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AbstratThis text is a non-tehnial, elementary introdution to the theory ofglassy phases and their ubiquity. The aim is to provide a guide, and somekind of oherent view, to the various topis whih have been exploredin reent years in this very diverse �eld, ranging from spin or struturalglasses to protein folding, ombinatorial optimization, neural networks,error orreting odes and game theory.
1.1 A few landmarks
1.1.1 Strutural glasses
Nature pro vides for us n umerous examples of systems whic h ma y condense in to

an amorphous solid state. Probably the most common case is that of structural

glasses, of whic h the windo w glass has b een kno wn for sev eral millennia; recen t

reviews can b e found in Angell (1995) and Benedetti (1997). Structural glasses

consist of a phase of matter in whic h atoms or molecules are arranged in space

in a structure whic h is frozen in time, apart from some small uctuations. Y et,

con trarily to the case of crystalline solids, the arrangemen t of these molecules is

not a p erio dic one. It is a `random' arrangemen t: although the system exhibits

some kind of regularit y on small enough scales (in the range of a few in ter-

atomic distances), this regularit y is lost on larger length scales, as attested from

the absence of sharp p eaks in the di�raction pattern.

A random arrangemen t of the degrees of freedom, but one whic h is frozen

and do es not ev olv e in time: these are the basic ingredien ts of what w e shall call

the random, or amorphous, solid state, and what go es generally under the name

of 'glass phase' (I ha v e preferred the former b ecause the term 'glass' is more

sp ecialized and migh t lead to some misunderstanding when w e shall mo v e to

the random solid states of some systems whic h are more remote from condensed

matter ph ysics). Qualitativ ely this description is �ne, y et the reader should b e

a w are from the b eginning of the di�cult y of giving more precise de�nitions. W e
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2 THEORY OF RANDOM SOLID STATES
used the w ord 'phase of matter' but it ma y b e (and has b een) disputed whether

this is a really new phase of matter. The glass state migh t not exist as a true

separate phase, but just b e describing a liquid with an extremely large viscosit y ,

so that w e do not see it o w in the limited time scale of our exp erimen t. The

fact that the structure do es not ev olv e in time should not b e though t of as

implying that the p ositions of eac h atom is frozen: b ecause of v acancies for

instance the atoms can actually drift, although v ery slo wly if the system is at

lo w temp eratures, as they also do in a crystalline phase. The relativ e p ositions

of the p oin ts in space around whic h an atom is lo cated, these de�ne this frozen

structure. The de�nition of a 'random' arrangemen t is not a trivial one either,

one could ha v e some order whic h displa ys no Bragg p eaks but can b e describ ed

with a little amoun t of information, or else one could b e obliged to describ e the

glass state b y giving the a v erage p ositions of all atoms, whic h requires an in�nite

amoun t of information (in the 'thermo dynamic limit' of in�nitely large systems).

These are all imp ortan t subtleties, and w e shall partly address them b elo w.

Y et it is clear that, judging from its relaxation time, the glass state is at least a

quan titativ ely di�eren t state of matter. Actually one v ery p eculiar asp ect of glass

forming materials, and one whic h is so imp ortan t in their man ufacturing, is ho w

rapidly this relaxation time, or the viscosit y v aries with the external conditions.

Some increase b y more than t w elv e orders of magnitude of the relaxation time

when one diminishes the temp erature b y 20 p er cen t around the glass transition

temp erature are found in the so-called 'fragile' glasses whic h ha v e the strongest

suc h increase (Angell 1995; Benedetti 1997). A t temp eratures w ell b elo w the

glass transition temp erature their life time is essen tially in�nite, and some million

y ears old samples ha v e b een found. In the regimes where the exp erimen tal time

is m uc h smaller than the relaxation time the glass state is out of equilibrium and

one observ es aging phenomena. Inevitably w e shall th us need to face the time

dep enden t prop erties of these systems, whic h are ev en more di�cult to describ e

than their equilibrium coun terparts.

Beside its sp ecial prop erties, the glass state is imp ortan t b ecause of its ubiq-

uit y . It can b e reac hed in virtually all systems, b y man y di�eren t path w a ys.

Co oling from a liquid phase is a common one. The co oling rate should then b e

fast enough for the system to b e quenc hed in to the glass state, a v oiding th us

the crystallization (ho w fast one should quenc h dep ends enormously on the sys-

tem at hand: as w e all kno w, it is m uc h easier to reac h a glass state in liquid

silica than in a metal). Probably in most systems the crystalline state is the

most stable one, although this has not b een pro v en: at zero temp erature, the

famous conjecture of Kepler stating that the densest pac king of hard sphere is

the crystalline one (face cen tered cubic or hexagonal closed pac k ed) has resisted

a pro of for four cen turies (Hales 1998). Sho wing that the crystalline state is the

most stable one at some �nite temp erature, is th us lik ely to b e a v ery hard task.

The existence of a crystal state is anno ying b oth for exp erimen talists who m ust

`b eat the crystallization trap', and for theorists, who m ust �nd a prop er w a y

of studying a metastable state. But this is not more troublesome than studying
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sup er-co oled w ater, or diamond. A more subtle p oin t, to whic h w e shall return, is

the fact that it is extremely di�cult to prepare a glass in one giv en `glass state'.

F rom the mathematical p oin t of view the idea of a glass at thermal equilibrium

is a useful concept, and it turns out to b e a v ery useful starting p oin t in order to

start a study , but the last w ord will deal with out of equilibrium dynamics. As

w e shall see, there are some indications that these t w o approac hes (thermo dy-

namic equilibrium and out of equilibrium dynamics) are in timately related, but

the deep reason for this is not so clear, and its searc h will b e a ma jor c hallenge

for the near future.

1.1.2 From rubber to spin glass and proteins
Another tec hnologically imp ortan t glassy material is rubb er (Goldbart et al . 1996;

Zipp elius and Goldbart 1998). There, the basic microscopic constituen ts are long

p olymeric c hains, and the amorphous solid state is obtained b y adding cross-links

whic h glue together p ermanen tly these c hains- a pro cess called vulcanisation

whic h w as disco v ered b y Go o dy ear one and a half cen turies ago.

There exists th us a fundamen tal conceptual di�erence with the simpler struc-

tural glasses describ ed ab o v e: vulcanisation has created some p ermanen t links

b et w een the p olymers, whic h are lo cated at random p ositions. Therefore the de-

scription of the vulcanised rubb er in v olv es some random v ariables- the p ositions

of the crosslinks. These random v ariables are giv en a priori, they dep end on the

sample whic h one is studying, and their n um b er is extensiv e, i.e. it gro ws lin-

early with the v olume of the sample. This is v ery di�eren t from our previous

case. In simple structural glasses one can w ork with a system of N molecules

in teracting b y pairs (higher order in teractions can b e added easily without mo d-

ifying the argumen t) through a simple p oten tial V ( ri; rj ). The energy function

(the Hamiltonian) is v ery easily describ ed, b eing just the sum of the pair in-

teractions. What is complicated to describ e and study is the amorphous state

adopted b y the system under fast co oling. On the con trary in rubb er, writing

do wn the Hamiltonian for a giv en sample requires the kno wledge of the p ositions

of all the crosslinks, a v ery long list whic h y ou cannot determine, nor store on

y our hard disk, and whic h will b e di�eren t if y ou mo v e to a new sample. This

t yp e of system, where the Hamiltonian dep ends on an extensiv e set of random

v ariables, is said to ha v e quenc hed disorder. The terminology comes from the

fact that the monomers whic h are crosslink ed do not ev olv e in time, they are not

thermalized, con trarily to the other atoms of the p olymers whic h ha v e thermal

uctuations.

Quenc hed disorder is also presen t in some exotic magnetic allo ys called spin

glasses (M � ezard et al . 1987; Fisc her and Hertz 1991; Sherrington 2003). These

systems are not presen t in ev ery-da y's life, they can b e found only in some

sp ecialized solid state ph ysics lab oratories, and only in small quan tit y . They

ha v e surreptitiously app eared in v arious o dd corners of materials science only

a few decades ago, and nob o dy has b een able to foresee an y t yp e of reasonable

application in the close future, in spite of the strong ev olutionary pressure of
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gran t funding whic h pushes ph ysicist to try and imagine some. Y et, during the

last quarter of the XXth cen tury , there ha v e b een man y thousands of articles

dedicated to spin glasses, b oth exp erimen tal and theoretical, and the spin glass

problem has b een describ ed as a corn ucopia (Anderson 1988). The reason is that

spin glasses pro vide a (relativ ely) simple lab oratory for the study of glass phases,

whic h themselv es app ear in man y domains, in ph ysics and b ey ond.

