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Kinetics and Scaling in Ballistic Annihilation
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We study the simplest irreversible ballistically controlled reaction, whereby particles having an initial
continuous velocity distribution annihilate upon colliding. In the framework of the Boltzmann equation,
expressions for the exponents characterizing the density and typical velocity decay are explicitly worked
out in arbitrary dimension. These predictions are in excellent agreement with the complementary results
of extensive Monte Carlo and molecular dynamics simulations. We finally discuss the definition of
universality classes indexed by a continuous parameter for this far from equilibrium dynamics with no
conservation laws.

DOI: 10.1103/PhysRevLett.88.160601 PACS numbers: 05.20.Dd, 05.70.Ln, 73.23.Ad, 82.20.Nk
Systems with reacting particles model a rich variety of
phenomena and provide prominent situations to develop
and test the foundations of nonequilibrium statistical me-
chanics. In this context, the diffusion controlled first order
annihilation process (A 1 A ! [) has been extensively
studied and the corresponding decay kinetics is well un-
derstood. On the other hand, much less is known in the
contrasting case where the reactants move ballistically be-
tween the collision events, despite the relevance of such
motion for growth and coarsening processes [1,2]. A few
theoretical results are available in d � 1 dimension for
such irreversible kinetic processes with discrete initial ve-
locity distributions. In a pioneering work, Elskens and
Frisch show from combinatorial considerations that the
particle density n�t� decays like 1�

p
t for the simplest bi-

nary velocity distribution [3]. Powerful generalizations of
this result were obtained still in 1D, either for a larger class
of stochastic ballistic annihilation and coalescence models
[4,5] or from kinetic theory for discrete multivelocity dis-
tributions [6,7]. No exact results could be obtained for
the generic case of continuous distributions, where the de-
cay exponents have been computed numerically [8–10].
Recently, however, Krapivsky and Sire considered the lat-
ter situation in the framework of the Boltzmann equation
(relying on the so-called “molecular chaos” factorization
[11]) and derived bounds for the exponents as well as
their leading large d behavior. The existing body of lit-
erature has essentially focused numerically on the one-
dimensional case, and no accurate predictions seem to be
available for the decay exponents.

In this Letter, we obtain predictions for the decay ex-
ponents and velocity distribution (assumed initially con-
tinuous), revisiting Boltzmann kinetic theory in arbitrary
dimension, with the explicit inclusion of non-Gaussian
corrections to velocity distributions. These predictions are
compared both with the existing numerical results in 1D and
the expressions derived in [8,10], and further tested against
extensive numerical simulations in dimensions 2 and 3,
following two complementary routes: we first solve the
mean-field nonlinear Boltzmann equation describing the
annihilation process by means of a Monte Carlo scheme,
160601-1 0031-9007�02�88(16)�160601(4)$20.00
which validates the analytical expressions obtained within
the molecular chaos framework; second, we go beyond
mean field and investigate the exact decay kinetics by im-
plementing molecular dynamics simulations. The two nu-
merical approaches yield the same exponents in dimension
2 or higher, in excellent agreement with the analytical pre-
diction. Finally, we address the question of universality
in this process [9] by partitioning the possible continuous
velocity distributions into groups associated with the same
asymptotic dynamic scaling behavior, akin to equilibrium
universality classes.

We consider an assembly of identical spherical particles
with radius s in dimension d, with initial velocity distri-
bution f�y, t � 0� and random initial positions. Particles
follow free flight motion until a collision occurs which re-
sults in the removal of both partners. We are interested in
the time evolution of density n�t� �

R
f�y, t� dy and typi-

cal velocity ȳ�t�, related to the kinetic temperature T �t�
defined as the variance of the velocity distribution

T �t� �
1

n�t�

Z
y2f�y, t� dy � �ȳ�2. (1)

Insight into the decay kinetics may be gained by writing
the rate equations for n and T

dn
dt

� 2v�t�n , (2)

d�nT�
dt

� 2v�t�nTcoll � 2av�t�nT , (3)

where the first line stands for a definition of the instan-
taneous mean collision frequency v, while Tcoll is the
time dependent total kinetic energy of a colliding pair,
which is thus dissipated in a binary encounter, as stated
by the right-hand side equality in Eq. (3). On dimensional
grounds, the collision frequency is expected to scale like
the inverse time, which together with Eqs. (2) and (3) im-
plies an algebraic time decay for n and ȳ, as well as a
time-independent energy dissipation parameter a [defined
in Eq. (3) as a � Tcoll�T]. We therefore introduce two
exponents j and g such that n�t� ~ t2j and ȳ ~ t2g (and
T ~ t22g ). With a ballistic dynamics controlled by the
© 2002 The American Physical Society 160601-1
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mean-free-path � ~ 1��nsd21�, the collision frequency
may be written as the ratio ȳ��. From v ~ 1�t, we obtain
the scaling relation j 1 g � 1 [8–10,12], which may be
combined with the ratio of Eqs. (2) and (3) to give

j �
2

1 1 a
and g �

a 2 1
a 1 1

. (4)

Since particles with a higher velocity are likely to disap-
pear with a higher rate than the average particle with tem-
perature T , we expect a � Tcoll�T to be larger than 1, so
that the typical velocity should decrease with time [g . 0
from Eq. (4)]. This, moreover, explains the failure of the
naive mean-field picture where the density decay rate is
written �n ~ 2n2, so that n�t� ~ 1�t. This transparency
limit would hold in the absence of collisional correlations
(a � 1) which becomes only asymptotically exact in the
limit of infinite dimension d.

We now turn to the computation of a within the molecu-
lar chaos framework, which is a priori an uncontrolled
approximation. It will, however, be shown to capture the
essential collisional correlations missed by the naive mean-
field argument, and to provide decay exponents in excel-
lent agreement with their numerical counterparts. The
corresponding Boltzmann equation reads

≠f�y, t�
≠t

� 2f�y, t�
Z

dwjy 2 wjf�w, t� , (5)

which implies that if the initial distribution behaves like
a power law jyjm near the velocity origin, this property
is preserved at subsequent times by the dynamics, which
in turn should affect the exponents j and g, expected to
depend explicitly on m (as appears on the analytical pre-
dictions of Ben-Naim et al. [8] j � �2d 1 2m���2d 1

2m 1 1�, or on the bounds derived by Krapivsky and Sire
[10]). Looking for a scaling solution of the kinetic equa-
tion (5), we introduce a rescaled velocity c � y�ȳ and
rescaled single particle distribution function w through

f�y, t� �
n�t�
ȳd w�c, t� , (6)

so that w�c, t� is the probability distribution function of the
velocity c at time t, satisfying the constraints

R
w dc � 1

and
R

c2w dc � 1 at any time. If f�y, t� evolves into
a self-similar decay state, the only relevant time depen-
dence occurs via n�t� and ȳ�t�, so that w�c, t� no longer
depends on time and the evolution equation for f (assumed
isotropic) translates into∑

1 1

µ
1 2 a

2

∂ µ
d 1 c1

d

dc1

∂∏
w�c1� � w�c1�

Z
dc2

3
c12

�c12�
w�c2� ,

(7)

where ��· · ·�� �
R

�· · ·�w�c1�w�c2�dc1dc2 so that �c12� �
�jc1 2 c2j� denotes the rescaled collision frequency.

Equation (7) may be considered as an eigenvalue prob-
lem for a, which has been computed numerically in 1D
160601-2
[10]. However, it is useful to reformulate Eq. (7) into an
infinite hierarchy of consistency relations obtained by com-
puting the corresponding moment of order p:

a � 1 1
2
p

µ
�c12c

p
1 �

�c12� �cp
1 �

2 1

∂
. (8)

Note that the special case p � 2 coincides with the defi-
nition of a through the kinetic energy dissipation as ex-
pressed by Eq. (3): a � Tcoll�T � �c12c2

1����c12� �c2
1��.

We look for explicit solutions by expanding w in a basis
of Sonine functions [13]

w�c� � M�c�
∑
1 1

X̀
n�1

anSn�c2�
∏

, (9)

where the polynomials Sn are orthogonal with respect to
the Gaussian weight M�c�. Computing the averages in-
volved in (8) from the functional expression (9) provides
a system of equations for the coefficients an.

In practice, only a few terms are required in the expan-
sion (9) in order to get a precise estimation for a, provided
relations of lowest order p as possible are retained among
the hierarchy (8). In this respect, taking the limit of vanish-
ing velocity of (7) yields the “optimal” relation involving
a and moments of w of order 1:

a � 1 1
2

m 1 d

µ
1 2

�c1�
�c12�

∂
, (10)

that we consider as the first equation of (8) corresponding
to the limit p ! 01. At Gaussian order for w [i.e., trun-
cating (9) at order n � 0], it is straightforward to get

a � a0 � 1 1
2

d 1 m

µ
1 2

p
2

2

∂
(11)

which, together with Eq. (4) yields the zeroth order esti-
mation for j:

j0 �
2d 1 2m

2�d 1 m 1 1� 2
p

2
. (12)

It is noteworthy that in the limit of large dimension, we
obtain j0 � 1 2 d21�1 2 1�

p
2� 1 O �1�d2� irrespec-

tive of m, which has been shown to be the exact 1�d
behavior within Boltzmann molecular chaos framework
[10]. The first non-Gaussian correction is carried by a2
(a1 identically vanishes from the definition of temperature
[14]) and this coefficient is related to the kurtosis of the
velocity distribution: a2 is proportional to the fourth
cumulant �c4

i � 2 3�c2
i �2, where ci is a given Cartesian

coordinate of c. After a lengthy calculation performed at
linear order in a2, we obtain

a2 � 8
m 1 d�3 2 2

p
2�

4d2 1 6m 1 d�6 1 4m 2
p

2�
, (13)

a2 � a0 1

p
2

16d
a2 . (14)

The above predictions rely on a perturbative expansion
starting from the Maxwellian M (regular at y � 0) and
160601-2
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are therefore expected to be particularly relevant for m

close to 0. The agreement with the existing numerical
data is excellent; an accurate estimation has been reported
in 1D within molecular chaos for the much studied m � 0
case [10]: j � 0.769�5� whereas we obtain at zeroth order
j0 � 0.773 from (12) and at second order j2 � 2��1 1

a2� � 0.769�3� from Eq. (14). This exponent is com-
patible with its counterpart extracted from the exact dy-
namics (0.78 in [9]). Moreover, we have investigated
numerically the annihilation dynamics in higher dimen-
sions by means of (a) the direct simulation Monte Carlo
procedure [15] (DSMC) solving the nonlinear homoge-
neous Boltzmann equation (5) and (b) molecular dynamics
simulations (MD) implementing the exact dynamics with
periodic boundary conditions [16]. The DSMC technique
provides precise data for the velocity distributions and de-
cay exponents, and allows one to test the validity of the
analytical truncated expansion of the scaling form w, lead-
ing to (11) or (14). Alternatively, MD results assess the
reliability of the molecular chaos ansatz, but are more de-
manding on computer resources: on the one hand, the sys-
tem needs to reach very low densities in order to develop
the self-similar decay stage where f�y, t� takes the scaling
form (6), but on the other hand, the mean free path � which
increases with time like tj must remain smaller than the
simulation box size L, which provides a lower bound for
n�t� or equivalently an upper bound for accessible times
before finite size effects hinder the precise determination
of j and g. In practice, we considered systems with
N � 105 5 3 105 particles in MD and N � 106 107

in DSMC where it is further possible to average over 103

to 104 replicas to increase the statistics of the velocity dis-
tributions, which is crucial for computations at large times
with a concomitant low number of particles left.

The results of two-dimensional simulations are shown
in Fig. 1 where it appears that the MD data are fully com-
patible with DSMC, although less precise. For v0t � 103,
the MD density and temperature tend to saturate, which
corresponds to the upper time limit where � � L, and
the subsequent evolution is discarded. The predictions
j0 � 0.872 and j2 � 0.870 for m � 0 (indistinguishable
in Fig. 1) are in good agreement with the simulations, irre-
spective of the initial f�y� chosen (we considered several
distributions with the constraint m � 0, see the discussion
below concerning universality). The above exponent is
compatible with that reported in the context of a multipar-
ticle lattice gas method (0.87 [17]). Moreover, the initial
spatial configuration is irrelevant (the long time dynamics
and rescaled velocity distributions are the same starting
from a fluidlike structure or from various crystalline ar-
rays), and the scaling relation j 1 g � 1 is seen to be
well obeyed in the asymptotic regime (inset of Fig. 1).
The same scenario holds in dimensions 3 and 4, where
the predictions at zeroth and second order are very close,
and indistinguishable from the numerics (j0 � 0.91 in 3D
and 0.93 in 4D for m � 0). However, the agreement is
expected to become worse as m deviates from 0 (with
160601-3
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FIG. 1. Evolution of the density (lower sets) and kinetic tem-
perature (upper sets), normalized by their initial values. At
t � 0, the velocity distribution is Maxwellian (m � 0), with a
collision frequency denoted v0 . MD results are shown by sym-
bols (circles for n and crosses for T ) and DSMC by continuous
curves. The dashed lines have slopes given by the theoretical
predictions. Inset: check of the scaling relation j 1 g � 1
where n

p
T is expected to scale like t2j2g ; the dashed line has

slope 21.

m . 2d to ensure proper normalization). This is con-
firmed in Tables I and II, which summarize the results
obtained for various m, with comparison to the theoreti-
cal prediction of Ben-Naim et al. [8] (coinciding with the
lower bound for j obtained in [10], the upper bound being
1). For m � 0, the non-Gaussian parameter a2 is small
[with an even smaller correction to a due to the prefactorp

2�16d in (14)]. This fourth cumulant, however, rapidly
increases with m, so that inclusion of higher order terms
[n � 3 . . . in (9)] would be required to obtain the same
level of accuracy as for regular distributions near the ve-
locity origin.

In the remainder, we consider the possibility to define
universality classes for ballistic annihilation kinetics, in the
following sense: does m completely specify the asymp-
totic velocity distribution and decay exponents, irrespec-
tive of further details concerning the initial conditions [9]?
To answer this question we have run several simulations
(MD and Monte Carlo) corresponding to different initial
conditions sharing the same m, for several values of this
parameter. The corresponding decay exponents j and g

are monitored, which provides a first test, however quite
insensitive to possible non Gaussianities (see above the nu-
merical proximity between j0 and the non-Gaussian cor-
rected j2). A more sensitive and severe probe is provided

TABLE I. Decay exponent j in one dimension.

(1D) values of m 24�5 21�2 0

Prediction [8,10] 0.28 0.5 0.666
Numerics [8,10] 0.32�0.37 0.56�0.60 0.769
j2 from Eq. (14) 0.32 0.60 0.769
160601-3
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TABLE II. Exponent j in 2D; the simulation data are the
Monte Carlo results of the present work.

(2D) values of m 21 21�2 0 3

Prediction [8,10] 0.66 0.75 0.800 0.91
Simulation 0.75 0.83 0.870 0.97
j2 from Eq. (14) 0.76 0.84 0.870 0.95

by the kurtosis a2, which may be computed in two dif-
ferent ways: first from its definition involving the fourth
cumulant �c4

i � 2 3�c2
i �2, or alternatively from the direct

computation of w�c��M�c�, which may further be com-
pared to the analytical expansion 1 1 a2S2�c2� with a2

given by Eq. (13) (recall that a1 � 0). The latter method
is illustrated in Fig. 2 where the four initial distributions
shown in the inset evolve after a transient towards the same
attractor, that is furthermore in quantitative agreement with
the Sonine prediction. Moreover, the same values of j and
g are measured within statistical inaccuracy for the 4 dis-
tributions. We have observed the same phenomenology for
m fi 0, which points to the relevance of defining univer-
sality classes of initial conditions as distributions having
the same regularity exponent m, as conjectured in 1D for
m � 0 [9].

