Curie constant, the
saturation plateau, expected to lie atn = z, is actually a ected by chain breaks e ects since
all impurities do not bring in a free spin. First order corretions in z makesm' z(1 2z).
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Zero-temperature curve Using the random dimer model, the low-temperature magneti-
zation curve forH T takes a Fermi-Dirac form to a good approximation
Z

mH:T)' z dIpQd) (111.58)

&« AT AL

where H plays the role of the chemical potential. This is physicallyransparent as the

system is equivalent in this limit to a collection of two-leel systems with only the singlet

and triplet S, = 1 states contributing to the low-energy physics v@ich natrally maps
J

onto fermionic statistics. Introducing the repartition function R(J) = P(J9dJ° of the

1
couplings, we getm(H; T =0) = zR(H), and for the continuous distribution (I11.46), this
yields a power-law behavior

H
mH:T=0)= 2 1+ — (111.59)
2 Jo
with = 2z . This already deviates signi cantly from the Brillouin picture. Still, the

random dimer model fails to reproduce the corredd ! 0 limit and gives for the jump
m = R(0) = z=2. One can incorporate the exact result discussed above iretRDM by
stretching the repartition function of antiferromagneticcouplingsR. (J) de ned by

R(J) R(0)

R = TR

ford > 0: (111.60)

We thus de ne the phenomenological "stretched random diméansatz as
MmH;T=0= m+(z m)R,(H): (111.61)

Physically, the issue of the random dimer model is that it wdes with total spins S = 0 and
S =1 and cannot capture the large-spin formation. This formwd can be used numerically
using the actual discreteR. (H) constructed from the DMRG computed couplings. This
stretching does not a ect the exponent and a rough understaing of the shape of the
curve leads to the following simple power-law t which coulde useful for experiments or
numerical calculations:

mH;T=0= m+(z m) Jﬂ ; (111.62)
0
in which one can leave free the three parametens, Jo and . Interestingly, RSRG argu-
ments [179] have also proposed a power-law behavior for thagnetic curve wherH T
based on energy scales phenomenology. As shown on the rst @laof Fig. I11.21, the phe-
nomenological formula (111.61) reproduces quite nicely #n DMRG T = 0 data as well as
the ED on the e ective model, up to the spin gap energy scales.

Finite-temperature e ects  The same game can be played at nite-temperature. A phe-
nomenological ts for the curve, based on the random dimer ndel is given by

z m

m(H;T)= mtanh — + ———
(H:T) tanh or 1 R(0)
J

Mgimer (H; T5J)p(J)dJ ; (111.63)

>0
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2 sinhH=T]
1+ €T +2coshH=T]
rst part accounts for the contribution of ferromagnetic caiplings, while the second accounts
for the magnetization process of antiferromagnetic dimer§he rst term should in principle
correspond to a Brillouin function of spinS but this version already gives satisfactory results.
Fig. 111.21 shows that this ansatz captures rather well the mmerics on the e ective model
and explains the signi cant deviation from Brillouin that is observed, even at temperature
of the order of the rung couplingd;.

whereMgimer (H; T;J) = is the magnetization of a single dimer. The
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Overview and perspectives

In this conclusion, we give an overview on the work summarizein this Habilitation
manuscript as well as some perspectives and possible gursed of research for the near
future. A rst comment is that, apart from the mere numerical implementation perspec-
tive, we did not develop new tools nor concepts to address @tigly-correlated models. The
eld is actually rather mature in the sense that many ideas aghtools are now at hand and
awaiting for application on speci ¢ models, usually more wolved than the ones for which
they were designed for. Still, learning the tools and usinghém to get a physical picture
of the behavior is very pleasant. A second comment is that thehoice of subjects, because
it may look rather scattered at rst sight although some conections are clearly emerging,
nds its origin in various motivations. The out-of-equilibrium subject was addressed not
at all because of its scope about the foundations of statisil mechanics, but merely be-
cause we wrote the algorithm for time-dependent ED during #0PhD, for no purpose, and
that this availability met our own curiosity on looking for a bridge between the results of
Refs. [34] and [38]. The work on the bichromatic model was mysgt-doc project, so we can-
not claim to have had the view on the importance of it at that tme. This forced us to learn
about disordered models and Anderson localization which keeue part of our culture and
allowed us to have some ideas on possible projects for Arttaithesis which were eventually
achieved with more success than we could have ever hoped tceatning and developing
more numerical tools is de nitely a task that we should purse and that would help future
students get a start with strongly-correlated systems. Weaw highlight the obtained results
and our personal perspectives on each of the three topicsatdissed previously.