The arc het ypical case of a spin glass is an allo y suc h as CuMn, with a con-

cen tration of a few p er cen t of the magnetic manganese atoms diluted in the non

magnetic metal, here copp er. The magnetic degrees of freedom are the lo calized

magnetic momen ts of the Mn atoms. They in teract with eac h other through a

complicated pro cess, an indirect exc hange with the conduction electrons, but the

net result is an in teraction whic h either tends to align the magnetic momen ts-

a ferromagnetic in teraction, or tends to an ti-align them (an ti-ferromagnetic).

Whether the in teraction b et w een t w o magnetic momen ts is ferromagnetic or

an ti-ferromagnetic dep ends on the distance b et w een the manganese atoms: the

coupling oscillates with distance. But the p ositions of these atoms are frozen

in time, on all accessible time scales, and therefore the couplings b et w een the

magnetic momen ts form a set of quenc hed v ariables. Neglecting quan tum me-

c hanical e�ects, a go o d appro ximation at the temp eratures of study , and using

anisotrop y to reduce the spins to a set of Bo olean degrees of freedom, the Ising

spins whic h describ e the pro jection of the spin on to one axis, one so on arriv es

at a m uc h simpler system indeed, a set of classical Ising spins in teracting with

random couplings. One can guess that this kind of generic problem of randomly

in teracting Bo olean v ariables will pro vide useful insigh t in to sev eral domains of

science and indeed it do es, as w e shall see. But the ric hness and di�cult y of

this problem, whic h w e shall briey surv ey in the next section, will b e a sur-

prise to an y new comer in the �eld (M � ezard et al . 1987; Fisc her and Hertz 1991;

T alagrand 2003b).

Another example of an amorphous solid state, and one of the greatest im-

p ortance, is o�ered b y proteins (Garel et al . 1998). In its nativ e form, a protein

is a long p olymer whic h is folded in suc h a w a y that the relativ e p ositions of

the v arious atoms are frozen, apart from some small vibrations. In general this

structure is not a simple p erio dic one, although one ma y �nd some recurren t

substructures, `alpha helices' and `b eta sheets', signaling a degree of lo cal order-

ing. In a lo ose sense proteins th us fall in to our broad de�nition of amorphous

solid states. Ob viously while including this v ery ric h new �eld one is drifting

from the purest mathematical de�nition of glass phases. One reason is the fact

that proteins are �nite size ob jects. Probably the prop er lev el of description to

describ e protein folding is the one whic h considers the amino acid groups as basic

en tities, and the angles along the bac kb one as the relev an t v ariables (as alw a ys

when one c ho oses one lev el of description, there also exist some e�ects whic h

require going to a smaller scale description). So w e t ypically face a problem of a

few h undreds to a few thousands degrees of freedom. This is enough to justify a

statistical mec hanics analysis, but it is not Av ogadro's n um b er.
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Of more fundamen tal imp ortance is the fact that proteins generally ha v e one

conformation whic h is preferred, the nativ e state. This is the shap e that mak es

them function, this is the shap e that they adopt in natural conditions, and in to

whic h they will refold if denaturated. Although they also p ossess man y other

metastable states, these seem to ha v e rather higher free energies, so that the

protein will b e able to a v oid these other meta-stable states and fold in to its

nativ e shap e, sometimes with the help of some auxiliary , `c hap eron' molecules.

Sometimes the free energy gap m ust b e rather precisely tailored in suc h a w a y

that some c hange in the external conditions (e.g. concen tration of other proteins)

will lead to some c hange in shap e and prop erties of the protein, as has b een

demonstrated in the case of protein-DNA in teractions. This dominance of the

nativ e state is at o dds with the situation of glasses or spin glasses where the

systems can freeze in to an y of the p ossible meta-stable states. One reason for

this di�erence is the fact that the proteins are not completely random ob jects.

Although the primary sequence of amino acids constituting a protein often lo oks

random, one should remem b er that the sequences used in nature constitute a v ery

small subset of the v ery large n um b er of p ossible sequences (20

100
for proteins

made of one h undred amino-acids), and a subset whic h has b een carefully selected

b y ev olution, precisely for the abilit y to fold in to a giv en shap e allo wing for some

function. A totally random sequence of amino acids, with uniform probabilit y of

ha ving eac h of t w en t y p ossible ones on eac h p oin t along the c hain, has v ery little

c hance of b eing a useful protein, or ev en just a molecule able to fold in to a w ell

de�ned nativ e state. One needs some constrain ts in the sequence to ac hiev e this,

and the most ob vious one is to ha v e the righ t prop ortion of h ydrophobic v ersus

h ydrophilic amino-acids, in suc h a w a y that the molecule, in w ater, will tend

to form a compact globule with the h ydrophobic ones buried inside the globule

so that they a v oid the w ater. The t yp e of correlations whic h are needed in the

c hoice of the sequence, in order to ha v e a go o d c hance of building a protein from

a random heterop olymer, is a v ery di�cult and op en problem. Proteins pro vide

some t yp e of glasses with quenc hed-in disorder (the primary sequence of amino-

acids), but the nature of the probabilit y distribution of this disorder, and ho w

natural ev olution selected it, is still unkno wn.

W e shall not attempt an exhaustiv e en umeration of glassy states of ph ysical

matter, n umerous examples range from other biological p olymers lik e DNA and

RNA, to glasses of electric dip oles, or of v ortex lines in high temp erature sup er-

conductors (Blatter et al . 1994). A v ery ric h class to whic h these v ortex systems

b elong is that of elastic ob jects, lines, in terfaces suc h as Blo c h w alls, mo du-

lated phases lik e c harge densit y w a v es, whic h ha v e some thermal uctuations

but are also pinned b y some external impurities. The ubiquit y of suc h situations

in ph ysics is w ell do cumen ted (as should b e clear b y no w), but in addition glass

states sho w up also in far out con texts, further enlarging the domain of study .
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1.1.3 Networks of interating individuals: global equilibrium
Imagine a group of N scien tists, consider an y t w o of them, and c haracterize

their relationship at a v ery crude lev el b y stating whether they are friends or

not. These colleagues meet at a conference and the organizer, a v ery wise p erson,

wishes to optimize their repartition in the t w o a v ailable hotels. He will th us mak e

t w o groups and try to ha v e as m uc h as p ossible friends group ed in the same hotel

and p eople who hate eac h other separated. He �rst collects the data on who is

friend with whom. F or eac h pair of p eople i; j , he assigns a p ositiv e in teraction

constan t Jij = +1, if they are friends, otherwise their in teraction constan t is

negativ e, sa y Jij = �1. F rom this set of in teraction constan ts, whic h builds

up our sample, the organizer tries to optimize the repartition in the follo wing

w a y: he will allo cate eac h p erson i either in the hotel uphill, in whic h case

he denotes him in his �les b y the n um b er Si = +1, or in the hotel do wnhill,

lab elled then b y Si = �1. Ob viously , considering t w o colleagues i and j , there

are t w o optimal repartitions for eac h situation of friendship, putting them in the

same hotel if they are friends or in di�eren t hotels if they are not. These are

describ ed mathematically b y �nding the set of v alues Si , Sj whic h minimize the

`pair in teraction energy' �JijSiSj . Of course in a realistic case it is imp ossible to

satisfy ev eryb o dy: often the enemies of m y enemies are not necessarily m y friends,

and the situation is then called frustrated, in a sense that it is not p ossible to

satisfy sim ultaneously all pairs of p eople (the degree of frustration is measured

b y the fraction of triplets i; j; k suc h that the pro duct JijJjkJki is negativ e).

Finding the optimal hotel allo cation in the set of 2

N
p ossible ones turns out

to b e a v ery di�cult problem, in tractable b y the presen t computers ev en for

suc h a small n um b er as N = 200. This problem is a case of a com binatorial

optimization problem whic h falls in to the so called NP-complete class: there are

no kno wn algorithms so far whic h are able to solv e this optimization problem

in a time whic h gro ws lik e a p o w er of the size ( N ) of the problem. There ma y

exist b etter algorithms than the en umeration of the 2

N
allo cations, but they all

require a computer time gro wing exp onen tially with N .