In conclusion, we have shown that the nontrivial dy-
namic scaling behavior of ballistic annihilation may be in-
vestigated within Boltzmann kinetic theory, and accurate
decay exponents have been explicitly worked out. Their
evaluation (12) at zeroth order turns out to be straightfor-
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FIG. 2. Plots of w�ci��M �ci� versus ci in 2D. The inset
shows 4 different initial distributions with m � 0, one of them
being Gaussian [thus corresponding to the flat curve (circles)].
These distributions having very different a2 at t � 0 collapse
onto a master curve in the asymptotic scaling regime (main
graph). The thick curve is the prediction 1 1 a2S2�c2

i � where
a2 is given by Eq. (13) and S2�x� � x2�2 2 3x�2 1 3�8. The
symbols (stars, crosses, pluses, and circles) refer to the same
distributions at late times (main graph) and at t � 0 (inset).
The results have been obtained by averaging over 104 replicas
of a system with N � 5 3 106 particles.
160601-4
ward, but follows from a kinetic equation and is therefore
specific to the precise model considered here. A more ver-
satile approach that would apply to any ballistically con-
trolled reaction (including coalescence with arbitrary con-
servation laws, with or without stochasticity in the reac-
tions) consists in reconsidering the rate equations (2) and
(3), and identifying the proper energy dissipation param-
eter a before approximating it assuming a Gaussian ve-
locity distribution. This “model-independent” approach
gives a � 1 1 1��2d� in the particular case of pure an-
nihilation, which corresponds to j � 4d��4d 1 1� (i.e.,
0.8, 0.89, and 0.92 in dimensions 1, 2, and 3) in reason-
able agreement with the exponents mentioned above (0.77,
0.87, and 0.91, respectively). We conjecture that the expo-
nent j � 4d��4d 1 1� becomes exact when the particles
annihilate with probability p (and collide elastically oth-
erwise), in the limiting case p ! 01 (whereas p � 1 for
“pure” annihilation). This hopefully provides an illustra-
tion of the central role played by the energy dissipation
parameter a in ballistically controlled reactions, and calls
for further investigations with more involved reactions.
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Dynamics of ballistic annihilation
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The problem of ballistically controlled annihilation is revisited for general initial velocity distributions and
an arbitrary dimension. An analytical derivation of the hierarchy equations obeyed by the reduced distributions
is given, and a scaling analysis of the corresponding spatially homogeneous system is performed. This ap-
proach points to the relevance of the nonlinear Boltzmann equation for dimensions larger than 1 and provides
expressions for the exponents describing the decay of the particle densityn(t)}t2j and the root-mean-square

velocity v̄}t2g in terms of a parameter related to the dissipation of kinetic energy. The Boltzmann equation is
then solved perturbatively within a systematic expansion in Sonine polynomials. Analytical expressions for the
exponentsj andg are obtained in arbitrary dimension as a function of the parameterm characterizing the small
velocity behavior of the initial velocity distribution. Moreover, the leading non-Gaussian corrections to the
scaled velocity distribution are computed. These expressions for the scaling exponents are in good agreement
with the values reported in the literature for continuous velocity distributions ind51. For the two-dimensional
case, we implement Monte Carlo and molecular dynamics simulations that turn out to be in excellent agree-
ment with the analytical predictions.
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I. INTRODUCTION

Ballistically controlled reactions provide simple exampl
of nonequilibrium systems with complex kinetics. They co
sist of an assembly of particles with a given velocity dist
bution, moving freely between collisions in ad-dimensional
space. In the simplest version of these models consider h
when two particles meet, they instantaneously annihi
each other and disappear from the system. Despite its ap
ent simplicity, this problem is highly nontrivial and has a
tracted substantial interest during the past years@1–10#. The
one-dimensional case where the particles can only have
velocities6c has been studied in a pioneering work by E
skens and Frisch@1#. In particular, they proved that for
symmetric initial velocity distribution, the particle density
decreasing, in the long-time limit, asn(t)}t2j}t21/2. The
case of general distributions in dimensiond51 was dis-
cussed by Piasecki@2#, who reduced exactly the annihilatio
dynamics to a single closed equation for the two-parti
conditional probability. Moreover, it was shown in the pa
ticular bimodal situation of a discrete velocity distributio
(6c) that in one dimension, important dynamical corre
tions are developing during the time evolution, invalidati
mean-field or Boltzmann-like approaches. This exact
proach was applied to the case of a three-velocity distri
tion by Droz et al. @3#, with the result that the dynamica
exponents were strongly depending upon the details of
initial velocity distribution.

No analytical solutions could be found for continuous v
locity distributions. In one dimension, Ben-Naimet al. @4,5#
have shown that the exponentj could depend on the behav

*Unité Mixte de Recherche 8627 du CNRS.
1063-651X/2002/66~6!/066111~14!/$20.00 66 0661
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ior near the origin of the initial velocity distribution. Thi
problem has been revisited by Reyet al. @6#. Based on the
exact theoretical approach@2,3#, a dynamical scaling theory
was derived and its validity supported by numerical simu
tions for several velocity distributions. This leads to the co
jecture that all continuous velocity distributionsf (v) that are
symmetric, regular, and such thatf (0)Þ0 are attracted in the
long-time regime towards the same distribution, and thus
long to the same universality class. This conjecture was
inforced by numerical simulations in two dimensions@10#.

The case of a continuous velocity distribution has a
been approached recently by Krapivsky and Sire@9#. Starting
from a Boltzmann equation, they investigated the decay
the particle densityn(t);t2j and the root-mean-square ve

locity v̄}t2g. They derived upper and lower bounds for th
exponents as well as their leading expansion in 1/d, valid in
high dimension. The main question with such an appro
concerns the validity of a Boltzmann equation. This is n
justified in the one-dimensional~1D! case and remains a
open problem in higher dimensions.

The purpose of this paper is to give a first-principles a
swer to this type of question. The paper is organized as
lows. In Sec. II, an original analytical derivation of the equ
tions governing the dynamics of ballistic annihilation
given. The hierarchy equations obeyed by the reduced di
butions are obtained. It is shown that in the Grad limit, t
hierarchy formally reduces to a Boltzmann-like form ford
.1. If the initial reduced distributions factorize, the who
hierarchy reduces to one nonlinear equation. In Sec. I
scaling analysis of the exact spatially homogeneous hie
chy is performed. The exponentsj andg are shown to de-
pend only on one parametera related to the dissipation o
energy. This scaling analysis turns out to be invalid for t
cased51 with discrete velocity distributions, but correct i
©2002 The American Physical Society11-1
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the continuous case. Strong arguments are given in favo
the validity of the Boltzmann approach for the cased.1 in
the long-time limit. The Boltzmann equation is then solv
within a systematic approximation based on an expansio
Sonine polynomials~Sec. III!. The first non-Gaussian correc
tions to the scaled velocity distribution are computed a
predictions for the exponentsj andg are explicitly worked
out as functions of the dimensiond and the parameterm
characterizing the small velocity behavior of the initial v
locity distribution: @ f (v,t50)}uvum for uvu→0]. These pre-
dictions for j and g are asymptotically exact for large d
mensions, and reproduce the 1/d correction to the mean-field
values. In 1D, they are in very good agreement with
exponents reported in the literature@9# at the Boltzmann
level. In 2D, we implement extensive direct simulatio
Monte Carlo methods~DSMC!, where the nonlinear Boltz
mann equation is solved, and molecular dynamics~MD!
simulations, where the exact equations of motion are in
grated~Sec. IV!. The agreement between the MD and DSM
routes confirms the validity of the Boltzmann approach, a
the decay exponents measured are in exceptionally g
agreement with the Sonine prediction. Conclusions
drawn in Sec. V. A preliminary account of part of the resu
presented here has been published elsewhere@10#.

II. EXACT RESULTS

A. Derivation of the hierarchy

Let V be a region of finite measure inR2d. We denote by

mk
V~r1 ,v1 , . . . ,r k ,vk ;t ! ~1!

the probability density for finding~at time t) exactlyk par-
ticles within V in the states (r j ,vj )PV, j 51,2, . . . ,k,
where r j and vj are the position and the velocity vector
respectively. The knowledge of the densitiesmk

V for all V
PR2d andk50,1,2, . . . defines entirely the state of the sy
tem. For a given regionV, the normalization condition read

m0
V~ t !1 (

k51

` E
V

dr1 dv1•••E
V

dr k dvk

3mk
V~r1 ,v1 , . . . ,r k ,vk ;t !51, ~2!

wherem0
V(t) is the probability of finding the region-V void

of particles at timet.
A necessary condition for the occurrence of a pair of p

ticles at the phase space points (r j ,vj ),(r i ,vi) at timet.0 is
that r i j 5r i2r j ,vi j 5vi2vj belong to the region of the phas
space with the characteristic function

x~r i j ,vi j ;t !5u~ ur i j u2s!$12u~r i j •vi j !

3u~s2Aur i j u22~r i j • v̂i j !
2!

3u~ uvi j ut2r i j • v̂i j

1As22ur i j u21~r i j • v̂i j !
2!%, ~3!
06611
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wheres denotes the particle diameter,v̂i j is a unit vector in
the direction of the relative velocity, andu denotes the
Heaviside distribution. Indeed, moving backward in time, t
particles collide during the time interval (0,t) if and only if
the following three conditions are simultaneously satisfi
~i! r i j •vi j .0 ~particles approach each other!, ~ii ! s

.Aur i j u22(r i j • v̂i j )
2 ~the impact parameter is smaller tha

s), ~iii ! uvi j ut.r i j • v̂i j 2As22ur i j u21(r i j • v̂i j )
2 ~the timet is

long enough for the overlapping configuration to occu!.
Hence,x(r i j ,vi j ;t)51 if and only if no overlapping takes
place during the time interval (0,t).

At time t, particles 1,2, . . .k occupy inV the one-particle
states

~r1 ,v1!,~r2 ,v2!, . . . ,~r k ,vk!, ~4!

with probability density~1!. Using the characteristic function
~3!, we can construct the probability density for finding th
same particles in the phase space configuration

~r11v1 dt,v1!,~r21v2 dt,v2!, . . . ,~r k1vk dt,vk! ~5!

at time (t1dt),dt.0. It reads

F)
i , j

k

x~r i j 1vi j dt,vi j ;t1dt!Gmk
V~r1 ,v1 , . . . ,r k ,vk ;t !.

~6!

In the limit dt→01, the above expression takes th
asymptotic form

mk
V~r1 ,v1 , . . . ,r k ,vk ;t !F11 (

i , j ,i , j

k S ]

]t
1vi j •

]

]r i j
D

3x~r i j ,vi j ;t !dtG . ~7!

Using definition~3!, we find

S ]

]t
1vi j •

]

]r i j
Dx~r i j ,vi j ;t !

5~ r̂ i j •vi j !d~ ur i j u2s!@12u~r i j •vi j !#, ~8!

where r̂ i j 5r i j /ur i j u. We denote byTv( i , j ) the right-hand
side of Eq.~8! and rewrite it in the form

Tv~ i , j !5sd21E dŝ~ŝ•vi j !u~2ŝ•vi j !d~r i j 2sŝ!. ~9!

Here ŝ is the unit vector along the line passing through t
centers of the spheres at contact. The integration with res
to the measuredŝ is thus the angular integration over th
solid angle ind-dimensional space. Theu function in Eq.~9!
restricts this angular integral to the hemisphere correspo
ing to precollisional configurations.

Our aim is to construct the probability densitymk
V at time

(t1dt) for dt→01:
1-2
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mk
V~r11v1 dt,v1 , . . . ,r k1vk dt,vk ;t1dt!

5mk
V~r1 ,v1 , . . . ,r k ,vk ;t !1S ]

]t
1(

j 51

k

vj•
]

]r j
D

3mk
V~r1 ,v1 , . . . ,r k ,vk ;t !dt. ~10!

To this end, we have still to add to the term~7! the probabil-
ity weights of two events. The first corresponds to the pr
ence at timet of (k12) particles withinV in the states

~r1 ,v1!,~r2 ,v2!, . . . ,~r k ,vk!,~r11 ,vk11!,~r k12 ,vk12!.
~11!

The state~11! is then transformed into Eq.~4! at time (t
1dt) as the result of an annihilating collision between t
particles (k11) and (k12), during the time interval (t,t
1dt). According to Eqs.~7! and ~8!, the rate of the occur-
rence of binary collisions between pairs (i , j ) is obtained by
applying the operator@2Tv( i , j )# defined in Eq.~9! to the
corresponding distribution. Hence, whendt→01, the (k
11,k12) annihilation process contributes to the dens
~10! the term

2E
V

d~k11!E
V

d~k12!Tv~k11,k12!

3mk12
V ~1,2, . . . ,k,k11,k12;t !dt, ~12!

where the shorthand notationd j[dr jdvj for j 51,2, . . . has
been used.

Finally, we have to take into account the effects of t
free flow of particles across the boundary]V of the region
V. Indeed, thek-particle state can be created or destroyed
an additional particle (k11) leaving or entering the consid
ered region. Denoting byn̂ the unit vector normal to]V
oriented outwards, we get the term

E dvk11E
]V

dS~ n̂•vk11!mk11
V ~1, . . . ,k,k11;t !dt

5E
V

d~k11!vk11•
]

]r k11
mk11

V ~1, . . . ,k,k11;t !dt.

~13!

HeredS is the measure of the surface area, and the equ
~13! follows from Gauss’ theorem.

The enumerated events combine together to create
complete rate of change of the probability densitymk

V . As
equivalent events have the same probability measure, we
equate Eq.~10! with the sum of contributions~7!, ~12!, and
~13!, thus obtaining the hierarchy equations (k51,2, . . . )
06611
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S ]

]t
1(

j 51

k

vj•
]

]r j
2 (

i , j ,i , j

k

Tv~ i , j !Dmk
V~1, . . . ,k;t !

52E
V

d~k11!E
V

d~k12!Tv~k11,k12!

3mk12
V ~1,2, . . . ,k12;t !1E

V
d~k11!

3vk11•
]

]r k11
mk11

V ~1, . . . ,k,k11;t !. ~14!

Finally, the evolution equation form0
V follows from the nor-

malization condition~2!. This completes the derivation of th
infinite hierarchy of equations satisfied by the probabil
densitiesmk

V .
From Eq.~14!, one can derive in a straightforward wa

the hierarchy satisfied by the reduced distributio
f k(1,2, . . . ,k;t). They are relevant for the evaluation o
physical parameters, asf k(1,2, . . . ,k;t)d1•••dk represents
the measure of the number ofk-particle phase space configu
rations, with k particles occupying the one-particle stat
(r1 ,v1),(r2 ,v2), . . . ,(r k ,vk) at time t. The distributionsf k

are related to the probability densitiesmk
V by the equation

~see Ref.@11#!

f k~1,2, . . . ,k;t !5 (
p50

`
~k1p!!

p! E
V

d~k11!•••E
V

d~k1p!

3mk1p
V ~1, . . . ,k,k11, . . . ,k1p;t !.

~15!

Note thatf k(1,2, . . . ,k;t) do not depend onV.
In order to derive the evolution equation forf k , one has

thus to consider hierarchy equation~14!, with k replaced by
(k1p), and use relation~15!. One finds

S ]

]t
1(

j 51

k

vj•
]

]r j
2(

i , j

k

(
i , j

k

Tv~ i , j !D f k~1, . . . ,k;t !

5 (
p50

`
~k1p!!

p! E
V

d~k11!•••E
V

d~k1p!

3H F2 (
j 5k11

k1p

vj•
]

]r j
1(

j 51

k

(
i 5k11

k1p

Tv~ i , j !

1 (
k11< i

k1p

(
, j

k1p

Tv~ i , j !Gmk1p~1, . . . ,k1p;t !

2E
V

d~k1p11!E
V

d~k1p12!Tv~k1p11,

3k1p12!mk1p12~1, . . . ,k1p11,k1p12;t !

1E
V

d~k1p11!S vk1p11•
]

]r k1p11
D

3mk1p11
V ~1, . . .k1p11;t !J . ~16!
1-3



h

ib

s-

ak

h

el
a

,

y,

e-

hy

d-
e

y-

m-
-

ific,

u-
o the

bles

PIASECKI, TRIZAC, AND DROZ PHYSICAL REVIEW E66, 066111 ~2002!
It is then a question of inspection to see that on the rig
hand side of Eq.~16!, only the term

(
p51

`
~k1p!!

p! E
V

d~k11!•••E
V

d~k1p!

3 (
j 51

k

(
i 5k11

k1p

Tv~ i , j !mk1p~1, . . . ,k1p;t !

5E d~k11!(
j 51

k

Tv~ j ,k11! f k11~1, . . . ,k,k11;t !

~17!

survives. All the remaining terms exactly cancel out.
The hierarchy equations satisfied by the reduced distr

tions f k describing the annihilation dynamics thus read

S ]

]t
1(

j 51

k

vj•
]

]r j
2(

i , j

k

(
i , j

k

Tv~ i , j !D f k~1, . . . ,k;t !

5E d~k11!(
j 51

k

Tv~ j ,k11! f k11~1, . . . ,k,k11;t !.

~18!

Consider now Eqs.~18!, supposing that the state of the sy
tem is spatially homogeneous. In this case the distributionf 1
does not depend on the particle position. Let us formally t
the Grad limit

s→0, n~ t !→`, n~ t !sd215l215const, ~19!

where

n~ t !5E dv f 1~v;t !.

The fixed mean free pathl introduces a relevant lengt
scale, so we pass to dimensionless positions, putting

r j5lxj , j 51,2, . . . . ~20!

With this change of variables, the collision operator~9! takes
the form

Tv~ i , j !5@n~ t !sd#d21
1

lE dŝ~ŝ•vi j !u~2ŝ•vi j !

3d@xi j 2n~ t !sdŝ#. ~21!

We conclude that the term on the left-hand side of Eq.~18!
involving the collision operators~21! vanishes in the Grad
limit for d.1, because the dimensionless parametern(t)sd

tends to zero. Note that this term induces dynamical corr
tions, hindering the propagation of the molecular chaos f
torization. On the other hand, using the definition ofTv( j ,k
11), we find that the term on the right-hand side equals
06611
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l (
j 51

k E dvk11E dŝ~ŝ•vj (k11)!

3u~2ŝ•vj (k11)! f k11~1, . . . ,j , . . . ,k,

r k115r j2sŝ,vk11 ;t)/n~ t !, ~22!

and its prefactor 1/l remains finite in the same limit. So
formally the hierarchy equation~18! at a given timet reduces
pointwise in the Grad limit to the Boltzmann-like hierarch

S ]

]t
1(

j 51

k

vj•
]

]r j
D f k

B~1, . . . ,k;t !

5E d~k11!(
j 51

k

Tv~ j ,k11!