Various faces of quantum quenches Quantum quenches have been devoted an impressive
number of publications in the last decade and we presentedrawesults within the context
at the time they were published. A rst impression on the suddn interaction quench in the
Bose-Hubbard model is that our contribution could be interpeted in a rather pessimistic
way. In small interaction quenches, nite-size e ects presnt us from a convincing con-
clusion on thermalization. One indeed obtains good agreemenith canonical ensemble
calculations, but this is a rather speci c phenomenon and $ject to strong nite-size ef-
fects in the comparison. In large interaction quenches, aher kind of nite-size e ect
may turn the discussion into speculative statements due tde fact that the proximity of
the integrable point smears out the nite interaction data. A more optimistic view is that
studying this particular quench allowed for a better undetsnding of the spectrum of the
Bose-Hubbard model, in particular high-energy states in th&argeU regime, and that it
o ered two counter-examples of naively expected behaviora pseudo-thermalized regime
at small energies and a strongly non-thermalized one at l&gnergies. If one is to give
a tentative scope of the results on this model, one may say thguenches reaching the
classical limit of an Hamiltonian starting from a strongly qantum state may generically
result in a non-thermalized behavior, at least on nite size The last good point is we
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saw that non-thermalized e ects due to integrability can swive to non-integrable pertur-
bations thanks to nite-size e ects and for sizes which areelevant to current cold atoms
lattice setups. This could explain why, although non-integble e ects are always present
in an experimental setup, one can observe integrable behavieven for a many-body gas.
In this respect, the use of the tilted potential o ers a quenting parameter independent of
the U=J ratio which controls the integrability of the model. Ongoiry experiments in this
direction are certainly promising. The manipulation of mag-body wave-packets with time-
dependent potential looks nice on the paper but its experim&l relevance is beyond our
expertise. On the issue of thermalization in an isolated qoaum system, the community
has already produced signi cant progresses on the two maissues which are an equivalent
of the KAM theorem in the vicinity of an integrable point, and the question of the scal-
ing of the uctuations [241, 242] of observables with incresng system size to \prove" the
eigenstate thermalization hypothesis. The connection beeen many-body localization and
non-thermalization is also an appealing topic [243, 244].

On the scaling of the excess energy and Kibble-Zurek mechamni it seems that the issue of
the exponent is still open. Ref. [99] and our results suggedtdeviations from Kibble-Zurek
scaling in non-trivial and non-integrable models, while té scaling is known to work in many
cases but restricted to solvable models. We gave a simple @amgent for non-universality but
the numerics are limited in time and a di erent behavior at lager times could be expected.
The work on inhomogeneous quenches might be the one that is mm@pen. The search
for an hydrodynamical description of strongly-correlatednhomogeneous system could be
promising. Such approaches already exist but the combinati of inhomogeneity or interfaces
with out-of-equilibrium physics may be a place for new mech&sms.

The quasi-periodic adventure Our contribution to the physics of bosons in quasi-periodic
lattices was initially to complete the phase diagram, togéer with other groups. As it is
well understood that the localization mechanism is not theasne as in Anderson localization,
with speci city such a critical value for localization and @ps in the excitation spectrum,
a legitimate motivation has been to suggest probes that arelantikits of the Bose-glass
phase and its mechanism. Last, we tried to help interpret thexperimental coherence
and modulation spectroscopy spectra in collaboration witthe group at Florence. Using
a phenomenological approach to the e ect of temperature, weproduced the coherence
diagram from weak to strong interaction. The main interpreation is that the temperature
is rather high, making the super uid regime almost in its clasical limit but low enough so
that the localization lengths, either from Mott or quasi-pe&iodic mechanisms are dominated
by the zero-temperature physics. We have thus at hand a goodiantum simulator but
lowering the temperature is desirable, though not trivial aiall experimentally considering
the hierarchy in energy scales required to map the physicstorthe Aubry-Ande model.
However, the study is not fully satisfactory for largeU and small disorder and a better
understanding of the e ect of temperature is one of our plans the near future.

Frustration and disorder The manuscript concludes on yet another series of examples
pertaining to the general context of the interplay of frustation and disorder in quantum
magnetism. One of the aim was to have a good understanding bktelementary excitations

4We apologize for very partial citations among many ongoing wrks, we selected some of the most recent
as examples and with the hope they cite previous ones more cq@rehensively than we do.

110



of the clean system rst. In the frustrated chain at the Majundar-Ghosh point, revisit-
ing the variational method allowed us to treat the random sitation with a weak-disorder
perspective in a gaped system which is in principle not pobi by bosonization or RSRG
methods. We found two mechanisms at play that localize the s@n elementary excita-
tions: Anderson localization and random con nement. Throulg an Imry-Ma instability,
domain walls spontaneously nucleate in the chain and the &e spinons behave e ectively
at low energies as in the random ferromagnetic-antiferrorgaetic chain. This model, with
its partially polarized \large-spin" phase, displays a Cue tail. Hence, disorder proves to
have drastic e ects on top of frustration in this model: stating from a gaped antiferromag-
netic chain and adding a minute amount of disorder that presees the positive signs of the
couplings, one enters a gapless and partially polarized @& The same low-energy physics
Is recovered starting from a rather di erent initial model which are ladders doped with
non-magnetic impurities. This gaped but non-degenerate @und-state also contains local-
ized spinons when doped, the spinons being attached to impwrsites. The low-magnetic
part of the magnetization has been analyzed and we showed thazable deviations from
the Brillouin response are due to interactions. We provideduantitative predictions and
possible phenomenological ts for these experimentally eessible quantity.

To give a broader view from these two examples, although thandom antiferromagnetic
chain displays a beautiful random singlet phase at its in ie disorder xed point, the
low-energy physics of models of localized spinons in 1D ntigienerically belong to the
universality class of the random ferromagnetic-antiferrnagnetic chain since we do not see
any general argument to prevent e ective couplings from beg negative for some of them.
Future perspectives in this direction, despite the mere ctinuation of the discarded aspects
of the models with for instance the higher part of the magneticurve of the ladder, are
motivated by experiments. The doped ladder physics is stilinder active investigation in
experiments with the hope of nding a testbed for Bose-glagsysics [245{249]. Another line
of research is the frustrated chain with spin<@ and doped with non-magnetic impurities
that is studied by colleagues at Leon Brillouin [250, 251].
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