What is the relationship of this so ciological problem with our glasses? As

one can guess from the c hoice of notations, this is just an example of a spin

glass problem, the famous 'SK mo del' (Sherrington and Kirkpatric k 1975; Kirk-

patric k and Sherrington 1978). Assigning p erson i to the uphill hotel is equiv a-

len t to ha ving the Ising spin Si p oin ting up ( Si = +1), a p erson in the do wnhill

hotel corresp onds to the spin p oin ting do wn ( Si = �1), and the aim of the or-

ganizer is to �nd a spin con�guration whic h minimizes the in teraction energyE = �P1<i�j<N JijSiSj : he is seeking the ground state of the spin glass with

exc hange in teraction constan ts Jij . This is a sp ecial spin glass b ecause ev ery spin

in teracts with ev ery other one: it has in�nite range in teractions. This actually

simpli�es the mathematical study b ecause this in�nite connectivit y of in terac-

tions allo ws for an exact mean �eld solution. T o b e precise the solution of this

problem, originally due to P arisi (1979, 1980; M � ezard et al . 1987) has recen tly

b een sho wn to b e exact b y T alagrand (2003a), thanks to the b eautiful mathemat-
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ical dev elopmen ts of Guerra and T oninelli (2002), Guerra (2003), and T alagrand

(2003a, 2003b). [Mean �eld spin glasses are the only cases for whic h w e ha v e

suc h exact solutions; kno wledge on spin glasses in �nite dimension with short

range in teractions is v ery p o or: nothing is kno wn for sure, not ev en the existence

of a phase transition, although the b est n umerical sim ulations p oin t to w ards the

existence of a spin glass phase, and this phase presen ts some similarities to what

is found in mean �eld (Marinari et al . 1998; Krzak ala and Martin 2000; P alassini

and Y oung 2000)]. >F rom this solution (P arisi 1979, 1980) w e can learn a few

imp ortan t facts on our original problem. The b est assignmen ts has a (`ground

state') energy E0 b eha ving for large N as �:7633 N3=2
, whic h is v ery far ab o v e

what w ould happ en in the simple unfrustrated w orld where the energy scales as�N2
: despite all the e�orts of our organizer, and his sp ending a lot of computer

time, most p eople will b e rather unhapp y and he will not do a m uc h b etter job

than a random assignmen t of p eople in to the t w o hotels! The ph ysicist lo oks at

this problem not only at zero temp erature (where the problem reduces to �nding

a ground state), but also at �nite temp erature, where the v arious assignmen ts

are giv en a probabilit y de�ned b y the Boltzmann w eigh t exp( �E=T ). Then he

can get some information on the structure of the assignmen ts of lo w energy . It

turns out that there are man y suc h meta-stable states, whic h can b e v ery di�er-

en t one from another: t ypically one can �nd an assignmen t whic h has an energyE1 whic h is v ery close to E0 (the di�erence b et w een the t w o remaining �nite

when N b ecomes large), but whic h is v ery di�eren t, ha ving half of the p eople

c hanged hotel. On top of this, the set of meta-stable states has a fascinating

hierarc hical structure, building what is called an ultrametric space (M � ezard etal . 1984a, 1984b).

A whole class of 'complex systems' can b e studied similarly in the framew ork

of equilibrium statistical mec hanics. It con tains man y com binatorial optimization

problems, in whic h one seeks a globally optimal con�guration (a ground state)

in a v ery large set of allo w ed ones (M � ezard et al . 1987). One new idea brough t in

b y ph ysics is precisely this generalization of the problem to a �nite temp erature

one: instead of asking for the ground state, one asks ab out the prop erties of the

accessible con�gurations with a giv en energy , allo wing for the in tro duction of

useful notions suc h as en trop y , free energy , phase transitions etc...

This turns out to b e a fruitful strategy , b oth as an algorithmic device and

as a theoretical to ol. On the algorithmic side the idea ga v e rise to the sim ulated

annealing algorithm whic h basically amoun ts to a Mon te Carlo sim ulation of

the problem in whic h one gradually reduces the temp erature in order to try to

�nd the ground state (Kirkpatric k et al . 1983). It is not a panacea and it can

probably b e outp erformed b y more sp ecialized algorithms on an y giv en problem.

But it is a v ery v ersatile strategy , and one whic h can b e v ery useful for practical

problems b ecause of its exibilit y . In particular it allo ws to add new constrain ts

as p enalties in the energy functions with a rather small e�ort, where a more

dedicated algorithm w ould just require a new dev elopmen t from scratc h. Practi-

cal applications range from c hip p ositioning to garbage collection sc heduling, to



8 THEORY OF RANDOM SOLID STATES
routing and to �nancial mark et mo deling!

Apart from trying to get an algorithm in order to �nd the optimal con�gu-

ration, one aim could b e to get some analytic prediction on this ground state,

without necessarily constructing it. This is what happ ened to our conference

organizer ab o v e: from spin glass theory he could get the optimal 'energy' of the

b est assignmen t of his colleagues in to t w o hotels (or more precisely its large N
limit), without kno wing ho w to construct it, and he could learn ab out the distri-

bution of meta-stable states. This t yp e of kno wledge is the �rst step to w ards the

elab oration of a phenomenology of the problem, where one will aim for instance

at understanding the imp ortance of v arious t yp e of correlations in the friendship

distribution, etc... It also builds up an in teresting class of problems in probabilit y

theory . These are the `random' com binatorial problems in whic h one studies the

prop erties of ground states of some random systems, giv en a certain probabilit y

distribution of samples. A famous example is the assignmen t problem: giv en N
p ersons and N jobs, and a set of n um b ers giving the p erformance of eac h p erson

for eac h of the p ossible jobs, �nd the b est assignmen t of the jobs to the p ersons.

The probabilist can ask the question of the p erformance of the b est assignmen t

for a giv en set of samples, for instance when the individual p erformances are

indep enden t iden tically distributed random v ariables tak en from a giv en distri-

bution. V ery often the large N limit is 'self-a v eraging', meaning that this optimal

length is the same for almost all samples in the set. The statistical mec hanics

approac h has led to predictions concerning this optimal p erformance (M � ezard

and P arisi 1985), whic h ha v e b een con�rmed recen tly b y a rigorous approac h

(Aldous 2001).

1.1.4 Networks of interating individuals: dynamis
Although the systems whic h w e ha v e just describ ed already pro vide a large class

of in teresting problems, w e are still v ery far from an y real situation in so ciology .

Our use of equilibrium statistical mec hanics is restrictiv e at least on t w o crucial

p oin ts. One of them is the fo cus on to an equilibrium situation, the other one is the

searc h of a global equilibrium. Keeping for another while to our to y conference

problem, y ou ha v e noticed that h uman activit y is in general not organized in

this totalitarian w a y of ha ving an 'organizer' trying to optimize ev eryb o dy's life

(as w e kno w suc h attempts are catastrophic, not only b ecause of the practical

imp ossibilit y of �nding the optimal con�guration). The more realistic situation

of individual strategies where p eople ha v e a large probabilit y to c hange hotel if

they are to o unhapp y leads to a dynamical problem, whic h could b e describ ed

again as the relaxation to w ards some lo cal equilibrium. W e en ter the w orld of

dynamics, in a case whic h is still familiar in the sense that w e can think of

relaxational dynamics (the situation can b e describ ed b y a heat bath). F amiliar

do es not mean easy: at lo w temp eratures (i.e. when eac h individual insists a

lot in c hanging when this is fa v orable for him), this is the dynamics of a spin

glass, and the relaxation time will b e v ery large. What is found in spin glasses is

that suc h a system, starting from initial conditions, will not �nd an equilibrium
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state, but will w ander for ev er (Bouc haud 1992). Ho w ev er the more time has

elapsed, the longer the c haracteristic time scale for it to di�use further a w a y:

suc h a system is aging, meaning that its resp onse to an external stress dep ends

on its age. This prop ert y has b een observ ed for instance in p olyvin ylc hloride, or

in spin glasses, and its study has turned out to b e an extremely v aluable to ol

(Bouc haud et al . 1998).

One step further in complexit y is the dynamical ev olution when there is no

energy . A t zero temp erature the energy is a Ly apuno v function whic h k eeps

decreasing. Without suc h a Ly apuno v function all kinds of b eha viors b ecome

p ossible. W e are going a w a y from the ph ysics of systems close to equilibrium,

in to m uc h more complicated situations whic h are just b eginning to b e explored.

Progress has b een made in some cases (Challet et al . 2000a, 2000b; Dub ois et al
2002), and I w ould particularly lik e to men tion briey one case, tak en not from

so ciology , but rather from biology .

This is the study of neural net w orks, and particularly some attempts to build

up a consisten t theory of ho w memory can b e organized in the brain (Amit 1989;

Krogh et al . 1991). Elab orating on decades of exp erimen ts, it seems plausible

that one imp ortan t lev el of description of the brain, relev an t for the treatmen t

of information, is the lev el of activit y of the neurons, measured as the n um b er

of spik es they emit p er second (this is not ob vious, and the information ma y b e

enco ded in more subtle w a ys, suc h as for instance spik e correlations). F o cusing

on to the spik es, one can tak e as the relev an t elemen tary v ariables, either the

spiking rate in eac h neuron, a v eraged o v er some time windo w of some tens of

milliseconds, or its instan taneous v ersion whic h is the Bo olean v ariable: 0 if there

is no spik e, 1 if there is one. An activ e (spiking) neuron, through its synapses

to w ards an other neuron, will either fa v or the spiking of this other one if the

synapses are excitatory , or it ma y inhibit the other neuron's activit y . A t a cari-

catural lev el, the neural net w ork migh t b e considered as a highly in terconnected

net w ork (there are of the order of 10

4
synapses p er neuron) of v ariables, either

con tin uous-if one mo dels the activit y through �ring rates, or binary-if one uses

spik es. The details of when the neuron decides to spik e can b e describ ed b y

monitoring the mem brane p oten tial (the neuron �res when the p oten tial exceeds

some threshold), and in the end what suc h a net w ork do es is basically go v erned

primarily b y whic h are the excitatory synapses and whic h are the inhibitory ones.