3 f k11
B ~1, . . . ,k,k11;t ! ~k51,2, . . .!.

~23!

The hierarchy~23! propagates the factorization of the r
duced distributions

f k
B~1, . . . ,k;t !5)

j 51

k

f k
B~ j ;t !. ~24!

Hence, if the initial state is factorized, the whole hierarc
~23! reduces to a nonlinear equation

S ]

]t
1v1•

]

]r1
D f B~1;t !5E d2Tv~1,2! f B~1;t ! f B~2;t !.

~25!

Equation~25! is the Boltzmann kinetic equation correspon
ing to the annihilation dynamics. In the following section, w
shall see that the formal Grad limit taken here, wheren
→`, is relevant for the description of the annihilation d
namics at late times, even if the densityn(t) decreases with
increase in time.

B. Scaling analysis of the hierarchy

The evolution of the annihilation kinetics shares a co
mon feature with the Grad limit: The ratio of particle diam
eter to mean free pathl51/(nsd21), which is related to the
packing fraction, vanishes in both cases. To be more spec
we perform a scaling analysis of the exacthomogeneoushi-
erarchy equations and look for self-similar reduced distrib
tions where the time dependence has been absorbed int
densityn(t), with the velocitiesv and positionsr renormal-
ized by the typical~root-mean-squared! velocity v̄(t) and
mean free path, respectively. We define the reduced varia

c5
v

v̄
and x5

r

l
,

with
1-4
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~ v̄ !25
1

n~ t !E v2f 1~v;t !dv. ~26!

For the one-body distribution, we therefore introduce the
duced functionf̃ 1, such that

f 1~v;t !5
n~ t !

v̄~ t !d
f̃ 1~c!5

n~ t !

v̄~ t !d
f̃ 1S v

v̄~ t !
D . ~27!

By definition, the moments of order 0 and 2 off̃ 1 are con-
strained to unity. Requiring that thek-body distribution
f k factorizes into) i 51

k f 1( i ) in the limit of infinite relative
separations between the particles, we consistently obtain
-

o
m
ro

s:

06611
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f k~r1 ,v1 , . . . ,r k ,vk ;t !5S n

v̄dD k

f̃ k~x1 ,c1 , . . . ,xk ,ck!.

~28!

The evolution equations ofn(t) and kinetic energy den
sity nv̄2(t) follow from integrating Eq.~18! with weights
dv1 andv1

2 dv1, respectively, fork51. We obtain

dn

dt
52v~ t !n, ~29!

d~nv̄2!

dt
52av~ t !nv̄2, ~30!

where the collision frequencyv and kinetic energy dissipa
tion parametera read
v~ t !5n~ t !v̄~ t !E dc1 dc2 dŝ~2ŝ•c12!u~2ŝ•c12! f̃ 2~c1 ,c2 ,sŝ!, ~31!

a5

E dc1 dc2 dŝ~ŝ•c12!u~2ŝ•c12!c1
2 f̃ 2~c1 ,c2 ,sŝ!

F E c2 f̃ 1~c!dcGF E dc1 dc2 dŝ~ŝ•c12!u~2ŝ•c12! f̃ 2~c1 ,c2 ,sŝ!G . ~32!
ri-
e
s

tity
in
e-
t

e

Equation~32! is valid for general velocity rescalings. Defi
nition ~26! chosen here implies that the term*c2 f̃ 1(c) dc in
the denominator equals unity. The coefficienta may be seen
as the ratio of the kinetic energy dissipated in a typical c
lision normalized by the average kinetic energy, and is ti
independent in the scaling regime. It is convenient to int
duce the internal ‘‘clock’’C of the dynamics counting the
number of collisions, such thatdC5v dt. With this variable,
Eqs.~29! and ~30! integrate into

n~ t !5n0 exp@2C~ t !#

and

v̄2~ t !5 v̄0
2exp@2~a21!C~ t !#, ~33!

where the time origin with densityn0 and kinetic energy
densityn0v̄0

2 has been chosen to coincide withC50. Knowl-

edge of theC dependence ofn and v̄ allows one to relate
absolute timet to the number of accumulated collision
From Eq.~31!, we have

dC
dt

5v0

n

n0

v̄

v̄0

5v0 exp@2C~11a!/2#, ~34!

wherev0[v(t50), so that
l-
e
-

C5
2

11a
lnS 11

11a

2
v0t D . ~35!

The corresponding time evolution is

n

n0
5F11

11a

2
v0t G22/~11a!

, ~36!

v̄

v̄0

5F11
11a

2
v0t G (12a)/(11a)

. ~37!

Without knowing the detailed form of the one-particle dist
bution functionf 1, it is thus possible to conclude about th
time decay ofn and v̄, which appear to obey algebraic law
in the long-time limit @n(t)}t2j and v̄(t)}t2g, with j
52/(11a) and g5(a21)/(a11)]. The exponentsj and
g are consequently simply related to the unknown quan
a, for which a perturbative expansion will be put forward
Sec. III before a numerical investigation in Sec. IV. Mor
over, if the initial velocity distribution is of finite suppor
~i.e., vanishes outside a sphere of given velocityv* ), v̄ ful-
fills the boundv̄<v* so thatg is necessarily positive~or
a>1). In the framework of Boltzmann’s equation, it will b
shown in Appendix A that the quantitya is necessarily larger
1-5
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than 1. For the specific initial condition where all particl

have the same kinetic energy att50, v̄25^v2& is time inde-
pendent, and Eq.~37! implies thata51. From Eq.~36!, we
therefore obtain the time evolution for this situation,

n

n0
5

1

11v0t
, ~38!

which is exact within the scaling theory. This relationa pri-
ori holds in any dimension, except ford51 where the cor-
responding initial velocity distribution is the symmetric di
crete bimodal function6c, for which the scaling ansat
underlying our approach fails~see the discussion at the en
of the present section!.

Inserting the scaling forms~27! and ~28! into the first
equation of the hierarchy~18! imposes the following con-
straint on the decay exponents:j1g51. This scaling rela-
tion may be simply obtained by elementary dimensio
analysis@4–6,9,10#, and may be considered as the comp
ibility condition of the hierarchy with the self-similar scalin
solutions@12#. It is, moreover, identically fulfilled by expres
sions ~36! and ~37!. Under the constraintj1g51, the re-
maining equations of the hierarchy (k.1) turn out to be
compatible with Eq.~28! with the additional information tha
the collision term on the left-hand side of Eq.~18! decays
like t2g2dj, whereas the remaining terms are associated w
a power 1/t. Given thatg1dj511(d21)j>1, this colli-
sion term is asymptotically irrelevant except in one dime
sion where it remains of the same order as the dominant o
(1/t). We therefore recover the conclusions obtained by c
sidering the formal Grad limit, with distribution function
expected to obey a Boltzmann-like equation. This analy
points to the relevance of Boltzmann equation ford.1, a
point that is further corroborated by the numerical resu
given in Sec. IV.

It is interesting to note that both Eq.~38! and the relation
j1g51 do not hold in 1D for discrete initial velocity dis
tributions. In the symmetric situation of a bimodal distrib
tion, the average kinetic energy per particle is conserved~so
that g50), whereas the density decays as 1/At ~i.e., j
51/2 @1#!. The scaling assumption~28! is consequently in-
correct in the specific situation of discrete distributions
1D, but valid for continuous distributions@6#. To be more
specific, the scaling form~28! implies that the collision fre-
quency scales with time, likev}nv̄. On the other hand
from the analytical solution of the bimodal6c situation@1#,
we obtainv}n2v̄ with v̄5c. This discrepancy is the signa
ture of dynamical correlations in the latter discrete ca
These correlations are responsible for the breakdown of
~28!, and in addition, violate molecular chaos. For contin
ous velocity distributions, again in 1D, molecular chaos a
breaks down while the scaling~28! is correct. As a conse
quence, the exponents obtained at the Boltzmann level d
from the exact ones~see the discussion in the last paragra
of Sec. III!, whereas the relationj1g51 holds.
06611
l
-

th

-
es
-

is

s

.
q.
-
o

er
h

III. BOLTZMANN KINETIC EQUATION

This section is devoted to the analysis of the decay
namics within the molecular chaos framework@13# of the
homogeneous nonlinear Boltzmann equation. No exact s
tion could be obtained, and our goal is to derive accur
approximate predictions for the scaling exponentsj andg of
the density and root-mean-squared velocity.

Before considering the kinetic equation obeyed by the
scaled distribution function, it is instructive to rewrite th
original homogeneous Boltzmann equation~25! in the form

] f 1~v;t !

]t
52n~v;t ! f 1~v;t !,

with

n~v1;t !5Fsd21E dŝ~ŝ• v̂12!u~ŝ• v̂12!G E dv2uv12u f 1~v2 ;t !,

~39!

where in the last equation, the term in brackets may be c
puted explicitly as a function of dimension~it is understood
that the unit vectorv̂12 denotes an arbitrary direction!. For
our purpose, it is sufficient to notice that at all times, t
collision frequencyn(v;t) of the population having velocity
v remains finite in the limitv→0, provided the first momen
of f 1 exists. In this situation, Eq.~39! implies that
f 1(v;t)/ f 1(v;0) admits a finite limit forv→0, or equiva-
lently, it may be stated that if the initial velocity distributio
behaves likevm near the velocity origin, this feature is pre
served by the Boltzmann dynamics. Previous works h
shown accordingly that the scaling exponentsj and g de-
pend on the exponentm @4,6,9,10#.

Making use of relations~29! and ~30!, insertion of the
scaling form~27! into the Boltzmann equation leads to

F11S 12a

2 D S d1c1

d

dc1
D G f̃ 1~c1!

5 f̃ 1~c1!E dc2

c12

^c12&
f̃ 1~c2!, ~40!

where we have assumed an isotropic velocity distrib
tion @ f̃ 1(c)5 f̃ 1(c)# and introduced the averagê(•••)&
5*(•••) f̃ 1(c1) f̃ 1(c2)dc1 dc2 . ^c12& is therefore the res-
caled collision frequency. Oncem has been chosen, Eq.~40!
admits a solution for a unique value ofa. We show in Ap-
pendix A that the inequalitya.1 necessarily holds.

Irrespective ofa, the large velocity behavior off̃ 1 may be
obtained following similar lines as in Refs.@4,5,9,14,15#: it
is possible to integrate formally Eq.~40! and castf̃ 1 into

f̃ 1~c!

f̃ 1~c8!
5S c

c8
D 2[21d(12a)]/(12a)

3expF 2

12a

1

^c12&
E

c8

c ñ~c9!

c9
dc9G . ~41!
1-6
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In this equation,ñ is itself a functional off̃ 1 ;

ñ~c1!5E c12 f̃ 1~c2!dc2 , ~42!

such thatñ(c)/c goes to a finite limit forc→`. We there-
fore obtain the large velocity tail

f̃ 1~c!}c2[21d(12a)]/(12a)expS 2
2

a21

c

^c12&
D

for c→`. ~43!

In one dimension, we recover the results of Refs.@4# and@9#.
In Refs. @4,5#, an approximation was derived fora @or
equivalently,j52/(11a)] by assuming that the large veloc
ity behavior of f̃ 1 could hold for the whole velocity spec
trum. In this picture, the power ofc appearing on the right
hand side of Eq.~43! is equated to the exponentm
characteristic of the small velocity behavior~imposed by the
initial distribution chosen, see above!, with the result

a511
2

m1d
or j5

2d12m

2d12m11
. ~44!

This prediction encodes the correct dependence onm and
dimension (j increases whenm or d increase!, and turns out
to have an accuracy of order 10% when compared to
numerical results@10#. In the limit of large dimension, we
obtain from Eq.~44! j;12(2d)21, whereas Krapivsky and
Sire have shown thatj;12d21(121/A2), also in the
framework of the Boltzmann equation. The remainder of t
section is devoted to the derivation of a more precise va
for a, which furthermore coincides with the exact 1/d cor-
rection ford→`.

Invoking the identity

E dccpS d1c
d

dcD f̃ 1~c!52p^cp&, ~45!

the energy dissipation parametera may be given as the set o
equivalent expressions:

a511
2

p S ^c12c1
p&

^c12&^c1
p&

21D , ; p>0. ~46!

A particularly useful relation betweena and moments off̃ 1
follows from considering the limitc1→0 of Eq.~40!; we get

a511
2

m1d S 12
^c1&

^c12&
D . ~47!

The ~infinite! family of relations~47! and ~46! is equivalent
to the original integro-differential equation~40!, and well
suited to a perturbative analysis. To this end, a system
approximation of the isotropic functionf̃ 1 can be found by
expanding it in a set of Sonine polynomials@16#:
06611
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f̃ 1~c!5M~c!F11 (
n51

`

anSn~c2!G . ~48!

These polynomials are orthogonal with respect to the Ga
ian weight,

M~c!5S d

2p D d/2

e2dc2/2, ~49!

and the first few read

S0~x!51, ~50!

S1~x!5
d

2
~2x11!, ~51!

S2~x!5
d2

8
x22

d~d12!

4
x1

d~d12!

8
. ~52!

The coefficientsan follow from the orthogonality relation
*Sn(c2)Sm(c2)M(c)dc}dnm . In particular,

a15
2

d
^S1~c2!&5

2

d
~12^c2&!50, ~53!

as obtained from the definition of rescaled velocities~26!.
The first non-Gaussian correction is thus embodied ina2,
which is proportional to the fourth cumulant~kurtosis! of the
velocity distribution:

a25
d2

3
@^ci

4&23^ci
2&2#5

d

d12
^c4&21, ~54!

with ci a Cartesian component ofc. Upon truncating Eq.
~48! at a finite ordern, we obtain a regular velocity distribu
tion nearc50. We consequently restrict our analysis to t
casem50 ~the dependence onm has been considered in Re
@10#!.

It is also noteworthy that any truncation of Eq.~48! at
arbitrary ordern leads to a Gaussian high-energy behavi
incompatible with the result~43! corresponding to an over
populated tail with respect to the Maxwellian. However,
will be shown in Sec. IV that the difference between t
truncated expansion~48! and the numerical velocity distribu
tion becomes manifest far in the tail, where the distributi
has reached very low probabilities. Consequently, when
moment involved in Eqs.~46! and ~47! are evaluated from
the truncation of Eq.~48!, the accuracy of the result is ex
pected to be better for low orders ofp in Eq. ~46!. Hence the
privileged role is played by Eq.~47!, which is of lower order
than any of the identities~46!. In practice, upon truncating
Eq. ~48! at ordern, the n unknownsa,a2, . . . ,an are com-
puted evaluating the corresponding moments appearin
Eq. ~47! and inn21 of the relation~46!, among which it is
convenient to retain then21 even values ofp (p50 ex-
cluded!. Truncation of Eq.~48! at ordern52 yields precise
predictions fora and f̃ 1, and already at Gaussian order,a
turns out to be very close to its numerical counterpart. S
1-7
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ting n50 ~or equivalently,n51 sincea1[0) in Eq. ~48!,
we obtain immediately the zeroth-order approximation

a5a0511
2

d S 12
A2

2 D , ~55!

which corresponds to

j5j05
2

11a0
5

2d

2~d11!2A2
. ~56!

For large dimensions, this estimation goes to unity, with
exact 1/d correction computed in Ref.@9#,

j512
1

d S 12
A2

2 D 1OS 1

d2D . ~57!

This behavior turns out to be ‘‘universal,’’ in the sense th
the m dependence does not appear at this order@10#.

We shall also be interested in the non-Gaussian feature
the velocity distribution, which we quantify by the fourt
cumulanta2. The~cumbersome! calculations at second orde
in Sonine expansion are detailed in Appendix B. We obta

a258
d~2A223!

4d21d~62A2!
, ~58!

a25a01
A2

16d
a2 . ~59!

The corresponding density exponent follows fromj252/(1
1a2) as before. Ford→`, a2;2(322A2)d21 irrespective
of m @10#, which reinforces the universal nature of larged.
The correction toj carried bya2 behaves as 1/d2 in this
limit, and does not affect the 1/d terms that still coincide
with the exact behavior~57!. Both predictions~55! and~59!
are such thata.1, which is required to obtain a normaliz
able distribution in Eqs.~41! and ~43!.

The second-order expansion considered here may be
proved by consideration of higher-order Sonine terms
inclusion of nonlinear terms ina2. In the related context o
inelastic hard spheres, the limitation of working at line
order ina2 with neglect of Sonine terms of ordern>3 may
be found in Ref.@17#. Alternatively, keeping nonlinear term
in a2 and neglecting again Sonine terms of ordern>3 leads
to multiple solutions. A stability analysis is then required
determine which one is stable, as discussed in Ref.@18#.

Here, the value obtained fora2 is quite small~see below!.
Our approximate expressions are accurate when compar
the full numerical solution of Boltzmann’s equation, so th
we did not calculate any higher-order coefficients, nor did
consider nonlinear terms ina2. The existing literature re-
ports, within the Boltzmann framework, numerical exp
nents in 1D, which are in excellent agreement with our p
dictions, already at zeroth order. For the casem50,
expressions~56! and ~59! give j0.0.773 andj2.0.769,
whereas the numerical result obtained in Ref.@9# is j
.0.769. These exponents are close to their counterparts
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tracted numerically from the exact dynamics (0.78560.005
in Ref. @6#, and more recently 0.804 in@19#!. The difference
between the exact exponents and those obtained assu
molecular chaos is consistent with the conclusion of Sec
In one dimension, the factorization of the two-body distrib
tion f̃ 2 underlying Boltzmann ansatz is not an exact prope
of the distributions obeying hierarchy~18!. On the other
hand, ford.1, the molecular chaos exponents are expec
to become exact. This property is illustrated in the followi
section.

IV. SIMULATION RESULTS

The numerical results presented in this section corresp
to the situationm50, unless stated. We refer to Ref.@10# for
the case of diverging (m,0) or depleted (m.0) velocity
distributions nearv50.

A. The numerical methods

We follow two complementary numerical routes. First, w
solve the time-dependent homogeneous Boltzmann equa
by means of the direct simulation Monte Carlo meth
~DSMC!, originally developed to study ordinary gases@20#.
This scheme, where a suitable Markov chain is construc
has been extended to deal with inelastic collisions@21,22#
and is easily modified to describe the situation under st
here, which does not conserve the total number of partic
Restricting to a spatially homogeneous system, the algori
is especially easy to implement, and may be summarize
follows: amongN0 initial particles having a given velocity
distribution, a pair (i , j ) is chosen at random, and remove
from the system with a probability proportional touvi j u. The
~suitably renormalized! time variable is then incremented b
the amount (N2uvi j u)21, whereN is the number of particles
remaining in the system before another pair is drawn,
This scheme provides the numerical exact solution of
~39!, and allows to test the validity of the approximations p
forward in Sec. III@essentially, truncation at second order
expansion~48! supplemented with calculations performed
linear order in the fourth cumulanta2 ~see Appendix B!#. A
precise analysis of the late time dynamics~and especially the
computation of velocity distributions! suffers from the con-
comitant low number of particles left, and the statistical a
curacy is improved by averaging over independent real
tions.

The second numerical method~molecular dynamics@23#!
consists of integrating the exact equations of motion for
assembly of spheres confined in a~hyper!cubic box with pe-
riodic boundary conditions. This route assesses the vali
of the approach relying on the homogeneous Boltzma
equation, but does not offer the same accuracy as DSMC,
the possibility to follow the evolution over comparab
times. In particular, once the mean free pathl, which grows
rapidly as tj, becomes of the order of the box sizeL, the
subsequent evolution suffers from finite size effects a
should be discarded. Whenl.L, the algorithm used is un
able to find collision events for those particles that ma
more than one free flight round on the torus topologica
1-8
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equivalent to the simulation box, which causes a spuri
slowing down of the dynamics. It is then tempting to redu
l by increasing the particle diameters, but then finite~and
necessarily transient! density effects—incompatible with th
scaling assumption~28!—may also arise if the packing frac
tion f, proportional tonsd, is not low enough. Simulating
explicitly the limit of point particles, the DSMC scheme co
sidered here is free of this defect. The initial number of p
ticles considered in MD needs to be large to allow the sys
to enter the scaling regime before finite size effects beco
dominant, we considered systems withN5(53104)
– (53105) spheres initially~compared toN5106–108 in
DSMC!.

B. Dynamic scaling behavior

The results of two-dimensional DSMC and MD simul
tions are shown in Fig. 1, where the quantity on thex axis is
expected to scale like real timet from the scaling relation
j1g51. This log-log plot is a direct probe of the expone
j, from the slope measured. Both MD and DSMC metho
give compatible results, with the possibility to follow th
dynamics over a longer time interval in DSMC. The dep
ture observed forn0 /n.200 corresponds to the slowin
down of MD resulting from finite size effects~see Fig. 2
below!. The theoretical predictions at zeroth and second
der are very close (j050.872 andj250.870), and in excel-
lent agreement with the simulation results over several
cades. On a similar graph as Fig. 1, the kine
‘‘temperature’’v̄2 exhibits a power law behavior~not shown!
with an exponent22g, in good agreement with the theore
ical prediction (g.0.13 in 2D!. Moreover, the exponent
obtained analytically and numerically are compatible

FIG. 1. Inverse densityn0 /n versusn0v̄0 /(nv̄), for d52. The
dotted line has slopej250.87 @see Eq.~56!#. Initial number of
particles: 53106 ~with a further average over 103 independent rep-
licas! for DSMC and 23105 for MD. In both cases, the initia
velocity distribution is Gaussian (m50), and the initial configura-
tion used for MD is that of an equilibrium hard disk fluid wit
packing fractionf50.1 ~chosen low enough to avoid finite packin
effects!.
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those reported in the literature (j.0.89 in Ref.@4# and j
.0.87(5) using a multiparticle lattice gas method@24#!.

The time evolution of inverse density and inverse typic
velocity square is shown in Fig. 2, where consideringn0 /n
21 andv̄0

2/ v̄221 instead ofn0 /n and v̄0
2/ v̄2 allows one to

probe the short time behavior. Unless stated, the initial
locity distribution is an isotropic Gaussian. From Eqs.~29!

and~30!, n andv̄2 evolve linearly witht for v0t!1 @see also
Eqs. ~36! and ~37!#; the same holds for inverse density an
inverse typical velocity squared, which is indeed observed
Fig. 2. MD and DSMC results superimpose, except at l
times where MD suffers from the slowing down discuss
previously. For both numerical methods, the scaling relat
j1g51 is well obeyed, in principle at late times only, in th
scaling regime. Special combinations ofn and v̄ can, how-
ever, be constructed with the requirement to match the s
time evolution with the scaling behavior. One of these qu
tities is displayed in Fig. 3, with a resulting scaling regim
extending over more than ten decades in time. In Fig. 4,
not only test the validity of the theoretical scaling exponen
but also the full time dependence as predicted by Eqs.~36!
and~37!. In order to improve the agreement between the
and simulation~which holds over more than six orders o
magnitude in time!, the system has been left to time to ent
the scaling regime. The time origint50 has been chose
when 80% of the particles originally present have disa
peared. The corresponding reference configuration~with sub-
scripts 0! thus differs from the ones considered previously

C. Velocity distribution in the scaling regime

In order to understand the reasons for the good agreem
between our theoretical predictions and the simulations,
now consider the velocity distribution, restricting to Mon
Carlo results~leading to similar conclusions, MD is muc

FIG. 2. Plots of (n0 /n)21 @upper curve corresponding t

DSMC, compared to its MD counterpart~crosses!# and (v̄0 / v̄)2

21 ~lower dashed curve for DSMC, circles for MD! as a function
of time. The dotted line at short times has slope 1.
1-9
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PIASECKI, TRIZAC, AND DROZ PHYSICAL REVIEW E66, 066111 ~2002!
more demanding on CPU time and does not allow to inv
tigate detailed features off̃ 1 with the same accuracy!. After a
transient where the probability distribution functionf̃ 1
evolves with time, a well-defined scaling regime is reach
with a time independentf̃ 1(c) shown in Fig. 5 together with

FIG. 3. Plot of log10@n0 /n21#1 log10@n0v̄0
2/(nv̄2)21# on a

logarithmic time scale (d52). DSMC results are represented b
the continuous curve, while the crosses correspond to MD.
dashed line has slope 2. At late times, the quantity displaye
expected to behave as 2 log10(v0t) from the scaling relationj1g
51. At short times, the same behavior is observed, for a differ
reason@see Eqs.~36! and~37!#. The ultimate MD slowing down is
again visible.

FIG. 4. Time dependence ofn ~lower curve! and v̄2 ~upper
curve! obtained in Monte Carlo, compared to the dashed cur
corresponding to the theoretical predictions~36! and~37!, where the
energy dissipation coefficienta is calculated at second order i
Sonine expansion@a2.1.297 from Eq.~59!#.
06611
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d

the Sonine prediction pushed at second order. The agree
is remarkable, and it is also observed that the Gaussian
proximation is already close to the asymptotic rescaled
locity distribution, which is quite surprising in a kinetic pro
cess extremely far from equilibrium, with furthermore n
conservation laws. Given that our perturbative analyti
work relies on the calculation on low order moments off̃ 1,
this explains the accuracy of the zeroth-order predictionsa0
and j0. From Eq.~43!, we expect the differences betwee
the Sonine expansion and the numerical distribution to
come visible in the high-energy tail, which is confirmed
Fig. 6. As predicted,f̃ 1 is overpopulated with respect to th
Gaussian, and displays a high velocity tail of the form~43!
~see the inset of Fig. 6!.

D. Evolution towards the asymptotic solutions

Before the scaling regime is attained,f̃ 1 is time depen-
dent, as shown in Fig. 7, where the distributions at differ
times have been renormalized byM to emphasize the build
ing up of non-Gaussianities. The evolution towards the sc
ing solution 11a2S2 can be observed. With respect to th
Gaussian,f̃ 1 is at all times overpopulated both at large a
small velocities~which may be related to the positive sign
a2 for the latter case!; normalization is ensured by an unde
population at intermediate velocities. Figures 5–7 show t
the indirect measure ofa2 through the non-Gaussian chara
ter of f̃ 1 /M agrees with the theoretical prediction, but it
also possible to compute directlya2 in the simulations
through its definition as a fourth cumulant@Eq. ~54!#. It turns
out that both methods are numerically fully compatib

e
is

t

s

FIG. 5. Probability distribution functionf̃ 1(ci) of a given Car-
tesian componentci of the rescaled two-dimensional velocityc.
The time-independent distribution obtained in DSMC simulations
late times is compared to the GaussianM and the Sonine expansio
truncated atn52, with the fourth cumulant given by Eq.~58! (a2

.0.109 ford52 andm50). All distributions have variance 1/2, s
that ^c2&51. The results have been obtained by averaging ove
replicas of a system with initiallyN5403106 particles.
1-10
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Moreover, the Sonine expansion~48! truncated atn52 holds
at any time, even in the transient regime, with the tim
dependent fourth cumulanta2 measured from Eq.~54! ~see
Fig. 8!. This result is nota priori expected and points to th
relevance of expansion~48!. We did not try to solve analyti-
cally the homogeneous time-dependent Boltzmann equa
within the same framework as in the scaling regime, so t
we do not have any prediction for the~transient! time depen-

FIG. 6. Same as Fig. 5, on a linear-log scale to probe the tail

the distributions. In the inset showingci
24.7f̃ 1(ci) as a function of

ci , the dashed curve corresponds to the Gaussian@ci
24.7M(ci)#

while the straight line is a guide for the eye evidencing a p
exponential behavior. Ford52 andm50, the exponentd12/(1
2a) appearing in Eq.~43! is close to24.7 and has been used t
rescale the quantity plotted on they axis in the inset.

FIG. 7. Plots off̃ (ci)/M(ci) versusci , at different times cor-
responding to the indicated densities. The initial distribution
Gaussian~thus corresponding to the flat curve! and the thick curve
is Sonine solution 11a2S2, with a2 given by Eq.~58!.
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dence ofa2 anda. However, as shown in the inset of Fig.
relation ~B10! @which reads in 2D asa5(5/4)1(7a2/16)]
remarkably holds for all times. Here, the energy dissipat
parameter a has been computed through the ra
^c12c1

2&/(^c12&^c1
2&)5^c1

2&coll /^c1
2&, where^c1

2&coll , the mean
energy dissipated in a collision, is computed in the simu
tions and normalized by the time-dependent mean kin
energy per particle,̂c1

2&.

E. A final remark: Identification of ‘‘isobestic’’ points

For m50, Fig. 7 indicates that during the transient ev
lution towards scaling, the distributions of reduced velocit
have fixed points~for a given initial velocity distribution, all
the curves corresponding tof̃ 1 at different times pass
through common points that we called isobestic points!. This
feature has been observed for all initial distributions inve
gated and appears to be a systematic property of the dyn
ics, which still holds for nonvanishing values ofm ~see Fig.
9!. We have no analytical explanation for this observation

V. CONCLUSION

An analytical derivation of the equations governing t
dynamics of an infinite system of spherical particles in
d-dimensional space, moving freely between collisions a
annihilating in pairs when meeting, has been obtained.

of

e

FIG. 8. Plot off̃ (ci)/M(ci) as a function ofci , at the particular
time t1/2 where the density is exactly half the initial one, with th
same initial distribution as in Fig. 7@the circles~DSMC measure!
thus show the same distribution as the circles of Fig. 7#. The thick
curve shows 11a2(t1/2)S2, with a2(t1/2) measured from its defini-
tion ~54!. The dashed curve is the Sonine prediction in the sca
regime~i.e., the thick curve of Fig. 7!. Inset:a as a function ofa2

~see main text!. The DSMC measure is compared to the predicti
~B10! shown by the straight line ending at the point—indicated
a cross—of coordinates~0.109,1.297! as predicted by Eqs.~58! and
~59!. The square located at~0.0207, 1.2595! corresponds to the
numerical measure ofa and a2 made at timet1/2 for which the
velocity distribution is displayed in the main graph.
1-11
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FIG. 9. Plots of f̃ 1(ci) as a function ofci at different times. The left graph corresponds to an initial velocity distribution w
m523/2 while m53 for the right graph. On both graphs, the initial distribution is shown by the dashed curve, whereas the thick
display the asymptotic distributions approached in the scaling regime.
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hierarchy equations obeyed by the reduced distributi
f k(1,2, . . . ,k;t) have been derived. In the Grad limit, th
hierarchy formally reduces to a Boltzmann-like hierarchy
dimensionsd.1. If these reduced distributionsf k

B factorize
at the initial time, this factorization remains valid for a
times, and the whole hierarchy reduces to a nonlinear eq
tion.

In the long-time limit, the ratio of the particle radius to th
mean free path vanishes. A scaling analysis of the exact
mogeneous hierarchy equations has been performed.
similar reduced distributions in which the time dependen
has been absorbed into the densityn(t) and the root-mean
square velocityv̄(t) were introduced. As a result, the exp
nentsj and g describing the decay with time ofn(t) and

v̄(t) depend only upon one single parametera, related to the
dissipation of energy. Moreover, it turns out that in dime
sion higher than 1, the terms responsible for the violation
molecular chaos are asymptotically irrelevant. Therefore,
recover the conclusions reached in the formal Grad limit, a
thus, the Boltzmann equation becomes exact in the long-t
limit in dimensions higher than 1. The above arguments g
a first-principles justification for the use of the Boltzma
equation approach ford.1, as well as its limitations, in
ballistic annihilation problems, an issue that has been o
looked so far. However, as discussed above, this sca
analysis is incorrect for a one-dimensional system with d
crete initial velocity distribution, a situation for which th
scaling assumption underlying our approach fails.

The Boltzmann equation has been solved within an
pansion in Sonine polynomialsSn . Truncation to ordern
52 provides the first non-Gaussian corrections to the sc
velocity distribution, and leads to analytical predictions f
the exponentsj andg as a function ofd. For large dimen-
sion d, these predictions coincide with the exact 1/d correc-
tion to the naive mean-field values (j51 andg50), calcu-
lated in Ref. @9#. The above analytical predictions are
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remarkable agreement with the results of extensive num
cal simulations we have performed for two-dimensional s
tems ~implementing the complementary Monte Carlo a
molecular dynamics techniques!. In 1D, for regular continu-
ous velocity distributions, it is noteworthy that they are
excellent agreement with the numerical solution of the Bo
mann equation, and quite close to the exact values obta
with molecular dynamics~4% difference!. This last point
was unexpected since molecular chaos breaks in 1D. Fin
the time dependence of the reduced velocity distribut
function shows an unexplained and a remarkable feat
with the existence of fixed~‘‘isobestic’’! points, irrespective
of initial conditions.
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APPENDIX A

Within Boltzmann’s kinetic equation, we show in this a
pendix thata.1. To this end, Eq.~40! is rewritten in the
form

f̃ 1~c1!1S 12a

2 Ddivc1
@c1 f̃ 1~c1!#5 f̃ 1~c1!E dc2

c12

^c12&
f̃ 1~c2!,

~A1!
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and integrated with weightc(c1)dc1, where we choose
c(c)5c2/(12a). Assuming that the moment*c f̃ 1 exists, we
obtain after integration by parts~neglecting surface terms!,

05E dc1 dc2 c~c1!
c12

^c12&
f̃ 1~c1! f̃ 1~c2!. ~A2!

The right-hand side of Eq.~A2! is a strictly positive quantity
@except whenf̃ 1(c)5d(c)], which leads to a contradiction
We therefore conclude that the quantity*c f̃ 1 does not exist.
Remembering thatc(c) f̃ 1(c);cm12/(12a) near the velocity
origin, the divergence of*c f̃ 1 implies

2

12a
1d211m,21. ~A3!

Supplementing this condition with the normalization co
straint m.2d, we obtaina.1. The physical meaning o
this condition is that the typical kinetic energy dissipated
particle in a collision is larger than the average kinetic e
ergy of the system at the same time. The temperaturev̄2 is
therefore a decreasing function of time.

APPENDIX B: SECOND ORDER TRUNCATED
SONINE EXPANSION

In this appendix, we calculate the dominant deviation
f̃ 1 from the Gaussian shape, and the associated energy d
pation parametera by setting f̃ 1(c)5M(c)$11a2S2(c2)%.
The moments appearing in Eqs.~47! and~46! with p52 are
then computed as a function ofa2. Upon writing

a511
2

m1d S 12
^c1&

^c12&
D5

^c12c1
2&

^c12&^c1
2&

, ~B1!

the last equality provides an equation fora2, which is solved
so thata is finally explicitly known as functions of inpu
parametersm and dimensiond. As in the main text, the an
gular brackets denote averages with weightf̃ 1(c1) f̃ 1(c2)

^•••&5E ~••• ! f̃ 1~c1! f̃ 1~c2!dc1 dc2 , ~B2!