Fifteen y ears ago, in a t ypical ph ysicist's approac h, John Hop�eld tried to

understand if suc h a caricatural net w ork could b e used as a memory (Hop�eld

1982). He studied a net w ork whic h w as trained as follo ws: one sho ws it some

external patterns and one reinforces a synapse whenev er the t w o neurons it con-

nects �re sim ultaneously . This pro cess, kno wn as Hebb's rule, builds a set of

synapses whic h is suc h that the net w ork memorizes the pattern: when presen ted

an initial con�guration whic h is a corrupted v ersion of the pattern, it will sp on-

taneously ev olv e to w ards the pattern. This w a y of �xing the synapses actually

builds a set of symmetri synapses: the inuence of neuron i on to neuron j is

the same as that of j on to i. Because of this equalit y of action and reaction,
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there exists an energy function in this problem, and the ev olution of the system,

taking in to accoun t the sto c hastic nature of �ring, is just that of a spin glass,

where the exc hange couplings b et w een spins are the strengths of the synapses. A

spin glass whic h has b een tailored in suc h a w a y that its meta-stable states are

the memorized patterns. It is no surprise that suc h a ph ysical spin system, when

ev olving from an initial con�guration whic h is not to o far from a meta-stable

state (one pattern), will o w to w ards it, and th us reco v er the full information on

the pattern. This spin glass problem has b een studied in great details: one can

sho w that if to o man y patterns are memorized then the system can no longer

memorize them, one can compute memory capacities, one can degrade the net-

w ork, destro ying a sizeable fraction of neurons and/or synapses, without altering

its memory , etc... This w as an extremely useful existence pro of of the existence of

asso ciativ e memory e�ects in a v ery simpli�ed neural net w ork, and it allo w ed for

man y in teresting quan titativ e studies. Its starting p oin t w as v ery remote from the

realit y on one crucial p oin t: the assumption of symmetric synapses. Dropping this

assumption forbids to in tro duce an energy function, and immediately driv es one

a w a y from an y equilibrium statistical mec hanics studies. Y et it has b een sho wn

afterw ards that man y of the k ey prop erties of the net w ork still p ersisted in the

presence of some degree of asymmetry . Hop�eld's daring assumption, whic h w as

once describ ed b y G. T oulouse as a \clev er step bac kw ard, " allo w ed to reduce

the problem to a solv able one, whic h pro vided a solid bac kground that one could

elab orate up on in order to get a more realistic mo del. Sev eral ph ysicists started

from this p oin t and then added more realistic ingredien ts in order to get closer

to biological realit y . This is of course a v ery imp ortan t elab oration, whic h is

still mo ving ahead. One should remem b er that, ev en in presence of asymmetric

in teractions, the statistical mec hanics approac h ma y b e useful in v arious w a ys,

whether it will pro vide a solv able limiting case as in Hop�eld's mo del, or whether

one uses some of the purely dynamical approac hes that will b e describ ed in the

next section.

1.2 Tools and onepts
1.2.1 Statistial desription
Let us also step bac kw ards to w ards the `easy' case of amorphous solid states:

glasses. As so on as one tries to go b ey ond the crystal, or the crystal with defects,

one faces the basic obstacle: ho w to describ e an amorphous solid state? As w e

sa w, it is out of question to try and describ e the glass b y listing the equilibrium

p ositions of all the atoms. The p oin t is that, in a giv en glass state, and ev en

after a v eraging o v er the thermal uctuations, the en vironmen t of eac h atom dif-

fers from that of all the other ones. F urthermore there is a v ery large n um b er

of long-liv ed glass states, a n um b er whic h scales exp onen tially with the size of

the system and therefore giv es a con tribution to the en trop y , called the con�g-

urational en trop y . In systems with quenc hed disorder, eac h sample is di�eren t

from all the other ones. All these facts call for a statistical description of the
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prop erties of amorphous solid states. W e ha v e to giv e up the idea of describ-

ing in detail the equilibrium p ositions of the atoms in a glass state. Instead w e

shall giv e a statistical description of the relativ e equilibrium p ositions. The �rst

step is to get rid of the thermal uctuations, de�ning, in a giv en glass state, the

densit y of particles at p oin t x b y the thermal a v erage �( x) =

PihÆ ( x � xi ) i.

Here xi is the p osition of particle i and the brac k ets stand for the a v erage o v er

thermal uctuations in a giv en glass state, at a giv en temp erature. While this

w ould b e just a constan t in the liquid, it is a complicated function in the glass,

with p eaks at all the equilibrium p ositions of the atoms, a m uc h to o complicated

ob ject. Basically what one can hop e to compute are some correlations suc h as the

probabilit y , giv en that � has a p eak at a p oin t x, that it will ha v e another p eak

at some p oin t x + r . This ob ject in turn could dep end on the glass state one is

considering; in all cases studied so far it do es not (a prop ert y of the large N limit

called repro ducibilit y), but if it w ould, one should again consider the probabilit y

distribution of the correlation when one c hanges the glass state. F or systems with

quenc hed disorder it could also dep end on the sample and one w ould pla y the

same game, but again this situation has not b een encoun tered: most prop erties

of a disordered system, including all thermo dynamical prop erties, are said to b e

'self-a v eraging' whic h means that they are the same for almost all samples (with

probabilit y one in the large N limit).

Giving up the idea of deciphering one particular sample and mo ving to the

study of generic prop erties of all samples is a big shift of fo cus whic h has b een

describ ed as a paradigmatic shift. It is comparable to what w as done when p eople

in tro duced statistical ph ysics, giving up the idea of follo wing the Newtonian

tra jectory of ev ery particle, to concen trate on the probabilit y distributions. In

the study of glassy phases w e ha v e to tak e this step of a statistical mo deling

t wice: �rst in order to deal with the thermal uctuations (the usual statistical

ph ysics description), secondly in order to describ e the uctuations in the lo cal

en vironmen ts, whic h exist ev en after thermal a v eraging (I shall call it the second

statistical lev el). Some of the �rst successful implemen tations of this idea app ear

in the pioneering w orks of Sam Edw ards and collab orators, b oth in spin glasses

(Edw ards and Anderson 1975), and in cross-link ed macromolecules (Deam and

Edw ards 1976). The reason for the in tro duction of statistical ph ysics �nds its

ro ots from the c haotic motion of particle, leading to sensitiv e dep endence on

initial conditions and forcing one to abandon the hop e to follo w a tra jectory .

In our case one reason of the statistical description is probably similar. In spin

glasses it is w ell established that there exists some c haoticit y , so that c hanging

the sample sligh tly (e.g. c hanging a small fraction of the coupling constan ts) will

lead to a system in whic h the metastable states are totally uncorrelated with

the previous ones. In structural glasses the situation is less clear but it seems

plausible that b y c hanging sligh tly the n um b er of particles from N to N + ÆN
with 1 << ÆN << N the (zero temp erature) metastable states again b ecome

uncorrelated.

Chaoticit y in the ab o v e sense is th us related to the prop ert y of self-a v erageness.
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These are probably imp ortan t ingredien ts allo wing for the relev ance of the sta-

tistical description. Again the case of proteins app ears to b e rather complicated

from this p oin t of view, partly b ecause of their relativ ely small size, but mostly

b ecause the prop er distribution of disorder in the sequence, and the corresp ond-

ing c haoticit y prop erties, ha v e not b een found. It is not kno wn whether ev olution

has selected the proteins v ery sp eci�cally among all sets of heterop olymers or

whether it has selected a class of sequences with some correlations, with some

t yp e of c haoticit y prop ert y when one c hanges the sequence sta ying within the

class. On the other hand a problem lik e brain mo deling w ould seem to lend itself

to the statistical description. Again it do es not mean that the connections are

random, but neither are they all preprogrammed (the information necessary to

enco de the 10

14
synapses is m uc h larger than that con tained in DNA). There is

an amoun t of randomness in the wiring, and there also exist generic prop erties

common to most brains whic h one can hop e to understand in this statistical

sense, without ha ving to care ab out all details of the wiring. In this resp ect the

situation is v ery di�eren t from the study of a globally optimized device suc h as

for instance a computer card.

1.2.2 Physis without symmetry: equilibrium.
The theoretical study of glassy phases is a notoriously di�cult problem in ph ysics,

and one in whic h the progress has b een relativ ely slo w. One k ey reason is the ab-

sence of symmetry . All the simple computations on crystalline solid states whic h

y ou �nd in the �rst pages of the textb o oks, di�raction pattern, phonon sp ectrum,

band structure, rely completely on the existence of a symmetry group. Ev en the

simplest of these computations cannot b e done in the glass phase. T o face this

situation, theorists ha v e in v en ted a n um b er of metho ds whic h all amoun t to using

the second statistical lev el, and in tro ducing some kind of auxiliary symmetry , as

w e will explain b elo w.