^•••&5E ~••• !M~c1!M~c2!$11a2@S2~c1
2!1S2~c2

2!#%

3dc1 dc21O~a2
2!. ~B3!

In the following, nonlinear terms of ordera2
2 will be ne-

glected. In the spirit of Ref.@25#, it is convenient to intro-
duce center-of-mass and relative velocitiesc15C1c12/2;
c25C2c12/2 and to define the generic moments

Mnp5^c12
n Cp&, ~B4!
06611
-

r
-

f
si-

Mnp5E dc12dCc12
n CpS d

2p D d

3e2dc12
2 /42dC2H 11a2Fd2

8
~c1

41c2
4!

2
d~d12!

4
~c1

21c2
2!1

d~d12!

4 G J . ~B5!

From c1
41c2

452C412(C•c12)
21c12

4 /81C2c12
2 , the term

(C•c12)
2 appearing under the integral sign in Eq.~B5! be-

comesC2c12
2 /d for symmetry reasons, and making use

c1
21c2

252C21c12
2 /2, the variablesc12 andC decouple in Eq.

~B5!. The resulting integrals yield

Mnp

Mnp
0

5
^c12

n Cp&

^c12
n Cp&0

511
a2

16d
$d~n21p2!22d~n1p!

12np~d12!%1O~a2
2!. ~B6!

In this equation, the subscript 0 refers to averages w
Gaussian measure~formally a250):

^c12
n Cp&05~Ad!2n2p2n

GS d1n

2 DGS d1p

2 D
G2~d/2!

, ~B7!

where G is the Euler function. The momentŝc12& and
^c12c1

2&5^c12(c1
21c2

2)&/25^c12
3 &/41^c12C

2& appearing in
Eq. ~B1! are then known:

^c12&

^c12&0
512

1

16
a21O~a2

2!, ~B8!

^c12c1
2&

^c12&0
511

1

2d
1

a2

32S 61
11

d D1O~a2
2! ~B9!

^c12c1
2&

^c12&^c1
2&

511
1

2d
1

a2

8 S 21
3

dD1O~a2
2!. ~B10!

For an elastic hard sphere fluid at equilibrium~with thusa2
50), this last quantity equals 111/(2d) and represents the
ratio of the mean kinetic energy of colliding particles~aver-
aged over successive collision events! to the mean kinetic
energy of the population. As expected, this ratio exceed
since typical colliding partners are ‘‘hotter’’ than the mea
background. This quantity is easily measured in molecu
dynamics or Monte Carlo simulations~see, e.g., Fig. 8!. We
also note that the ratio~B8! has been computed in Ref.@14#
at the same level of approximation in the context of rap
granular flows, with the same result: van Noije and Er
also reported non-Gaussian corrections to the cooling rag
of an inelastic hard sphere fluid@14#,

g

g0
511

3

16
a21O~a2

2!, ; d, ~B11!
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whereg0 denotes the cooling rate evaluated assuming M
wellian velocity distributions. In terms of the momentsMnp
introduced in Eq. ~B4!, it can be shown thatg/g0

5M30/M30
0 , and it is then easily checked that express

~B6! reduces to Eq.~B11! for n53 andp50, for arbitrary
dimensionality.

The remaining unknown quantity iŝc1&, which may be
calculated following similar lines as above:

^c1
n&

^c1
n&0

511
a2

8
n~n22!1O~a2

2!, ~B12!
e

J

06611
-

n
^c1

n&05S 2

dD n/2GS d1n

2 D
GS d

2D , ~B13!

from which we extract̂ c1&5^c&. As expected, thea2 cor-
rection in Eq. ~B13! vanishes forn50 and n52, which
follows, respectively, from the normalization constraint a
the definition~26! of c implying ^c2&51. Gathering results
we obtain Eqs.~58! and ~59! from Eq. ~B1!.
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Randomly driven granular fluids: Large-scale structure
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The nonequilibrium steady state of a granular fluid, driven by a random external force, is demonstrated to
exhibit long-range correlations, which behave as;1/r in three and; ln(L/r) in two dimensions. We calculate
the corresponding structure factors over the whole range of wave numbers, and find good agreement with
two-dimensional molecular dynamics simulations. It is also shown by means of a mode coupling calculation,
how the mean field values for the steady-state temperature and collision frequency, as obtained from the
Enskog-Boltzmann equation, are renormalized by long wavelength hydrodynamic fluctuations.
@S1063-651X~99!03804-0#
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I. INTRODUCTION

Systems of granular particles, like grains of sand or m
ideally glass, plastic, or metal beads, exhibit different flo
regimes@1#, depending on the external forcing. A systema
experimental study of the rapid or collisional flow regime
compared to the quasistatic, slow, or frictional regime w
first performed by Bagnold@2# using an annular shear cel
Later, a similar but more refined characterization was m
in Ref. @3#. The possibility of coexistence of different flow
regimes was observed in an experimental study of flo
down an inclined chute@4#.

In several more recent experimental studies of therapid
granular flow regime, more microscopic properties ha
been measured. In Ref.@5# the fluidization behavior of a
vertically vibrated two-dimensional model granular mater
has been investigated using high-speed photography.
terns at the surface of a vertically vibrated granular lay
analogous to Faraday waves in molecular fluids, have b
observed in Ref.@6# and stimulated the interest of man
theorists@7#. An understanding of these patterns through
derivation of, e.g., an amplitude equation@8# from the hydro-
dynamic description of the system, is still lacking, howev
In Ref. @9# the effect of inelastic collisions on the formatio
of clusters is investigated in a system of particles rolling
a smooth surface and driven by a moving wall. Finally, R
@10# studies the steady state of a vertically shaken gran
monolayer, and discusses clustering, inelastic collapse,
long-range order.

Even rapid flows ofmodelgranular materials are poorl
understood in general, since complicating effects, such
gravity and interactions with boundaries, have to be ta
into account. If the model granular material consists
spherical grains with a smooth surface, collisions betw
particles can be characterized only by their coefficient

*Present address: Laboratoire de Physique The´orique et Hautes
Energies, Baˆtiment 211, Universite´ Paris–Sud, 91405 Orsay Cede
France.
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restitutiona or their inelasticitye512a2. We assume this
coefficient of restitution to be a constant, independent of
relative velocity between the colliding particles, and refer
the model as the inelastic hard-sphere~IHS! model. Dissipa-
tive collisions complicate the dynamics in a nontrivial wa
they may cause the system to become unstable, and give
for instance, to clustering; they create several new intrin
length scales that might interfere for small inelasticity w
the system sizeL, and for large inelasticity with the mea
free pathl 0 .

By driving an IHS fluid by boundaries or external fields
can reach a steady or oscillatory state. Due to the existe
of these new ‘‘cooling’’ lengths, this state is frequently in
homogeneous, where the spatial gradients become larg
higher inelasticity. Only for small inelasticity, the mean-fre
path is well separated from the scale on which the mac
scopic fields vary, and a hydrodynamic description@11#
through Navier-Stokes or Burnett equations is expected
hold. In fact, one of the primary goals in the study of rap
granular flows atlarger inelasticities is to find the prope
reduced set of macroscopic fields and the correct form of
relevant macroscopic continuum equations. The concep
basis for the validity of the Navier-Stokes and Burnett eq
tions of fluid dynamics in rapid granular flows breaks dow
due to the lack of scale separation. Therefore, we res
ourselves mostly to small inelasticities, and explore the
gion of validity of the standard fluid dynamic description.

In the present paper we investigate the properties of
IHS fluid that is heated uniformly so that it reaches a s
tially homogeneous steady state. This way of forcing, wh
a random external force accelerates a particle, was prop
by Williams and MacKintosh@12# for inelastic particles
moving on a line. Peng and Ohta@13# performed simulations
on a 2D version of this model. In two dimensions the mod
may be considered to describe the dynamics of light di
moving on an air table, a system that has been investig
experimentally in Ref.@14#. In three dimensions it can b
extended to include gravitational and drag forces, makin
to some extent relevant for gas-fluidized beds@15# when hy-
drodynamic interactions are unimportant. A similar IH
4326 ©1999 The American Physical Society
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model with random external accelerations has been use
Bizon and Swinney@16# in their computer simulations to tes
continuum theories for vertically vibrated layers of granu
material.

In the present paper we will describe the randomly driv
IHS fluid in two and three dimensions, and characterize
nonequilibrium steady state~NESS!. The single-particle ve-
locity distribution function in the NESS has been calcula
in Ref. @17# from the Enskog-Boltzmann equation and w
shown to be well approximated by a Maxwellian, except
an overpopulated tail;exp(2Ac3/2), wherec is the velocity
scaled by the thermal velocity andA;1/Ae. Computer
simulations of the one-dimensional system of Ref.@12#
showed the existence of long-range spatial correlations in
steady state, which were addressed theoretically in Ref.@18#.
Here we will give quantitative predictions for long-rang
correlations@19# in the two- and three-dimensional NES
Moreover, we extend the mode coupling theory of Brito a
Ernst @20# to analyze how long wavelength fluctuations
the NESS renormalize the mean-field predictions of kine
theory, and use this theory to calculate the renormalized t
perature and collision frequency in the NESS.

To obtain an adequate description of the structures
steady granular flows, one does not only need the equat
of fluid dynamics for the average macroscopic behavior,
also the spatial correlation functionsGab(r), and their Fou-
rier transforms, the structure factorsSab(k). Let da(r,t)
5a(r,t)2^a(r,t)& with (a5n,T,ua) be the fluctuations of
the slowly varying fieldsa(r,t), i.e., the local densityn(r,t),
local temperature T(r,t), and local flow velocity
ua(r,t) (a5x,y, . . . ), around their average value
^a(r,t)&. Then the objects of interest are the correlati
functions in the NESS, which are given by the limit,

Gab~r!5 lim
t→`

1

VE dr8^da~r1r8,t !db~r8,t !&,

~1!
Sab~k!5 lim

t→`

V21^da~k,t !db~2k,t !&.

Here ^•••& is an average over some initial distributio
da(k,t) is the spatial Fourier transform ofda(r,t), and
Sab(k) is that ofGab(r). Moreover, we consider the unequa
time correlation functions in the NESS, defined as

Fab~k,t !5 lim
t8→`

V21^da~k,t81t !db~2k,t8!&, ~2!

whereFnn(k,t) is the intermediate scattering function@21#.
The dynamic structure factoris then

Snn~k,V!5ReF̃nn~k,z5 iV10!, ~3!

whereF̃ab(k,z) is the Laplace transform ofFab(k,t).
The paper is organized as follows. In Sec. II we sh

how the macroscopic equations for granular flow are mo
fied to account for the external driving/heating by the ra
dom accelerations. Section III characterizes the noise of
ternal and internal fluctuations, and the structure factors
spatial correlation functions are calculated in Secs. IV and
The latter section also presents the mode coupling calc
tions for the temperature and the collision frequency in
by
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NESS. Computational details of our molecular dynam
~MD! simulations are described in Sec. VI, and Sec. V
compares our predictions with simulations. Some gene
comments and conclusions are presented in Sec. VIII.

II. MACROSCOPIC EQUATIONS

Consider a system of inelastic disks or spheres~IHS! (d
52,3), driven by a heat source, which is described a
random accelerationĵi ,

dv i

dt
5

Fi

m
1 ĵi~ t !. ~4!

Here Fi is the systematic force on particlei 5(1,2, . . . ,N)
due to inelastic collisions. If the time constant of the he
source is much smaller than the mean free timet0 between
collisions, thenĵi(t) can be considered as Gaussian wh
noise with zero mean and correlation,

ĵ ia~ t !ĵ j b~ t8!5j0
2d i j dabd~ t2t8!, ~5!

wherea,b5$x,y, . . . % denote Cartesian components of ve
tors or tensors. The overline indicates an average over
noise source. It is understood that the ensemble averag
Eqs. ~1! and ~2!, denoted by the angular brackets, also
cludes this noise average. To guarantee conservation of
momentum, the random force has to obey the constr
( i ĵi(t)50. In thermodynamically large systems this co
straint gives a correction to Eq.~5! of O(1/N), which can be
neglected.

The uniformly heated fluid is described by the standa
macroscopic equations of fluid dynamics, where the te
perature equation is supplemented with an additional sou
termmj0

2 , and a sink termG to account, respectively, for th
heating and the energy loss through inelastic collisions:

] tn1“•~nu!50,

] tu1u•“u52
1

r
“•P, ~6!

] tT1u•“T52
2

dn
~“•J1P:“u!2G1mj0

2 ,

where r5mn, u is the flow velocity, and1
2 dnT is the

kinetic-energy density in the local rest frame of the IH
fluid. The pressure tensorPab5pdab1dPab contains the
local pressurep and the dissipative momentum fluxdPab ,
which is proportional to¹aub and contains the kinemati
and longitudinal viscositiesn and n l , defined below Eq.
~A1! of Appendix A. The constitutive relation for the hea
flux, J52k“T, defines the heat conductivityk. For small
inelasticity the transport coefficientsn, n l , and k are as-
sumed to be given by the Enskog theory for a dense ga
elastic hard spheres~EHS! @22#.

To lowest order in the spatial inhomogeneities, the s
term, representing the energy loss through inelastic co
sions, is given by@23#

G52g0vT. ~7!
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It is proportional to the granular temperature, to the aver
Enskog collision frequency@v;AT, explicitly given in Eq.
~A2! of Appendix A#, and to the coefficient of inelasticity
e512a2[2dg0 , wherea is the coefficient of normal res
titution. To explain the termmj0

2 in Eqs. ~6!, we calculate
the energy gain of a single particle due to the random fo
in a small timedt. This is done by formally integrating Eq
~4! and averaging over the noise source, i.e.,

1
2 m@v i

2~ t1dt !2v i
2~ t !#5

d

2
mj0

2 dt, ~8!

where Eq.~5! has been used. Note that we have defined
granular temperature as twice the average random kin
energy per translational degree of freedom, so that the Bo
mann constantkB does not appear in its definition.

The above equations provide a consistent description
the heated IHS fluid at small inelasticity. The energy is n
conserved in inelastic collisions, and consequently, the t
perature isnot a hydrodynamicmode, but akinetic mode
with a relaxation rate}g0v. Nevertheless, at small inelas
ticities (g0!1), it is consistent to include temperatu
among the slowly changing macroscopic variables, wh
describe the dynamics of the system on time scalest large
compared to the mean free timet051/v, and on spatial
scalesl large compared to the mean free path,l 05v0t0 ,
wherev05A2T/m is the thermal velocity.

At large inelasticities, wheree;O(1), weexpect that the
temperature is afast kinetic mode, that decays on the tim
scale t0 , and cannot be included among the slow mac
scopic variables. In that case, the IHS fluid becomesather-
mal, and the slow macroscopic fields only involve the de
sity and flow field, as is the case in lattice gas cellu
automata without energy conservation@24,25#. However, the
proper constitutive relations for the IHS fluid at large inela
ticities are not known.

Let us consider the decay of temperature in more de
For a homogeneous state, the fluid dynamic equations~6!
will have as a solutionn(r,t)5n, u(r,t)50, and T(r,t)
5T(t), the latter satisfying

] tT~ t !52G1mj0
2 . ~9!

For long times the system approaches a steady state w
constant temperature, determined bymj0

252g0vT. As v
;AT, we obtain the mean-field prediction@Eq. ~A2!#, as
deduced from the Enskog theory,

TE[mS j0
2Ap

2g0Vdxnsd21D 2/3

. ~10!

Further symbols are defined below@Eqs.~A1!# in the Appen-
dix. To obtain the final approach to the NESS, we linear
Eq. ~9! aroundTE in Eq. ~10!. This yields an exponentia
approach, i.e.,

dT~ t ![T~ t !2TE5dT~0!exp@23g0vt#. ~11!

In fact, 3g0v can be identified as the decay ratezH(0) of the
long wavelength components of the temperature fluctuatio
as derived in Sec. IV below Eqs.~25!. The exact time depen
e

e

e
tic
z-

or
t
-
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-

-
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-

il.
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e
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dent solution of Eq.~9! can be obtained implicitly~t as a
function of temperature!, and reads

f SAT~ t !

TE
D 2 f SAT0

TE
D 52

3

2

mj0
2

TE
t, ~12!

where

f ~x!5 lnux21u2 1
2 ln~x21x11!1A3 arctanS 2x11

A3
D .

~13!

andT0 is the temperature att50.

III. NOISE CHARACTERISTICS IN THE NESS

The goal of this paper is to analyze the effects of spa
fluctuationsda(r,t) with (a5n,T,ua) around the NESS on
hydrodynamic space and time scales. As we are dealing
fluctuations, we linearize the nonlinear equations~6! around
the NESS, with the result~A1! of Appendix A. Moreover, to
extend the average equations to fluctuating equations, v
on mesoscopic spatial and temporal scales, we need to
culate theexternal noisetermsĵex(r,t) andûex(r,t) that con-
tribute to ] tu and ] tT in Eqs. ~A1!. These terms originate
from the random accelerationĵi(t), which enters in the mi-
croscopic equations of motion~4!. By starting from the mi-
croscopic expressions for the momentum and energy den
one finds that the noise sources are given by thelong wave-
length components of

ĵex~r,t !5
1

n(i
ĵi~ t !d„r2r i~ t !…,

~14!