In usual problems it is relativ ely easy to understand the t yp e of phase whic h

can b e found, using simple mean �eld argumen ts. The only more subtle questions

whic h are not w ell captured b y the mean �eld usually refer to some sp ecial p oin ts

of the phase diagram, where the vicinit y of a second order phase transition

induces some long range correlations.

In glassy systems it turns out that understanding the gross features of the

phase diagram is in itself a complicated task. The nature of the solid phase is

m uc h ric her than usual. Mean �eld has naturally b een applied to these problems,

yielding a rather complicated but b eautiful solution (M � ezard et al . 1987). Again

the basic ideas are simpler to express in the case of Ising spin glasses, with N
spins taking v alues �1 and in teracting with random exc hange coupling. Detailed

mean �eld computations ha v e established the follo wing picture. Ab o v e a critical

temp erature T the system is paramagnetic and the lo cal magnetization v anishes

in the absence of an external magnetic �eld: < Si >= 0, where < : > denotes an

a v erage o v er thermal uctuations. Belo w T w e en ter the spin glass phase where

an in�nite spin glass will dev elop sp on taneously a non-zero lo cal magnetization:
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glass phase p ossesses t w o distinctiv e prop erties:� The sp on taneous magnetization < Si > uctuates widely from site to site;

the global magnetization v anishes, and in fact all its F ourier comp onen ts

also v anish. Mathematically w e face a breakdo wn of the lattice translational

in v ariance to a random state, with no conserv ed symmetry subgroup of the

translational group. A simple order parameter whic h c haracterizes the on-

set of the spin glass phase is the one in tro duced b y Edw ards and Anderson

(1975): q = (1 =N )

Pi < Si >2
.� There exists an in�nit y of glass states. In the state � , the sp on taneous

magnetization on site i, < Si >� , v aries from state to state. The idea of

sev eral states is familiar from the usual case of ferromagnetism: in an Ising

ferromagnet there are t w o states, in whic h the magnetization p oin ts either

up or do wn. Here there exist man y states, and they are not related one to

the other b y a symmetry . The order parameter should b e written rather asq�� = (1 =N )

Pi < Si >2� , but it turns out to b e � indep enden t.

W orking within one giv en state is v ery di�cult: the spins p olarize in to `ran-

dom' directions, whic h one do es not kno w ho w to deduce from the original ex-

c hange couplings of the system; so one cannot use a conjugate magnetic �eld

to p olarize the spin glass in to a giv en state. Ev en the de�nition of the states

b ey ond mean �eld is an op en mathematical problem. The b est one can do so far

is to p ostulate that the states exist and ha v e prop erties similar to those found in

mean �eld, and c hec k if the sim ulation or exp erimen tal results can b e analyzed

in these terms. It turns out that this is the case. F or instance a simple indicator

consists in using t w o iden tical replicas of the system (with the same quenc hed

disorder), w eakly coupled through an in�nitesimal attractiv e in teractions, suc h

as the pro duct of the lo cal b ond energies in eac h system. One lets the system

size go to in�nit y �rst, and the coupling b et w een replicas go to zero afterw ards.

If there remains a non trivial correlation b et w een the t w o replicas in this double

limit, the system is in a glass phase. Basically in this game eac h system is pla ying

the role of a small p olarizing �eld for the other system.

The same metho d can b e applied to iden tify the glass phase in structural

glasses (M � ezard 2001). T aking for notational simplicit y a glass comp osed only

of N iden tical atoms, the microscopic degrees of freedom are no w the p ositionsxi of these N particles. One can in tro duce a second replica of the same system,

comp osed of N particles at p ositions yj . The x particles in teract with eac h other,

the y particles also. The x particles are nearly transparen t to the y particles,

except for a v ery small attraction, whic h is short range. The order parameter for

the glass phase is then the cross correlation function b et w een these t w o systems

(i.e. the probabilit y , giv en that there is an x particle at one p oin t r1 , that

there b e a y particle at a p oin t r1 + r ), in the limit where the cross attraction

v anishes. In the liquid phase the x and y particles just ignore eac h other in this

limit, and there is no cross correlation. Instead, in the glass phase, the w eak
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attraction ensures that the t w o systems p olarize in the same glass state. They

dev elop correlations b ecause of the fact that they are in a solid phase, and these

correlations still exist in the limit when the attraction v anishes. This pro vides a

go o d mathematical de�nition of an y solid phase.

1.2.3 Replias
F or the theorist a c hoice metho d is the replica metho d (M � ezard et al . 1987).

It uses the idea of ha ving some iden tical replicas of the original problem, but

their n um b er is not limited to t w o, but can b ecome an y real n um b er. The replica

metho d is alw a ys presen ted as a tric k to deal with quenc hed disorder: in disor-

dered systems, the free energy is generally self-a v eraging in the thermo dynamic

limit, and therefore one can as w ell try to compute the a v erage of the free en-

ergy o v er quenc hed disorder. This is rather di�cult to compute, in general. A

m uc h easier task is to compute the a v erage of the nth p o w er, Zn
, of the parti-

tion function, whic h is nothing but the partition function of n non in teracting

replicas. T aking the n! 0 limit one gets the quenc hed a v erage of the logarithm

of the partition function, whic h is prop ortional to the free energy . This tric k is

certainly v ery old (Giorgio P arisi dates it bac k to at least the fourteen th cen tury

when the bishop of Lisieux Nicolas d'Oresme used a similar tric k in order to

de�ne non in tegral p o w ers!) and has b een used man y times in the literature. Its

�rst non-trivial application to the statistical ph ysics of systems with quenc hed

randomness is probably the seminal w ork of Edw ards and Anderson (1975).

Going m uc h b ey ond a simple mathematical tric k, the replica metho d allo ws

for a study of the free energy landscap e, and principally of the regions of lo w free

energy (the notion of a free energy landscap e, in the v ery large dimensional space

describing the con�gurations of a system in statistical mec hanics, requires some

thinking; ho w ev er it is w ell de�ned in mean �eld, and it helps dev eloping some

in tuitiv e picture, whic h is wh y I shall use it here for a simple presen tation). The

replicated partition function, after a v eraging o v er disorder, b ecomes a partition

function for n systems, without disorder, but with an attractiv e in teraction b e-

t w een the v arious replicas: the reason for this attraction is simple: Because they

share the same Hamiltonian, with the same disorder, the v arious replicas will b e

attracted to w ards the same fa v orable regions of phase space, and rep elled from

the same unfa v orable regions. Both e�ects tend to group the replicas together.

If one has a simple phase space, with basically one large v alley , then the replicas

all fall in to this v alley , and the order parameter is a n um b er, the t ypical distance

b et w een an y t w o replicas, whic h giv es directly the size of this v alley . But in a

system with sev eral metastable states, the situation can b e more complicated

with some replicas c ho osing to fall in to one v alley , while others fall in to other

v alleys. This e�ect has b een called `replica symmetry breaking'. T ec hnically it

app ears as a standard sp on taneous breaking of a symmetry . This symmetry is

the p erm utation symmetry Sn of the n replicas. The problem is that this sym-

metry is brok en only when one considers some n um b er of replicas n whic h is non

in teger, and in fact smaller than one.
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Based on some remark able in tuition ab out the p erm utation group with zero

replicas, P arisi prop osed at the end of the sev en ties a sc heme of breaking the sym-

metry whic h is consisten t, and has b een applied successfully to man y problems

(P arisi 1979, 1980). Basically the order parameter turns out to b e a function,

whic h is the disorder a v eraged probabilit y densit y , P ( q ), pic king up at random

t w o thermalized non-in teracting replicas of the system, that their distance will

tak e a giv en v alue q . This order parameter could b e computed at the mean �eld

lev el in a v ariet y of systems. In some cases it could b e c hec k ed v ersus some other

analytic computations, not in v olving the replica metho d, it could also b e com-

pared to sim ulations (a direct exp erimen tal measuremen t of P ( q ) is not p ossible,

but the recen t dev elopmen ts on out of equilibrium dynamics, explained b elo w,

pro vide an indirect access to its measuremen t). So far it has alw a ys b een found

correct, although a rigorous mathematical status is still lac king.

The ca vit y metho d (M � ezard et al . 1985; M � ezard et al . 1987) has b een de-

v elop ed in order to write do wn explicitly the assumptions underlying P arisi's

replica symmetry breaking sc heme, and dev elop a direct self-consisten t proba-

bilistic approac h, equiv alen t to the replica metho d, based on these assumptions.

The recen t pro of of the v alidit y of P arisi's solution for the SK mo del basically fol-

lo ws this kind of ca vit y approac h (T alagrand 2003a; Guerra and T oninelli 2002;

Guerra 2003).

F undamen tally , three t yp es of solid phases ha v e b een found at the momen t

with the replica metho d. Sp eaking in terms of an Ising spin glass system, with

spins Si , and de�ning the o v erlap b et w een t w o spin con�gurations as q = (1 =N )

PNi=1 SiS0i ,

w e can c haracterize them from the shap e of the o v erlap distribution P ( q ). A t

high temp erature the system is not in a solid phase and one has P ( q ) = Æ ( q ):

the thermal uctuations win, there are no correlation b et w een replicas. A t lo w

temp eratures, in the presence of a small magnetic �eld whic h breaks the global

spin rev ersal symmetry , one can �nd either:� A replica symmetric phase with P ( q ) = Æ ( q�q0 ). This happ ens for instance

in a ferromagnet, where q0 is the square of the magnetization.� A situation called `one step replica symmetry breaking' where P ( q ) =xÆ ( q � q0 ) + (1 � x) Æ ( q � q1 ). This describ es s system in whic h there are

man y free energy v alleys, the width of eac h v alley is measured b y q1 , and

the v alleys are generically equidistan t in phase space, their distance b eing

measured b y q0 . V ery often q0 = 0 and the v alleys are lo cated in random

directions of the large dimensional con�guration space. This situation th us

o ccurs in a rather generical case where the lo w lying v alleys are not corre-

lated. Some mean �eld spin glasses are kno wn to b elong to this category ,

whic h is also though t to b e the relev an t one for the description of structural

glasses of the fragile t yp e.� A situation called `full replica symmetry breaking' where P ( q ) = xp( q ) +

(1 � x) Æ ( q� q1 ), where p(q) is a con tin uous function normalized to one. In

this case the lo w lying v alleys b ecome correlated. This is the category to

whic h the standard spin glass systems b elong.
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The reader ma y �nd it surprising that, although the replica metho d w as

in tro duced to handle systems with quenc hed disorder (the whole story ab out

appro ximating the free energy through Zn
is in order to b e able to a v erage on

v arious realizations of quenc hed disorder), w e men tioned the structural glasses,

whic h ha v e no quenc hed disorder, as ph ysical systems displa ying a one step

replica symmetry breaking phenomenon. In fact I b eliev e that the replica metho d

is m uc h more general than a tric k for computing a logarithm. T o illustrate this

p oin t, let me explain briey ho w one can use a kind of replica metho d in the

structural glass case. Let us assume that the free energy landscap e of a structural

glass is indeed made up of man y v alleys, suc h that the lo w lying v alleys p oin t

in uncorrelated directions of phase space. Assume further that the n um b er of

v alleys at a giv en free energy f is exp onen tially large, so that the en trop y of

the system is the sum of an in ternal en trop y measuring the size of eac h v alley ,

and of a con�gurational en trop y S ( f ) measuring their n um b er. Pro ving these

assumptions, purely from the microscopic Hamiltonian, is a task whic h seems

totally hop eless at the momen t, but one accessible metho d of approac h is to

p ostulate this structure, w ork out its consequences, and compare them to what

is observ ed in exp erimen ts and sim ulations. Ho w can one use replicas in suc h a

case? The tec hnique is a simple generalization of the t w o replicas used in the

previous section to de�ne the order parameter. T ak e m iden tical replicas of our

glass, with a small short range attraction. In the glass phase this small attraction

will p olarize the system in to the same v alley . It is easy to see that the free energy

of the replicated system F ( m), considered as a function of m, is the Legendre

transform of S ( f ). While it is v ery di�cult to compute directly S ( f ), one can

easily dev elop simple appro ximation sc hemes for F ( m), and this giv es access to

the thermo dynamic prop erties of the glass phase (M � ezard and P arisi 1999).

1.2.4 Physis without symmetry: dynamis
The glass phase is v ery di�cult to observ e at equilibrium. Exp erimen tally a

glass is an out of equilibrium system, at least if the sample is large enough. The

equilibrium prop erties whic h w e ha v e just discussed cannot b e used in a direct

quan titativ e comparison with the exp erimen ts. They can b e of direct relev ance

for other amorphous solid states lik e optimization problems, or memory neural

net w orks whic h are ev olving from an initial con�guration close to one of the

memorized patterns. They can b e useful to in terpret some exp erimen tal �ndings,

as is the case for the hierarc hical structure of metastable states, but a direct

comparison is di�cult. The equilibrium studies pro vides the prop erties of the

free energy landscap e, fo cusing on to the lo w lying states. It is doubtful whether

exp erimen talist will ev er come up with a system prepared in one glass state �
(the equiv alen t of a ferromagnetic crystal, uniformly p olarized, without domain

w alls). Instead their systems age for ev er.

The p oin t ma y b e illustrated from the dynamical de�nition of an order

parameter, whic h w e shall form ulate again for simplicit y in a spin glass lan-

guage. In its original form ulation b y Edw ards and Anderson (1975), the or-
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der parameter w as de�ned as the long time limit of the spin auto correlation:q = lim t!1 lim N!1 < Si ( t) Si (0) >, where the brac k ets mean an a v erage o v er

the thermal noise (some underlying dynamics, for instance of a Langevin t yp e,

can b e assumed for this classical spin system). This giv es a correct de�nition

only if the system is thermalized inside one glass state � at time t = 0. Then

it is kind of tautological: the system remains inside the same state, the prob-

abilit y of the spin con�gurations decouple at large time and w e ob viously get

bac k to the equilibrium de�nition q = lim N!1 (1 =N )

Pi < Si >�< Si >� .

W e are bac k to our problem: the system cannot b e thermalized at time t = 0,

so what should one do? Exp erimen ts pro vide the answ er: the glass is aging.

Somewhere it k eeps a trace of the date at whic h it w as b orn (Bouc haud etal . 1998). Let us call t = 0 this time, de�ned as the time at whic h the sys-

tem w as quenc hed b elo w the glass transition temp erature (if one co ols slo wly a

structural glass, there are co oling rate e�ects, whic h ma y tell us a lot, but w e

w on't discuss them here). The correlation function b et w een times tw and tw + �
is C ( tw + �; tw ) = lim N!1 (1 =N )

Pi < Si ( tw ) Si ( tw + � ) >. As the relaxation

time is in�nite, or in an y case m uc h larger than an y exp erimen tal time scale,

the system is nev er thermalized at time tw , whatev er its age tw is. One m ust

study the dep endence of the correlation as a function of the t w o times: the agetw and the measuremen t time � . The correct de�nition of the order parameter

b ecomes q = lim �!1 lim tw!1 C ( tw + �; tw ). This turns out to giv e the same

result as the equilibrium de�nition, sho wing that the system in this sense comes

arbitrarily close to equilibrium, but no w this order parameter can b e measured.

One can realize the subtlet y of the approac h to equilibrium b y noticing that, in

the rev erse order of limits, lim �!1 C ( tw + �; tw ) = 0, for an y tw . This situa-

tion has b een called w eak ergo dicit y breaking (Bouc haud 1992), and seems to b e

presen t b oth in spin glasses and structural glasses. Exp erimen tal measuremen ts,

done on resp onse functions rather than correlations, ha v e found it for instance

in systems suc h div erse as PV C (aging in the mec hanical resp onse: if I measure

the resp onse of y our plastic ruler to a stress, I can deduce when the ruler w as

fabricated -pro vided I can p erform a measuremen t on time scale of the order

of its age!) and in spin glasses (aging in the relaxation of the thermoremanen t

magnetization).

T aking in to accoun t prop erly the aging e�ect implies thinking in the t w o

time plane: the e�ects one can then study are not just the v ery complicated

and system dep enden t transien t e�ect, but they relate to what happ ens when

b oth tw and � go to in�nit y , along v arious paths. It turns out that there seem

to exist few univ ersalit y classes for the b eha vior of the t w o times resp onse and

correlation functions in this limit. This ha v e b een �rst found b y Cugliandolo and

Kurc han in mean �eld spin glasses (Cugliandolo and Kurc han 1993). Based on

these relativ ely simple mo dels for whic h the dynamics can b e solv ed explicitly , a

generic scenario of glassy dynamics has b een w ork ed out, implying a w ell under-

sto o d generalization of the uctuation dissipation theorem, where an e�ectiv e

temp erature, measurable but distinct from the bath temp erature, c haracterizes
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the prop ortionalit y b et w een the time deriv ativ e of the correlation and the instan-

taneous resp onse, when these quan tities are measured on time scales comparable

to the age of the system. On these time scales the new relaxation pro cesses whic h

app ear are `thermalized' with an e�ectiv e temp erature whic h is close to that of

the glass transition temp erature, rather than to that of the ro om.

A prop er accoun t of these fascinating recen t dev elopmen ts go es m uc h b ey ond

the scop e of this pap er. What I just w an t to p oin t out here is that the measure-

men t of this new e�ectiv e temp erature app earing in the generalized uctuation

dissipation theorem, whic h can b e done b y doing resp onse and noise measure-

men ts, monitoring prop erly the age of the system, allo ws for an exp erimen tal

determination of the t yp e of glassy phase whic h one encoun ters, in the classi�ca-

tion of section 1.2.3 (Cugliandolo and Kurc han 1993; F ranz and M � ezard 1994a,

1994b; Cugliandolo and Kurc han 1994; F ranz et al . 1998).