ûex~r,t !5
2m

dn(
i

v i~ t !• ĵi~ t !d„r2r i~ t !….

These fields are again Gaussian white noise with zero m
and correlations

ĵa
ex~r,t !ĵb

ex~r8,t8!5
1

n
j0

2dabd~r2r8!d~ t2t8!,

~15!

ûex~r,t !ûex~r8,t8!5
4mT

dn
j0

2d~r2r8!d~ t2t8!,

as follows from Eq.~5!.
Next, we argue on the basis of the hydrodynamic eq

tions ~6! that there exists, close to the NESS, a range
hydrodynamic wave numbersk@k* , the so-calledelastic
regime, where the dynamics of the fluctuations is the same
in a fluid of elastic hard spheres or disks, and is driven
internal noisethat will be studied next. The validity of the
hydrodynamic equations~6! and Eqs.~A1! is restricted to
wave numbersk!2p/ l 0 ~to guaranteeseparationof kinetic
and hydrodynamic scales!, and tok!2p/s, wheres is the
disk or sphere diameter~to guarantee that the Euler equatio
involve strictly local hydrodynamics!. So, for the existence
of an elastic regime in the IHS hydrodynamics, the followi
constraints must be satisfied:
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k* !k!minH 2p

l 0
,
2p

s J . ~16!

Moreover, following McNamara@26# we can distinguish a
dissipative regime, kl0!e @typically kl0&O(e2)#, and a
standard regime, kl0@e @typically, kl0*O(Ae)#, separated
by acrossover regime, aroundkl0;O(e). In the dissipative
regime, dissipation dominates compression effects and so
propagation, which areO(kl0), as well as heat conduction
which isO(k2l 0

2). In the standard regime, dissipation effec
are of the same order as heat conduction. As a consequ
the hydrodynamic modes and their propagation velocities
those of a fluid ofelasticparticles, while the correspondin
damping rates of heat and sound modes still depend on
inelasticity. Only in theelastic regime, kl0@k* l 0;O(Ae);
also, these damping coefficients attain their elastic valu
The above argument applies for small enoughe512a2

52dg0 , where the inequalities~16! are obeyed, and an elas
tic regime exists and is well separated from the dissipa
regime.

In the elastic regimethe equations for the macroscop
deviations from the NESS are the same as those for a flui
elastichard spheres, deviating fromthermalequilibrium. To
describe fluctuating mesoscopic hydrodynamics on th

length scales, one can addinternal noise ĵ in(r,t) and
û in(r,t), describing the rapid microscopic degrees of fre
dom. The noise strength of the internal fluctuations can
obtained from the fluctuation-dissipation theorem@27,23# for
the EHS fluid, and is given in Fourier representation by

V21ĵa
in~k,t !ĵb

in~2k,t8!

5
2T

r
k2@n~dab2 k̂ak̂b!1n l k̂ak̂b#d~ t2t8!,

~17!

V21û in~k,t !û in~2k,t8!5
8kT2

d2n2
k2d~ t2t8!,

where n, n l , and k are the transport coefficients for th
EHS fluid, and k̂a is a component of the unit vectork̂
5k/k. Theeffectivenoise in the heated IHS fluid may, ther
fore, be described by the sum of external and internal no

ĵ(k,t)5 ĵ ex(k,t)1 ĵin(k,t), with a similar expression for
û(k,t). The noise characteristics ofĵ(k,t) and û(k,t) inter-
polatebetween two limiting behaviors and the correspond
noise strengths are given by the sum of Eqs.~15! and ~17!.

Having specified the characteristics of the noise source
the macroscopic equations, we conclude this section by s
marizing the Langevin-type equations that describe the
namics of the slow fluctuations. To do so, it is convenient
introduce the Fourier modesda(k,t)exp@ık•r# of the linear-
ized hydrodynamic equations~A1!. The mesoscopic equa
tions, valid on hydrodynamic space and time scales, i.et
@t0 andkl0!1, then take the form

] tda~k,t !5M ~k!da~k,t !1 f̂~k,t !, ~18!

where the components of the vectora are labeled witha
5$n,T,l ,'%. Here a5 l refers to the longitudinal velocity
nd
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componentul(k,t)5 k̂•u(k,t), and a5' refers to (d21)
transverse components ofu(k,t). The matrixMab with a,b
5$n,T,l ,'% is given explicitly in Eq.~A3!, and f̂ a(k,t) is
Gaussian white noise withnonvanishingcomponents fora
5T,l ,' and correlation function

V21 f̂ a~k,t ! f̂ b~2k,t8!5Cab~k!d~ t2t8!. ~19!

The noise strengthCab(k)5dabCab(k) is obtained by taking
the Fourier transform of Eqs.~15! together with Eqs.~17!,
and is only nonvanishing for the following diagonal el
ments:

CTT~k!5
4mTj0

2

dn
1

8kT2k2

d2n2
5

4TG

dn
1

8kT2k2

d2n2
,

Cll ~k!5
j0

2

n
1

2n lTk2

r
5

G

r
1

2n lTk2

r
, ~20!

C''~k!5
j0

2

n
1

2nTk2

r
5

G

r
1

2nTk2

r
,

where the NESS condition of Eq.~9!, i.e., G52g0vT
5mj0

2 , has been used.

IV. STRUCTURE FACTORS

The equal-time structure factors, introduced in Eqs.~1!,
obey the equations of motion,

] tSab~k!5(
c

$Mac~k!Scb~k!1Mbc~2k!Sac~k!%1Cab~k!,

~21!

which follows by formally integrating Eq.~18! and using Eq.
~19!. The left-hand side of Eq.~21! vanishes since the struc
ture factors do not depend on time in the NESS. The res
ing equation can be solved by spectral analysis, or num
cally. The spectral analysis is summarized in Appendix
wherewla and vla are, respectively, theath component of
the right and left eigenvectors of the hydrodynamic mat
M , andzl(k) is the corresponding eigenvalue.

Taking then the scalar product of Eq.~21! on both sides
with left eigenvectors~A5! of the Appendix, yields

(
ab

^vla~k!uSab~k!uvmb~2k!&

52(
ab

^vla~k!uCab~k!uvmb~2k!&
zl~k!1zm~k!

. ~22!

Using the completeness relation~A6! and the fact that off
diagonal elements ofCab in Eqs.~20! vanish, we obtain

Sab~k!52(
lmc

wla~k!vlc~k!Ccc~k!vmc~2k!wmb~2k!

zl~k!1zm~k!
,

~23!

which is the final result for the static structure factors. T
time correlation function~2! in the NESS reduces in a sim
lar manner to
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Fab~k,t !5(
lc

exp@zl~k!t#wla~k!vlc~k!Scb~k!. ~24!

The above result corresponds to the Landau-Placzek th
@21# for hydrodynamic correlations in the NESS.

To obtain more explicit results we need the explicit form
of eigenvalues and eigenvectors, which have only been
culated for smallk. The eigenvalue equation can be solv
numerically for any given wave number, and the results
illustrated in Fig. 1 for the two-dimensional case. Transp
coefficients, equation of statep(n,T), and pair-correlation
function at contact are obtained from Enskog’s theory
elastic hard spheres or disks. The generic features of
spectrum in Fig. 1 are the same as McNamara’s casea
5b50,’’ illustrated in Fig. 6~a! of his study@26# on hydro-
dynamics of granular materials, which corresponds to
temperature- and density-independent heat source. How
neither the equation of state, nor the transport coefficie
used in Ref.@26#, correspond to the heated fluid of inelas
hard spheres, used in the present simulations. In the hy
dynamic regime (kl0&1), all eigenvalues are found to b
negativefor nonvanishing wave numbers~see Appendix A!.
So, all modes are linearlystable.

With the help ofMATHEMATICA , the structure factors in
the steady state have been calculated numerically from
~21! with ] tSab(k)50 for a given wave number. The resul
ing structure factors are shown by solid lines in Fig. 2, a
will be tested against MD simulations in Sec. VII.

Next, we present analytic results for the dissipative
gime (kl0!g0). The eigenvalues on the largest spatial sca
can be determined as an expansion in powers ofk at a fixed
value ofg0 , with the results

z'~k!52nk2,

z6~k!57 ikvD2DSk2, ~25!

zH~k!523g0v1DHk2.

In later applications, the explicit form of the eigenvectors
M (k) is needed to lowest order ink. They read

FIG. 1. Dispersion relationszl(k)/v versusks for f50.4,
a50.9; the solid lines refer to the real parts forl5', 6, andH,
respectively. Dashed lines represent the imaginary parts of
sound-mode relaxation rates (l56). Here, l 0 /s.0.34, g0s/ l 0

.0.14, andAg0s/ l 0.0.64.
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w'~k!5~0,0,0,1!, v'~k!5~0,0,0,1!,

w6~k!5
1

A2
@1,2g~n!T/3n,6vD /n,0#,

~26!

v6~k!5
1

A2
~1,0,6n/vD,0!,

wH~k!5~0,1,0,0!, vH~k!5„g~n!T/3n,1,0,0….

The coefficientsg(n), vD , andDl with l5$',H,6% are
calculated in the Appendix. In the dissipative regime the
are two propagating sound modes (l56) with a propaga-
tion speedvD and a damping constantDS . There is akinetic
heat mode (l5H), with a long wavelength relaxation rat
zH(0)523g0v, in agreement with Eq.~11!. Therefore, on
the largest spatial scales, the temperature deviations h
decayed to zero, and temperature gradients do not e
there is no heat conduction. In addition, there are (d21)
transverse velocity or shear modes (l5'), which are purely
diffusive. The corresponding diffusivity,D'5n, has the
same form as for EHS. In Eqs.~A7!–~A10!, the coefficients
are expressed explicitly in terms of thermodynamic qua
ties and transport coefficients.

In the standard regime,kl0@g0 ~andg0 small!, the eigen-
values for shear and sound modes are to leading nonvan
ing order the same as for the EHS fluid, where the sou
waves propagate with theadiabatic sound speedvS of the
elastic fluid, which is larger than the propagation speedvD in
Eq. ~A7!. The damping of the sound and heat modes, on
other hand, are larger than in the elastic fluid due to
inelastic collisions. In the elastic regime, defined in Sec.
wherekl0@Ag0, all transport coefficients are equal to the
EHS values.

e FIG. 2. Structure factors,S'(k) andSi(k) in units T0s2/m, as
obtained from the full theory~solid lines! with externaland internal
noise. The dotted line representsSi

without(k) without internal noise
with the plateau value added~see discussion at the end of Sec. VI!.
The parameters area50.92, f50.63, andTE50.41T0 . Figure 6
shows that theSi simulation data agree much better with the so
line than with the dotted line.
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In summary, the eigenvalue spectrumzl(k) for the uni-
formly heated IHS fluid is quite different from that of th
freely evolving IHS fluid, linearized around the homog
neous cooling state@26#. In the free case, all shear mode
(l5') and the heat mode (l5H) are unstable in the dissi
pative regime~small k!, and propagating modes do not ex
for kl0!g0 . Moreover, there exist in this regime a stab
diffusive density mode and a kinetic temperature mo
which combine into two propagating modes forkl0
;O(g0), where crossover occurs from the dissipative to
standard regime. In theheatedcase, however, all modes a
linearly stable, and the sound modes remain propagatin
the dissipative regime down tok50.

V. EFFECTS OF LONG-RANGE CORRELATIONS

In this section we study static and dynamic structure f
tors and corresponding correlation functions at the larg
spatial scales. Moreover, we show by means of a mode
pling calculation, how average properties, which were cal
lated in Sec. II on the basis of a mean-field theory~i.e., the
Enskog-Boltzmann equation!, are renormalized by spatia
fluctuations.

The static structure factors have been calculated in
~23!. In thedissipative regime(kl0&g0), the relevant eigen-
values~25! and eigenmodes~26! are discussed below@Eq.
~26!#. The dominant singularity at small wave number of t
structure factorsSab(k);O(1/k2) in Eq. ~23! originates
from pairs of transverse modes, where 2z'(k)522nk2, and
from antiparallel sound modes, wherez1(k)1z2(k)5
22DSk2. We start with the transverse structure fact
where only the shear modes in Eqs.~26! contribute, and de-
duce from the equations above,

S'~k![S''~k!.
G

2rnk2
, ~27!

where the relation~20! has been used forkl0!g0 . The
structure factorsSab(k) for a,bÞ' derive their dominant
small-k behavior from two antiparallel sound modes and
obtain with the help of Eqs.~23!, ~25!, ~26!, and~20! at small
k,

Si~k![Sll ~k!.
G

4rDSk2
, ~28!

where the sound damping constant in the dissipative reg
DS has been calculated in Eq.~A9!. It depends on the inelas
ticity. The contribution of the internal noise is subdomina
in this regime. In a similar manner, we find

Sab~k!.BabSll ~k! ~k→0!, ~29!

where all nonvanishing coefficients labeled (ab)
5( l l ,nn,TT,nT) are listed in Table I. The remaining struc
ture factors are ofO(1) ask→0.

Next, we consider the spatial correlation functio
Gab(r ), which are the inverse Fourier transforms ofSab(k).
The small-k behavior ofSab(k), obtained above, enables u
to calculate the large-r behavior of the spatial correlatio
,

e

in

-
st
u-
-

q.

,

e

t

functions. The calculations are given in Appendix B. O
finds for the leading large-r behavior in three-dimensional
systems,

Gi~r !.S G

8prn D1

r
,

~30!

G'~r !.
G

16prS 1

n
1

1

2DS
D1

r
,

and in two-dimensional systems,

Gi~r !.G'~r !.
G

8prS 1

n
1

1

2DS
D lnS L

r D , ~31!

valid for r !L, whereL is the linear dimension of the sys
tem. The subleading large-r corrections to Eq.~31! are con-
stant terms, independent ofr. In the calculations given in
Appendix B, these constants depend on a cutoff wave ve
kmin52p/L, used to evaluate the divergentk integrals oc-
curring in the Fourier inversion ofSab(k). To calculate their
precise values, the subleading small-k corrections to Eqs.
~27! and ~28! are required.

The long wavelength behavior of the time-dependent c
relation functionFab(k,t) in Eq. ~24! can be evaluated in a
similar manner. We quote the result in terms of the Lapla
transformF̃ab(k,z), from which the dynamic structure facto
~3! follows. In thedissipative regime(kl0!g0), we find to
leading order for small wave numbers,

F̃''~k,z!.
S''~k!

z1nk2
,

~32!

F̃ ll ~k,z!. 1
2 (

l56

Sll ~k!

z1 ilkvD1DSk2
.

In a similar manner we obtain

F̃ab~k,z!.BabF̃ll ~k,z!, ~33!

where all nonvanishing coefficientsBab are listed in Table I.
The dynamic structure factor~3! then becomes

Snn~k,V!. 1
2 (

l56

DSk2Snn~k!

~V1lkvD!21DS
2k4

. ~34!

It contains only Brillouin peaks, coming from the soun
modes. There is no central Rayleigh peak, because the
mode is not a slow, but a fast kinetic mode in this regime.
the elastic regime,Snn(k,V) has the standard Rayleigh an
Brillouin lines of the EHS fluid.

TABLE I. CoefficientsBab in Eq. ~29!.

ab Bab

ll 1
nn n2/vD

2

TT g2(n)T2/9vD
2

nT 2g(n)nT/3vD
2
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The existence of long-range spatial correlations sho
that the NESS is quite different from a thermal equilibriu
state@19#. In fact, the spatial fluctuations also modify~renor-
malize! the mean-field predictions for the averages and
particle distribution functions. In Appendix C a mode cou-
pling calculation is presented to estimate the renormaliza
effects on the average energy per particleE

5(1/N)( i^
1
2 mv i

2& and average collision frequencyv in the
NESS, and we recall their mean-field values, i.e.,EE

5 1
2 dTE and vE given by Eq. ~A2!, i.e., vE}nx(n)ATE,

whereTE is given in Eq.~10!.
As it turns out, the fluctuation contributions,dE anddv,

are finite and well-behaved inthreedimensions, but logarith-
mically divergent in the system sizeL in two dimensions, so
thatd52 is the upper critical dimension. The mode coupli
calculations of Appendix C yield then in two dimensions, f
largeL,

TNESS.TE1
CE

4p
lnS g0L

l 0
D ,

~35!

vNESS.vE1
Cv

4p
lnS g0L

l 0
D ,

whereCE and Cv are calculated in Appendix C. The argu
ment of the logarithmg0L/ l 0 is an estimate for the ratio o
the values for the right (k;g0 / l 0) and left (kmin52p/L)
boundaries of the dissipativek range, where the small-k be-
havior in Eqs.~27! to ~29! is valid. The logarithmic correc-
tion becomes only appreciable for large systems with a
L, much larger than the so-called homogeneous coo
length l T5 l 0 /g0 , which diverges in the elastic limit. The
the renormalization corrections for small inelasticity van
asdT;e ln(eL/l0) anddv;e2 ln(eL/l0). Here, we have used
the relationsCE;e andC v;e2 for e→0, as can be deduce
from the results in Appendix C. A similar mode couplin
theory has been recently used in Ref.@20# for freely evolving
granular fluids to calculate the long-time decay of the
ergy, which deviates from Haff’s cooling law due to inh
mogeneities in the hydrodynamic fields, and good agreem
between theory and simulations was found.

Before concluding this section, we compare the theor
cal predictions for the structure factors, with and witho
internal noise in Eqs.~20! and ~21!, as shown in Fig. 2.
Inspection of Eqs.~27! and~28! shows that only the externa
noise determines their dominant small-k behavior. The ques
tion then arises, what are the effects of internal noise, an
it meaningful to include it in the theoretical description? T
answer is affirmative, as we will show below. The stea
state solution of Eq.~21! without internal noiseclearly be-
haves at small wave numbers ask22, but thek-independent
plateau values, shown by the full theory~solid lines in Fig.
2!, are missing. These plateau values represent a very s
distance correlation;d(r). Calculation of the plateau valu
for Sab(k) yields (1/n2V)^( iv iav ib&5(T/r)dab , i.e., the
self-correlation term (i 5 j ) in the definition~1! of Sab(k), or
more explicitly in Eq. ~40! below. Then, addition of this
plateau value to the numerical solution of Eq.~21! without
internal noise yields the structure factorsSab

without(k), shown
as dotted lines in Fig. 2. For the transverse velocity struc
s
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factor, the dotted line coincides with the solid line in Fig.
as can be shown analytically from Eqs.~20! and ~21!. Only
the structure factor for the longitudinal flow field,Si

without(k)
differs appreciably fromSi(k) in the relevant intermediate
regime, 0.2&ks&0.5.

In Sec. VII the simulation results will be compared wi
the theoretical predictions with and without internal nois
As it turns out, the comparison shows convincingly that t
theory with/without internal noise agrees/disagrees with
simulations.

VI. COMPUTATIONAL DETAILS

In the two subsequent sections we describe molecular
namics simulations performed to verify our theoretical p
dictions. In this section we present the computational deta
before testing our theoretical results against simulations
the next section.

The model studied here has been extensively used in c
puter simulations for the freely evolving case~no forcing!
@28–30,23#, as well as for the randomly accelerated case
one@12# and two dimensions@13#. We consider a system o
N inelastic hard disks having diameters in a two-
dimensional square cell of lengthL, with periodic boundary
conditions. The disks interact via inelastic collisions wi
coefficient of normal restitutiona. For a colliding pair (i , j )
of particles having equal masses, the postcollision veloci
are:

v i* 5v i2
1
2 ~11a!~v i j •ŝ!ŝ,

~36!
v j* 5v j1

1
2 ~11a!~v i j •ŝ!ŝ,

wherev i j 5v i2v j , the asterisk denotes velocities after co
lision, andŝ is a unit vector along the line connecting th
centers of particlej and particlei.

The energy loss in consecutive collisions, which is p
portional to e512a2, is compensated by a periodic~in
time! and instantaneous perturbation of all velocities by
random amount. After every time stepDt, the velocity of
each particle is modified according to

v i→v i1wi , 1< i<N, ~37!

where the components of the vectorswi are taken from a
random distribution of zero mean and variancew0 ~in prac-
tice, a Gaussian or a flat function of finite support!. The time
step Dt of this ‘‘heating’’ or ‘‘kicking’’ is chosen much
smaller than the mean time between successive collision
a tagged particle~typically a factor 104 smaller!, so that the
system under scrutiny reduces to that described in Sec
The opposite limit, whereDt is much bigger or comparabl
to the mean-free path, was considered in Ref.@31# ~in the
presence of an additional external damping or drag forc!,
and in that limit, clustering was observed. The relation b
tweenw0 andj0 , the variance of the noise term in Eq.~4!,
can be deduced from the energy fed into the system by
kicks. This yields straightforwardly,

j0
25

w0
2

Dt
. ~38!
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Between the heating events, the motion of the disks is f
which enables us to implement an event-driven molecu
dynamics scheme with a linked-list method@32#. The CPU
time, however, scales likeN2 because the lists in all cell
need to be updated after each heating event.

Four parameters determine the state of the system:
inelasticity e512a2, the packing fraction f
5pNs2/(4L2), the reduced lower wave number cuto
kmins52ps/L, and the heating ratej0

2 . The values ofN
investigated in this article vary between 103 and 104, and we
shall restrict our attention to high packing fractions for whi
the use of linked lists implies the most significant reduct
of computer time. We consider the cases of moderate ine
ticities (0.6,a,1) and complete inelasticity (a50). For
the latter case, inelastic collapse occurs, i.e., the collis
frequency involving only a small number of correlated p
ticles diverges, as observed first by McNamara and Yo
@29# in freely evolving fluids of inelastic hard disks. Also i
our system, for high enough inelasticity, the heating see
never sufficient to prevent the inelastic collapse. Fora
,0.5, the inelastic collapse has been avoided by introduc
a slight modification of collision rule~36!, as proposed in
@30#: in each collision, the velocities are first computed a
cording to the standard procedure (v1 ,v2)→(v1* ,v2* ); the
relative velocity v12* is then rotated by a random ang
smaller than a maximum valueQ ~typically less than a few
degrees!, keeping the center-of-mass velocity fixed. No
that this modified collision rule does not change the to
energy loss of the colliding pair, and does not introduce a
spurious drag or forcing on the particles.

The structure factors in the NESS have been computed
wave vectors compatible with the periodic boundary con
tions, i.e., of the form (2p/L)(nx ,ny). We have obtained the
density-density structure factors,

Snn~k!5
1

VK (
i , j

exp~2ı k•r i j !L
5

1

V K U(
i

exp~2ı k•r i !U2L , ~39!

and the velocity-velocity structure factor, defined as

n2Sab~k!5
1

VK (
i , j

v iav j b exp~2ı k•r i j !L . ~40!

Here, the averages are taken in the spatially uniform NE
The fluctuation dga in the momentum density,dga(k)
5( imv ia exp(2ık•r i), and those in the flow field are relate
asdga5rdua , wherer is the average mass density in th
steady state. The second rank tensorSab(k) is isotropic and
can be split into a longitudinal and transverse part,

Sab~k!5 k̂ak̂bSi~k!1~dab2 k̂ak̂b!S'~k!, ~41!

wherek̂5k/k. From Eq.~39!, it appears that the knowledg
of Snn requires the computation of anO(N) quantity. We
can rewrite the velocity-velocity structure factor so that
computation also increases linearly with the number of p
ticles. For example, for the longitudinal part ofSab(k) in Eq.
~41! we have,
e,
r
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n2Si~k!5
1

V K U(
i

~v i• k̂! exp~2ı k•r i !U2L . ~42!

In practice, the differentSaa(k) have been computed for ev
ery k lying in the diskuku,kmax56p/s, then averaged ove
shells of thicknesskmin52p/L, to achieve better accuracy
Moreover, the statistics in the NESS has been increase
averaging over time. Note that the above procedure, wh
gives insight into the microscopic to large scale structure
the system, does not require the knowledge of the hydro
namic ~coarse-grained! density and velocity fields.

VII. SIMULATION RESULTS

A. Approach and characterization of the NESS

Before addressing the question of the large scale struc
of the inelastic fluid, we investigate the validity of the ma
roscopic description given in Secs. II and V. The form
section gives the mean-field results for the steady-state t
peratureTE in Eq. ~10! and collision frequencyvE in Eq.
~A2!, based on the Enskog-Boltzmann equation. The la
section and Appendix C show how the long-range spa
fluctuations renormalize these mean-field values and lea
estimates in Eqs.~35! for the correctionsdT5T2TE and
dv5v2vE, using a mode coupling calculation.

When the system is initially prepared in a configurati
having a temperatureT0 different from the steady-state tem
peratureTE, the time dependence predicted by the me
field result ~12! is in good agreement with the numeric
data. This is shown in Fig. 3 for a system with small inela
ticity. When the initial temperatureT0 is much larger than
TE, the heating at short times is dominated by the inela
dissipation, and Eq.~12! becomes Haff’s homogeneous coo

FIG. 3. Granular temperature as a function of time fora
50.92,f50.078 (l 0 /s.3.5), andN51600 particles. The simula
tion result is compared to the analytical expression~12! ~dashed
curve!. The initial condition corresponds to a fluidlike configuratio
of elastic hard disks. HereDt53.831023 (ms2/T0)1/2.1.5
31023 t0 andw055.7731022 (T0 /m)1/2.TE is the temperature ex
pected on the basis of the Enskog theory@see Eq.~10!#. For the
above parameters, there are on average 3.7 collisions per tim
terval Dt in the NESS, andTE /T059.3.



.
n

D
-

r
u

pa

e
re
ie

itiv
ic

h

g

er
as
io
e

n

e
ea-

es is
too
-
the

-
nce

of
oint
too

.

7.
ec-
la-

ions
ed
de
ve
es
ns

, as

nd

in
ith

-
e

4334 PRE 59van NOIJE, ERNST, TRIZAC, AND PAGONABARRAGA
ing law for a freely evolving system,

T~ t !

T0
5

1

~11g0t/t0!2
, ~43!

wheret051/vE(T0) is the mean-free time in the initial state
This can be seen from the asymptotic expansion of the fu
tion f defined in Eq.~13!,

f ~x!.A3
p

2
2

3

x
for x→`. ~44!

These analytic results for short times are confirmed by M
simulations, as shown in Fig. 4. Moreover, for initial tem
peraturesT0!TE, Eq. ~12! predicts at short times a linea
increase ofT, as in a heated fluid of elastic hard spheres. O
simulations confirm this behavior.

Figure 5 shows that the measured kinetic energy per
ticle T is larger than the temperatureTE predicted on the
basis of mean-field theory. This effect is noticeable alb
small in the results reported in Figs. 3 and 4, which cor
spond to the nearly elastic limit. For the densities stud
here, we observe~see Fig. 5! that the correctiondT is posi-
tive and decreases with decreasing inelasticity. The pos
excess in temperature is already present for small inelast
~see, e.g., Fig. 4!, and vanishes ase→0. Note that the above
results are at variance with those reported by Peng and O
@13#, who find thatT/TE does not depend ona. The mea-
sured collision frequencyv is also larger than the Ensko
estimatevE, as shown in Fig. 5. The excessdv increases
with increasing inelasticity.

We first observe that the simulation data in Fig. 5, wh
bothv.vE andT.TE, cannot be explained consistently
a possible over or underestimation of the IHS pair correlat
functionx IHS at contact by its value for elastic disks. On th
basis of Eqs.~10! and ~A2!, we note that an overestimatio
of x IHS would increase the collision frequency~A2!, and

FIG. 4. Time dependence of the granular temperature obta
in the simulation for the two-dimensional system of Fig. 3, w
Dt53.831022 (ms2/T0)1/2,w051.731023(T0 /m)1/2. Compari-
son is made with Haff’s law~43! for homogeneous cooling~dashed
curve!, and with the full solution of Eq.~12! ~long-dashed curve!.
Here,TE /T050.018.
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decrease the temperature~10!. These trends are at varianc
with the observations. The discrepancy between the m
sured and predicted temperatures and collision frequenci
more likely due to large scale fluctuations, at least for not
large inelasticities (a*0.6). These long-range spatial fluc
tuations renormalize the mean-field Enskog values for
temperatureTE and collision frequencyvE by amountsdT
anddv. The theoretical estimates~35!, based on mode cou
pling arguments, show the correct trends for the depende
of these corrections on the inelasticity, i.e.,dT;e and dv
;e2 ase→0, and give a rough estimate of the magnitude
these terms as illustrated in the inset of Fig. 5. We also p
out that the system size considered in Fig. 5 is much
small for the asymptotic theory~35! to be applicable. For
instance, ata50.8, we deduce from the data (l 051.1s,L
560s) in the caption of Fig. 5 thatg0L/ l 0.4.9. Conse-
quently, the leading asymptotic term ln(g0L/l0).1.6 does not
dominate the full mode coupling contribution~C2! in Appen-
dix C, where subleading terms ofO(1) have been neglected
The corresponding ratiosg0L/ l 0 for Figs. 6 (a50.92), 8
(a50.6), and 11 (a50) are, respectively, 46, 127, and 29
This predicts for the systems in Figs. 6, 8, and 11, resp
tively, TNESS/TE.1.07, 1.41, and 1.77, whereas the simu
tions yield for the observed valuesT/TE.1.05, 1.45, and
1.5, which agrees quite well. The good agreement ata50 is
unexpected, as the theory is constructed under condit
that apply at small inelasticity. However, the renormaliz
values for the collision frequency, as predicted by the mo
coupling theory, are much too small. We find in the abo
Figs. 6, 8, and 11, respectively, for the theoretical valu
vNESS/vE.1.003, 1.06, and 1.12, whereas the simulatio
yield v/vE.1.05, 1.36, and 22.9.

For large inelasticity (a,0.5), the temperatureT and col-
lision frequencyv depend on the maximum angleQ of the
random rotations, used to avoid the collapse singularity
explained in Sec. VI. In fact,v diverges atQ50 ~inelastic
collapse!, in agreement with the observations of Peng a

ed
FIG. 5. Measured excess temperaturedT5T2TE and collision

frequencydv5v2vE versus coefficient of restitutiona, for L
560s, N5917 (f50.2, l 051.1s), and a maximal random ro
tation angleQ510°, together with the predictions of the mod
coupling theory, Eq.~35!.
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Ohta @13#. Intuitively, one expects that alarger randomiza-
tion of the postcollision velocities~larger Q) more effec-
tively destroys the correlations leading to inelastic collap
and consequentlydecreasesthe deviations inT andv from
the mean field and the mode coupling predictions. This d
happen indeed for both temperature and collision frequen
as can be seen from Table II.

B. Fluctuations in the NESS

In this section we analyze the effects of inelasticity on
large distance behavior of the fluid. We have computed
structure factors in the spatially homogeneous NESS of
inelastic hard disk fluid as explained in the previous secti
and have focused either on values ofa close to the elastic
limit, where the theoretical description is supposed to ap
or on values close to 0, in order to test how large deviati
from the theory might be. Local mean-field values, likeTE
andvE, reach their steady-state values rapidly. However,
time scale needed for the structure factorsSab(k) and the
contributions of spatial fluctuations,dT and dv, to reach
their steady-state values are diffusive, and increase askmin

22

;L2 with system size. We have checked in the simulatio

TABLE II. Collision frequency ~normalized by the Enskog
value! as a function ofQ, for a totally inelastic system (a50) with
N51600 particles, and packing fractionf50.07.

Q 1.5° 3.5° 5° 45° 90°

v/vE 8.2 7.4 7 4.3 4.3

FIG. 6. Structure factorsS' andSll ~in units T0s2/m) andSnn

~in units 1/s2) versus wave vector fora50.92, f50.63 (l 0 /s
.0.095), andN510 201. The noise strength is chosen such t
TE50.41T0 . The simulation data~symbols! have been average
over 102 successive configurations, separated by a time interva
20 collisions per particle.Sll and Sperp[S' are, respectively, the
parallel and perpendicular parts of the velocity-velocity struct
factor, defined by Eq.~40!. Comparison is made with the theoretic
expressions~full, dashed, and long-dashed curves! deduced from
Eq. ~23! ~compare also Fig. 2!. There is a dissipative regime fo
ks&g0s/ l 0.0.40, and an elastic regime forks*Ag0s/ l 0.2.1.
Here,T/TE.v/vE.1.05, whereas the mode coupling approach
Sec. V predictsTNESS/TE.1.07 andvNESS/vE.1.003.
,

s
y,

e
e
e
,

,
s

e

s

that the large scale behavior of the structure factors w
properly equilibrated before accumulating the data used
compute the averages.

First of all, we have tested the isotropy of tensor~40! by
checking that the average,

K (
i , j

~v i• k̂!~v j• k̂'! exp~ ı k•r i j !L , with k̂• k̂'50,

~45!

vanishes fork values compatible with the periodic bounda
conditions.

In Fig. 6 we show the density-density structure factor a
the relevant components of the velocity-velocity structu
factors. Forelastic hard disks the plateau values ofSaa(k)
aroundks.2 extend all the way down tok50. The excess
correlations in the dissipative regime (k&g0 / l 0), which for
S'(k) extend up tok.Ag0/ l 0 , are characteristic of the ran
domly driven inelastic fluid. Figure 6 shows that for sma
inelasticities the agreement between simulations and the
is quite reasonable. The structure factors diverge at sm
scales likek22, in agreement with the theoretical prediction
~27!–~29!. The packing fraction has been chosen fairly hi
(f50.63) but lower than the two-dimensional random clo
packing of monodisperse disksfRCP.0.82 @33#, and inside
the liquid region of the phase diagram for elastic hard dis
In addition to the gain in computer time, such a packi
fraction leads to a mean-free-pathl 0 smaller than the particle
diameters ~e.g., l 0.0.095s for f50.63). Therefore, the
hydrodynamic regime will hold up to typical particle diam
eters, enlarging the range of wave vectors where compar
between simulations and theoretical predictions is feasi
Moreover, for dense systems, a marked density structure
be expected at the molecular scale, especially at wavelen
close tos (ks.2p). Figure 7 shows that fora close to 1,
this structure is indistinguishable from the structure for el
tic hard disks. Note thatSll (k) and S'(k), although quite
structureless forks.1, show a weak and broad peak corr
lated with the maximum ofSnn(k). This feature is more
pronounced as the inelasticity increases, as shown in Figs

t

of

e

f

FIG. 7. Same as Fig. 6, withk beyond the dissipative regime
The dashed curve corresponds to the density-density structure f
of an elastic hard disk system of the same size and packing frac
~dashed curve!. All results are deduced from MD simulations.
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and 13. As the molecular structure of the fluid has not b
taken into account in the long wavelength hydrodynamic
proach of Sec. IV, the present theory cannot explain
structure in Figs. 10 and 13, and the structure factors
dicted by the theory reach a plateau in the elastic reg
(kl0*Ag0), given by

Snn~k!→n2 T x
T
,

~46!