Numerical sim ulations in spin glasses and structural glasses ha v e con�rmed

that the P ( q ) order parameter can b e measured either from a w ell equilibrated

small system, or from the generalized uctuation dissipation theorem in the out

of equilibrium dynamics of large systems (P arisi 1997; Kob and Barrat, 1997);

the t w o pro cedures giv e results whic h agree with eac h other, although this do es

not imply that the asymptotic regime has b een reac hed. The results p oin t in the

direction of a one step replica symmetry breaking in the structural glasses, and

a full replica symmetry breaking in spin glasses.

On the exp erimen tal side, a recen t b eautiful exp erimen t in a spin glass mate-

rial has managed to measure the uctuation dissipation ratio, and �nds a rather

go o d qualitativ e agreemen t with the predictions of the full replica symmetry

breaking scenario (Herisson and Ocio 2002), although again it is not clear if the

`true' asymptotic regime can b e measured. A t presen t it seems that the mean

�eld predictions pro vide at least go o d guidelines to the exp erimen tal systems at

least on the time scales that can b e obtained in the lab oratory . Similar measure-

men ts ha v e b een attempted in structural glasses (Bellon and Cilib erto 2002) but

the results seem to dep end a lot on the observ able and the situation is not y et

clear.

1.2.5 Simulations
As w e ha v e seen, the theory of amorphous solid states has b een dev elop ed in

close connection with the progress in n umerical sim ulations, and it will con tin ue

to do so. The collectiv e b eha vior of strongly in teracting systems can displa y v ery

complicated, and sometimes surprising, b eha viors, for whic h sim ulations help to

pro vide some in tuition, and to bridge the gap b et w een theory and exp erimen ts.

Reviewing the progress on the sim ulations go es b ey ond m y abilities and b ey ond

the scop e of this pap er, I shall rather refer the reader to Marinari et al . (1998).

But one should b e a w are that in this �eld, the sim ulations pla y a v ery imp ortan t

role, on equal fo oting with theory and exp erimen ts, and this three-fold strategy

is necessary for progress.
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Predicting what will b e the imp ortan t dev elopmen ts in the future is b ound to fail.

I will not risk doing so, but just state a few topics whic h I �nd in teresting at the

momen t. Their imp ortance, the stage of their dev elopmen t and the time-scale of

their study is totally unev en. The reader should just tak e them as some discussion

topics suc h as they arise more or less randomly in a c hat with colleagues, a win ter

ev ening, around the �replace. As alw a ys the most in teresting dev elopmen ts will

b e those that I cannot think of at this momen t.

1.3.1 Physial glasses
The theory of glasses is still in its early infancy . The idea that glasses ma y b e

exp erimen tal realization of systems with one step replica symmetry breaking,

although it is more than ten y ears old, has giv en shap e to an actual microscopic

mo del only v ery recen tly . The most ob vious op en questions concern the dynamics

in the lo w temp erature phase (w e ha v e no microscopic theory of aging in struc-

tural glasses so far), and the whole b eha vior in the temp erature windo w ab o v e

the glass transition temp erature. The mean �eld mo dels with one step replica

symmetry breaking ha v e t w o transition temp eratures. The thermo dynamic tran-

sition temp erature, whic h should b e the ideal glass transition temp erature (that

of a glass co oled in�nitely slo wly), and a dynamical transition temp erature whic h

is larger, at whic h the system b ecomes non ergo dic, but where there is no ther-

mo dynamic singularit y . This dynamical transition (whic h is also the one that

is detected b y mo de coupling theory) is presumably a mean �eld artifact: the

system gets trapp ed in to metastable states whic h ha v e an extensiv e free energy

excitation with resp ect to the equilibrium state. One exp ects that this dynamical

transition will b e rounded in an y real system b y the 'activ ated pro cesses', i.e.

bubble n ucleation. These are not understo o d at the momen t, and their correct

description is needed in order to understand the rapid increase of relaxation

times up on co oling in glasses.

Letting aside for a momen t all the unsolv ed mathematical questions whic h I

shall discuss later, it is clear that the theory of spin glasses is more adv anced. Y et

w e face t w o di�cult problems concerning the extension of mean �eld theory to the

spin glasses in dimensions smaller than six. On the tec hnical side the standard

�eld theory expansion around mean �eld is extremely di�cult. The progress

has b een steady but slo w, and indeed some of its �rst predictions ha v e b een

con�rmed n umerically recen tly . Getting further along this direction will require

some b etter understanding of the mathematical structures underlying replica

algebra. The ph ysical picture is not crystal clear either. W e certainly w ould lik e

to understand b etter ho w the man y states are realized in real space. The ph ysical

discussion whic h can b e giv en no w is at the more abstract lev el of phase space,

and it has sho wn its v alue in the design and discussion of exp erimen ts, but a fuller

understanding requires going to the lev el of spins. In spite of man y attempts at

de�ning length scales in glasses, m y feeling is that the situation is still rather

unclear. Let me state a simple illustration: if one has only t w o states, the out
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of equilibrium dynamics is that of coarsening, and, after gauge transforming

the spins one can think of it in terms of coarsening in an Ising ferromagnet.

The generalization of the uctuation dissipation theorem tak es then a simple

form, whic h has a v ery in tuitiv e in terpretation. After a large w aiting time tw ,

the system has dev elop ed some domains of eac h of the t w o phases, and the

t ypical size of the domain is `( tw ) (in a pure ferromagnet it w ould b e ` =

ptw ,

in presence of impurities, the gro wth of the domains will b e slo w er). Then the

dynamics after the time tw is v ery di�eren t dep ending on whether one considers

time tw + � with � � tw , or with � � tw . In the �rst case a giv en spin, whic h

is generically far a w a y from the domain w alls, sees an en vironmen t whic h is

at equilibrium. One th us exp ects the usual uctuation dissipation theorem to

b e v alid. On the con trary when � � tw a giv en spin sees some domain w alls

sw eeping it all the time, and therefore its dynamics is that of a spin at in�nite

temp erature. This is exactly what is predicted b y the generalized uctuation

dissipation theorem for a replica symmetric system. As so on as w e ha v e replica

symmetry breaking, whether it is one step or full replica symmetry breaking, w e

kno w the mathematical c haracterization of the generalized uctuation dissipation

theorem, it is a v ery nice structure whic h is con�rmed b y the sim ulations, but

w e cannot giv e y et a simple in tuitiv e description of it, similar to the one I just

presen ted.

1.3.2 Random systems
W e seem to b e on the w a y to w ards some general classi�cation and c haracteriza-

tion of the b eha vior of random systems, b oth in their equilibrium and non equi-

librium b eha vior. The original fracture b et w een the systems with and without

disorder (roughly sp eaking: spin glasses and glasses) has b een partially bridged

(Bouc haud and M � ezard 1994; Marinari et al . 1994a, 1994b; Chandra et al . 1995):

if a system without disorder has a glassy phase, this phase ma y lo ok v ery m uc h

lik e the one of a disordered system. This is kind of reminiscen t of Wigner's suc-

cessful step, when he substituted the complicated Hamiltonian of a n ucleus b y a

random matrix with the same symmetries. In the framew ork of amorphous solid

states suc h a step has b een carried through in the case of a few sp eci�c examples,

but w e do not ha v e y et an y systematic equiv alence, and the symmetry classes

are not kno wn.

Man y of the ideas whic h I ha v e presen ted here can ha v e a resonance with

other problems of ph ysics. A b etter c haracterization of the lo w temp erature

thermo dynamics of glasses in v olv es the computation of sp ectrum and lo calization

prop erties of vibrations in random structures, whic h is a problem app earing in

man y areas of ph ysics. The in terpla y of the amorphous solid state ideas with

the ones dev elop ed in electron lo calization could certainly also b e a source of

enric hmen t of b oth �elds. Although I k ept here within the scop e of classical

statistical mec hanics, the quan tum b eha vior of amorphous solid states is also

v ery in teresting: the quan tum critical p oin ts app earing at zero temp erature ha v e

v ery in teresting prop erties whic h ha v e just b egan to b e w ork ed out, but o�er a
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w onderful pla yground for future dev elopmen ts.

On top of all the examples I ha v e men tioned so far, from protein folding to

brain theory , some of the most activ e areas of glassy ph ysics outside of ph ysics

in v olv e problems in computer science and information theory (M � ezard 2003) suc h

as error correcting co des (Nishimori 2001) and the satis�abilit y problem (Dub oiset al . 2002), as w ell as its application to game theory and economic mo deling

(Challet et al . 2000a, 2000b; Bouc haud and P otters 2000). A t a v ery basic lev el,

the �eld whic h w e ha v e b een studying in the last t w o decades is just that of

collectiv e b eha vior of in teracting agen ts whic h are heterogeneous, whether this

heterogeneit y is here from the b eginning or is generated b y the system through its

dynamical ev olution. Ob viously , this is a v ery general topic with man y p ossible

applications. I am th us con�den t that the spreading of this ideas will go on for

a while.

1.3.3 The unreasonable ineÆieny of mathematis
In some sense the equilibrium statistical mec hanics of amorphous solid states is a

branc h of probabilit y theory . A direct probabilistic solution of the mean �eld the-

ory of spin glasses has b een dev elop ed, at the mean �eld lev el, through the ca vit y

metho d. After man y y ears of study , and clev er mathematical impro v emen ts, it

no w o�ers a rigorous solution for the SK mo del, and in optimization for 'simple'

problems lik e the assignmen t or random link tra v eling salesman problem. Clearly

this is a v ery activ e line of researc h and one can exp ect that new exact results

will b e obtained in this �eld in the forthcoming y ears.

But b y far the easiest approac h, the most compact as far as actual computa-

tion are concerned, the �rst one that one will use on an y new random problem,

is the replica one. It is v ery strange that nob o dy has y et come up with a math-

ematical framew ork to study the p erm utation group with a real n um b er of ele-

men ts and pro vide a justi�cation to P arisi's replica symmetry breaking sc heme,

or ma yb e generalize it. This is a p erfectly w ell de�ned sc heme, where the com-

putations , as w ell as the underlying probabilistic structure (whic h is exactly the

con tain of the ca vit y metho d) are completely understo o d.

The amorphous solid states are the lo w lying con�gurations of certain hamil-

tonians. It is no surprise that these will b e related to the theory of extreme ev en t

statistics. If the con�gurations of a glassy system ha v e indep enden t random en-

ergies, then the extreme ev en t theory tells us the statistics of these energies:

they are giv en b y Gum b el's la w, whic h is the one relev an t for us since w e exp ect

the energy distribution to b e un b ounded in the thermo dynamic limit, but to

fall o� rapidly enough, faster than a p o w er la w. It turns out to b e exactly the

statistics whic h is found b y the replica symmetry breaking metho d at one step

replica symmetry breaking, as w as found early on in the case of the random en-

ergy mo del. This pro vides some v ery encouraging connection b et w een standard

probabilit y to ols and ph ysics. Of course in an y ph ysical system the energy of the

con�gurations are correlated random v ariables. But one ma y hop e that, after

grouping together the con�gurations whic h are near to eac h other, one builds up
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some v alleys for whic h the free energies are uncorrelated (k eeping with the lo w

lying v alleys). These systems will form a univ ersalit y class, con taining the sys-

tems where the amorphous solid state is of the t yp e `one step replica symmetry

breaking'. The presen t b elief is that the glass phase of simple glasses (for exam-

ple hard spheres or soft spheres) could b e of this t yp e. A b etter understanding

of the random pac kings of spheres could help to con�rm this conjecture. But

the spin glass o�er us some other univ ersalit y classes, in whic h the lo w lying

v alleys are not uncorrelated, but p ossess a v ery sp eci�c t yp e of hierarc hical cor-

relations: these are the problems where the amorphous solid state is describ ed

b y the full replica symmetry breaking sc heme. Putting them in the framew ork

of extreme ev en ts statistics is an in teresting mathematical problem. (In this re-

sp ect one can dra w an analogy with the univ ersal b eha viors of sums of random

v ariables, rather than extremes, whic h is m uc h easier. Ev ery one kno ws that if

the v ariables are only w eakly correlated the sum is univ ersally distributed as

a Gaussian v ariable; phan tom p olymer c hains o�er a ph ysical example. No w if

correlations are stronger, whic h means here that they can couple v ery distan t

v ariables, then ph ysics o�ers the new univ ersalit y class of self a v oiding p olymers,

where the t ypical size of the sum is kno wn to scale as the n um b er to a p o w er� 6= 1 =2, but whic h is m uc h harder to describ e mathematically).

The �eld of spin glasses in particular o�ers man y examples of facts that ev ery

ph ysicist b eliev es is true, but one cannot pro v e rigorously . This is not un usual in

other branc hes of ph ysics, and one should not b e to o w orried ab out it. Ho w ev er

it w ould b e v ery w elcome to ha v e a pro of of the existence of a spin glass phase

in a �nite dimensional mo del with short range in teractions, to just men tion the

most ob vious suc h fact.

I w ould not b e surprised if the study of random solid states, and the v arious

to ols whic h ha v e b een dev elop ed in ph ysics for that purp ose, w ould lead in the

future to in teresting new mathematics, ma yb e with connections to probabilistic

arithmetics.

1.3.4 Consiliene
The statistical ph ysics pro cess of building a microscopic theory of amorphous

solid states is a slo w and di�cult step of the dev elopmen t of ph ysics. Man y col-

leagues will just not w an t to mak e the in tellectual in v estmen t of getting in to it

and will argue that a phenomenological description is enough. While I under-

stand that the in v estmen t is hard, and for most p eople it ma y b e b etter to w ait

un til the theory has b een understo o d b etter so that it can b e simpli�ed, I do

b eliev e that the microscopic mo deling is an absolutely necessary step. W e need

phenomenological descriptions, trying to �nd out some description in terms of

the smallest n um b er of parameters. But w e need to b e able to relate them to the

microscopic structure, and sho w the consistency of b oth. In this resp ect I think

for instance that an elab oration of the scaling picture of spin glasses (McMillan

1984; Bra y and Mo ore 1986; Fisher and Huse 1987, 1988), whic h w ould tak e in to

accoun t the existence of man y states, w ould b e a v ery in teresting ac hiev emen t.
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As w e sa w, the �eld of amorphous solid states is full of connections with man y

other branc hes of science. This is b ecause of the ric hness of these amorphous

phases, and their abilit y to ha v e man y di�eren t states co exist. In this resp ect its

theory is a part of the dev elopmen t of a theory of complex systems (in the v ery

broad sense of man y in teracting agen ts exhibiting complex collectiv e b eha viors).

This �eld is not w ell de�ned enough for there to b e a unique theory of complex

systems. There are v arious approac hes to it, applying to v arious lev els, and eac h

will b e judged b oth on its o wn results, and on its consistency with the other ones.

Of course statistical ph ysics is just ab out �nding out the collectiv e b eha vior,

starting from the microscopic description of the atoms. In this v ague sense one

could sa y it is cen tral to the �eld. On the other hand if one lo oks at what

statistical ph ysics is able to ac hiev e, one will rather sa y that it is not (y et) cen tral.

The a v ailable tec hniques can b e judged as rather e�cien t to deal with the systems

in whic h the dynamical ev olution has a prop ert y of detailed balance, whic h means

that they can b e describ ed b y an energy function, and the ev olution is just

relaxation in some (free) energy landscap e. This is a v ery strong restriction, and,

as w e sa w on the example of neural net w orks, most of the in teresting problems

in complex systems will not ob ey it. Although some attempts ha v e b een made

to dev elop some statistical mec hanics study of the dynamics of systems without

detailed balance, (in particular in asymmetric neural net w orks, or in random

mappings of phase space), this is a v ery v ast �eld whic h is m uc h less understo o d.

The virtue of the theory of amorphous solid state is that it can pro vide some

v ery detailed information on some sp eci�c and o v ersimpli�ed problems, whic h

can then serv e as solid starting p oin ts for further elab oration.

It migh t also b e that some in teresting problems, particularly in biology , ha v e

b een so w ell selected b y ev olution that ev ery single detail of the microscopic

description is relev an t: they are not generic at all, and the statistical descrip-

tion will ha v e nothing to sa y ab out them. I feel reluctan t to accept this as a

general principle, mainly for philosophical reasons whic h I will not b other the

reader with. Basically I feel that some lev el of statistical description, and there-

fore some degree of genericit y , is una v oidable in order to build up a theory of

man y in teracting elemen ts, whatev er they are (a sim ulation of tens of thousands

of coupled di�eren tial equations repro ducing some exp erimen tal b eha vior is not

what I w ould call a theory , although it ma y b e a v ery useful step in the elab ora-

tion of a theory). Ph ysics has a long tradition of o v ersimplifying the real w orld

in order to ac hiev e a correct description, and then reincorp orating the left-out

details (think of the theory of gases for instance). This strategy , whic h is also

the one that w as follo w ed for instance in the ph ysical theory of neural net w orks,

is probably the b est one that can b e follo w ed in order to elab orate a theory .

I understand that it ma y seem o dd to our colleagues in other �elds, particu-

larly the �elds whic h are v ery exp erimen tal ones, but I b eliev e that one da y or

another their science will also b ene�t from suc h a strategy . Whic h �eld the sta-

tistical ph ysics of amorphous solid states is able to help no w, I lea v e the reader

to decide, hoping that the ab o v e can pro vide a few guidelines.
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