Sab~k!→
T

r
dab ,

wherex
T
5(]n/]p)T /n is the isothermal compressibility o

the elastic hard disk fluid. Fora close to 1, the above limit-
ing behavior is observed numerically forSll or S' , and for
Snn , only in the limit of small packing fraction, where th
molecular structure disappears.

When the inelasticity is increased, the structure fact
exhibit the samek22 behavior at large scale, but the theore
ical expressions are less accurate~see Fig. 8!. However, the
theoretical curves are based on the Enskog estimateTE for

FIG. 8. Structure factors fora50.6, f50.55 (l 0 /s.0.15),
N510 201, andTE51.0T0 . The lines are the corresponding the
retical predictions. The measured temperatureT/TE.1.45 and our
mode coupling theory givesTNESS/TE.1.41. Units as in Fig. 6.

FIG. 9. Same as Fig. 8 where for the theoretical express
~lines!, the temperature has been set to the measured kinetic en
per particle,T.1.45TE .
n
-
e
e-
e

s
-

the granular temperatureT, whereas for the system corre
sponding to Fig. 8,T.1.45TE. Our mode coupling theory
predicts hereTNESS.1.41TE. Figure 9 displays the compari
son between theory and simulation when the measu
granular temperature is taken as an input for the hydro
namic description. It appears that the large scale correlat
~for which the present theory has been constructed! are well
described by the theory, as long as the temperature is
rected from the mean-field Enskog prediction~10! to the
measured valueT. In the case ofS' , the amplitude only
depends on the shear viscosity. The good agreement o
amplitude when the temperature is rescaled, while keep
for the shear viscosity the elastic hard disk value, sugg
that the dependence of the shear viscosity on the inelast
could be attributed only to the change in temperature. At
molecular scale,Sll (k) andS'(k) appear to be correlated t
the density-density structure factor~see Fig. 10!, in marked
contrast to the elastic situation, where a plateau value wo
be reached. Such an effect is beyond the scope of our hy
dynamic approach, and is currently under investigation.

Surprisingly, in the case of complete inelasticity (a
50), the theoretical structure factors give a reasonable

s
rgy

FIG. 10. Same as Fig. 8 beyond the dissipative regime.
theoretical structure factors are not displayed.

FIG. 11. Structure factors fora50, f50.63, N510 201, and
TE50.76T0 . Comparison is made with the hydrodynamic theo
~lines!. Here,T/TE.1.5, whereas mode coupling givesTNESS/TE

.1.77. Units as in Fig. 6.
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ture of the large wavelengths correlations in the fluid@espe-
cially for the longitudinal velocity componentSll (k), as
shown in Fig. 11#. When the theoretical structure factors a
deduced from the measured granular temperatureT.1.5TE
and not fromTE ~our mode coupling theory predictsTNESS
.1.77TE), the agreement forS'(k) improves, but the mis-
match forSll (k) increases~see Fig. 12!. At small scales, the
density correlations differ significantly from the elastic on
~Fig. 13! and the velocity structure factors exhibit the osc
latory behavior already present in Fig. 10, with peak po
tions locked in on the peaks inSnn(k). As can be expected
from Figs. 11 and 12, the large scale correlations are c
patible with the expectedk22 law ~see Fig. 14! unlike the
results of Peng and Ohta who report ak21.4 asymptotic be-
havior for a50. However, a log-log plot such as Fig. 1
does not allow an accurate evaluation of the scaling ex
nents. Thek22 law is better inferred from the direct com
parison with theory~Figs. 6,9,12!.

Before concluding this section we compare the struct
factors for the longitudinal flow fields, obtained from M

FIG. 12. Same as Fig. 11, where the simulation data~symbols!
are compared to the theoretical predictions~lines! for which the
temperature has been set to the measured kinetic energy pe
ticle, T.1.5TE .

FIG. 13. Structure factors up to the molecular scale, for
same parameters as in Fig. 11.Snn for elastic hard disks and th
same packing fraction has also been plotted~crosses!. Units as in
Fig. 6.
i-

-

o-

e

simulations with two different theoretical predictions in Fi
2, obtained by including or excluding internal noise. Fir
observe that all parameters in Fig. 2 and Fig. 6 are identi
as well as units on both axes. The simulation results
Si(k) in Fig. 6 are in excellent agreement with the theoreti
prediction~dashed line!, which corresponds to the solid lin
in Fig. 2 ~internal plus external noise!. The dotted line~with-
out internal noise! for Si

without(k) in Fig. 2 disagrees with the
simulations in the relevant interval 0.2&ks&0.5.

Hence, inclusion of internal noise extends the validity
the asymptotic theory to intermediate wave numbers.

VIII. CONCLUSION

We have presented a theory for the large scale dynam
of a granular fluid that is driven into a nonequilibrium stea
state by a random external force. Our description combi
the macroscopic equations of motion for the hydrodynam
fields, accounting for energy dissipation through inelas
collisions and uniform heating, together with the fluctuati
forces. The long-range character of the spatial correla
functions is determined by the small wave number div
gence;k22 of the corresponding structure factors. Thisk22

behavior is typical for systems that combine conserving
terministic dynamics~conservation of particle number an
momentum in collisions! with nonconserving noise@34#,
thus violating the fluctuation-dissipation condition, and is g
neric for rapid granular flows that are driven by extern
noise. We also draw attention to the analogy of our equati
of motion for the fluctuating fields to the Edwards-Wilkinso
model @35# that was proposed for growth of a granular su
face. In that case the dynamic variable is a scalar fie
namely, the height of the surface that obeys a similar eq
tion of motion as any of the (d21) components of the trans
verse velocity field,u'a(k,t), in our case. The only differ-
ence is that in the Edwards-Wilkinson model there is o
nonconserving noise, whereas in our case both noncons
ing ~external! and conserving~internal! noise are present.

We have tested our predictions for the structure fact
against molecular dynamics simulations and have dem

ar-

e

FIG. 14. log10uS2Sminu versus log10(ks), for the same param-
eters as in Fig. 11. HereSmin denotes the lowest value of structu
factorS. The full, dashed, and long-dashed curves refer toSnn , Sll ,
andS' , respectively. Units as in Fig. 6.
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strated that there is quantitative agreement over the w
wave-number range, if internal fluctuations are taken i
account. In our two-dimensional simulations we have fou
deviations in the steady-state temperature and collision
quency that grow with the inelasticity and the system si
For not too large inelasticities (a*0.6), we have explained
these deviations in terms of mode coupling effects of
long-range fluctuations.

The phenomenological mode coupling theory, propo
in @20# and extended here to the driven IHS fluid, starts fro
the same basic ingredients as in the case of elastic fluids@36#,
where that theory was used to calculate the long-time tail
the velocity autocorrelation function and other curre
current time correlation functions. For the elastic case
mode coupling theory can be derived from thering kinetic
theory in the low-density limit@37#, which accounts for dy-
namic correlations built up by sequences of correlated bin
collisions, leading to nonlocal effects in space and tim
Such collision sequences correct the mean-field-type Bo
mann or Enskog kinetic equations for the errors induced
the breakdown of the molecular chaos assumption. The
kinetic theory for rapid granular flows of IHS has been d
veloped in Ref.@38#, but has not yet been used to derive t
present phenomenological mode coupling theory from
more fundamental kinetic theory, valid in the low-dens
limit.

In detailed balance models, such as elastic hard sph
dynamic correlations created by correlated collision
quences lead to long-time tails, which imply that transp
coefficients in two dimensions diverge as lnL for large sys-
tems@36,37#.

Nondetailed balance models, such as IHS fluids, gen
cally exhibit long-range spatial correlations@19#. In ran-
domly driven IHS fluids, as studied in this paper, these c
relations between densities and flow fields at distant point
the fluid behave as 1/r in 3D and lnr in 2D, and already
modify ~renormalize! the mean-field Enskog-Boltzmann va
ues for steady-state properties, such as the temperature
collision frequency. In 2D systems these renormalizat
corrections,dT and dv, exhibit the lnL divergence, which
in the case of detailed balance models appears only in
transport coefficients@19#.

At larger inelasticity (a&0.6), molecular chaos is als
violated due to the presence of short-range velocity-velo
correlations~see Fig. 13!, which are beyond our mode cou
pling theory. A detailed investigation of the small sca
structure, which for large inelasticity clearly deviates fro
an equilibrium structure, will be reported in a subsequ
publication. It is surprising that our description, which
based on the Enskog theory and neglects any dependen
transport coefficients on inelasticity, even ata50 predicts
the long-range structure reasonably well, provided that
temperature is not taken as the mean-field Enskog value
set equal to the value measured in the simulations.
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APPENDIX A

In this appendix we derive expressions for the transp
coefficients that govern the decay of fluctuations in t
steady state. Linearization of the macroscopic equations~6!
around the NESS, defined in Eqs.~9! and ~10!, gives the
deterministic part of the following set of equations:

] tdn52n“•u,

] tu52
1

r
“p1n¹2u1~n l2n!““•u1 ĵ, ~A1!

] tdT5
2k

dn
¹2dT2

2p

dn
“•u2dG1 û.

The noise termsĵ(r,t) and û(r,t) have been discussed i
Sec. III. The pressurep is assumed to be that of EHS,p
5nT(11Vdxnsd/2d), where Vd52pd/2/G(d/2) is the
d-dimensional solid angle, andx(n) is the equilibrium value
of the pair-correlation function of EHS of diameters and
massm at contact. The kinematic and longitudinal viscositi
n and n l , as well as the heat conductivityk, are also as-
sumed to be approximately equal to the corresponding qu
tities for EHS, as calculated from the Enskog theory@22#,
where rn5h and rn l52h(d21)/d1z are expressed in
shear viscosityh and bulk viscosityz. The collisional en-
ergy loss in Eq.~7!, G52g0vT, is proportional to the col-
lision frequency

v5Vdxnsd21A T

pm
, ~A2!

as obtained from the Enskog theory. In two dimensions
use the Verlet-Levesque approximationx5(127f/16)/(1
2f)2.

By taking spatial Fourier transforms da(k,t)
5*dr da(r,t)exp(2ık•r) in Eqs.~A1!, one obtains the me
soscopic equation~18! with the hydrodynamic matrix

M ~k!

52S 0 0 ikn 0

g0vg~n!T/n 3g0v1DTk2 ik2p/dn 0

ikvT
2/n ikp/rT n lk

2 0

0 0 0 nk2

D .

~A3!

It contains the coefficients

g~n!52S 11
n

x

dx

dnD ,

vT
25S ]p

]r D
T

, ~A4!

DT5
2k

dn
.
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In the body of the paper we need the eigenvalueszl(k) of
the asymmetric matrixMab(k), and its right and left eigen
vectors, which are obtained from

M ~k!wl~k!5zl~k!wl~k!,
~A5!

MT~k!vl~k!5zl~k!vl~k!,

where MT is the transpose ofM . Here l56 labels the
sound modes,l5H labels the heat mode, andl5' labels
(d21) degenerate shear or transverse velocity modes.
eigenvectors form a complete biorthonormal basis, i.e.,

(
a

vla~k!wma~k![^vluwm&5dlm ,

~A6!

(
l

uwl~k!&^vl~k!u5I .

Moreover, the eigenvalue equation, det@z(k)I2M (k)#50, is
anevenfunction ofk. Consequently,M (k) andM (2k) have
the same eigenvalues, which are either real or form a c
plex conjugate pair. So we choosezl(k)5zl(2k)5zl(k).
The corresponding eigenvectors ofM (2k) in case of the
sound modes are obtained from the transformation$w1

(2k),v2(2k)%↔$w2(k),v1(k)%. All other eigenvectors
are invariant under the transformationk→2k.

By setting z(k)50 in the eigenvalue equation, one ca
verify that there are no zero crossings at any finite wa
number. So, all eigenvalues have a definite~herenegative!
sign. Consequently, all modes of the heated IHS fluid
linearly stable. There isno clustering instability@23,28# and
no instability in the flow field@23#, as in the freely evolving
IHS fluid.

In thedissipative regime(kl0!g0), the eigenvalue equa
tion is solved by an expansion in powers ofk, and one finds
to dominant orders the eigenvalues in the form~25! and
eigenvectors in the form~26!. The eigenmodes to dominan
nonvanishing order ink are listed in Eq.~26!. There are (d
21) transverse velocity or shear modes (l5'), which are
purely diffusive with a diffusivity D'5n; there are two
propagating modes (l56) with a speed of propagationvD ,
and sound damping constantDS , and akinetic heat mode
(l5H) with a nonvanishingzH(0).

For later reference we also express these coefficient
thermodynamic quantities and transport coefficients. T
speed of soundvD in the dissipativeregime (kl0!g0) is

vD
2 5S ]p

]r D
T

2
2p

3r S 11
n

x

dx

dnD . ~A7!

It satisfies the inequalityvD,vS , wherevS is the adiabatic
speed of sound in thestandardregime (g0!kl0,1),

vS
25vT

21S 2p

dnD S p

rTD5S ]p

]r D
S

. ~A8!

The damping constant of the sound modes is

DS5 1
2 n l1

p

9g0vrS 11
n

x

dx

dn
1

3p

dn TD , ~A9!
he

-

e

e

in
e

and the dispersion relation for the kinetic heat mode conta
the positive constant

DH52
2k

dn
1

2p

9g0vrS 11
n

x

dx

dn
1

3p

dn TD . ~A10!

The ratiosvD
2 /T, vS

2/T, DS /AT, andDH /AT are indepen-
dent of temperature.

APPENDIX B

In this appendix we calculate the tails of the spatial c
relation functionsGab(r), which is done by Fourier inver-
sion of Sab(k). Consider first the tensor fieldsGab(r) and
Sab(k) in Eq. ~1! with daa(r,t)5ua(r,t) (a,b5x,y, . . . )
being the components of the flow field. Both tensor fields
isotropic and can be split into longitudinal and transve
components, i.e.,

Gab~r!5 r̂ a r̂ bGi~r !1~dab2 r̂ a r̂ b!G'~r !

5E dk

~2p!d
exp~ ık•r!@ k̂ak̂bSi~k!

1~dab2 k̂ak̂b!S'~k!#, ~B1!

where the small-k behavior ofS'(k) and Si(k) is given in
Eqs. ~27! and ~28!. By contracting the second line abov
with r̂ a r̂ b , we obtain

Gi~r !5E dk

~2p!d
exp~ ık•r!@~ k̂• r̂!2Si~k!

1@12~ k̂• r̂!2#S'~k!#. ~B2!

Contraction of the second line of Eq.~B1! with (dab

2 k̂ak̂b) yields in a similar manner an expression forG'(r ).
In three dimensions thek integral can be performed ex

plicitly and yields

E dk

~2p!3

exp~ ık•r!

k2
5

1

4pr
,

~B3!

E dk

~2p!3

exp~ ık•r!

k2
~ k̂• r̂!250.

The resulting large-r behavior ofGab(r) is given in Eqs.
~30!.

In two dimensions the integral in Eq.~B2! over the azi-
muthal angle yields for larger,

E dk

~2p!2

exp~ ık•r!

k2
5

1

2pEkmin

` dk

k
J0~kr !

.
1

2p
lnS L

r D1O~1!,
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E dk

~2p!2

exp~ ık•r!

k2
@12~ k̂• r̂!2#

5
1

2pr Ekmin

` dk

k2
J1~kr !.

1

4p
lnS L

r D1O~1!.

~B4!

In two dimensions thek integral diverges fork→0. It should,
in fact, be restricted tok>kmin52p/L, which is the smallest
allowed wave number when periodic boundary conditio
are imposed. To obtain the last equalities one needs
small-z behavior of the Bessel functionsJn(z).(z/2)n/G(n
11) @39#. Combining these results with Eq.~B2! yields for
large r,

Gi~r !.G'~r !.
G

8prS 1

n
1

1

2DS
D lnS L

r D . ~B5!

The remaining spatial correlation functionsGab(r ) involving
a,b5$n,T%, are scalar fields. Their large-r behavior is given
by

Gab~r !5E dk

~2p!d
exp~ ık•r!Sab~k!

5
GBab

8prDS
H ln~L/r ! ~d52!

1/2r ~d53!,
~B6!

whereBab(k) is given in Table I. The subleading correction
of O(r 0) depend on the cutoffkmin . To evaluate these term
requires the subleading small-k behavior ofSab(k) in Eqs.
~27! to ~29!.

APPENDIX C

In this appendix we present a mode coupling calculat
to estimate the contributions of the long wavelength fluct
tions in the NESS to some quantityh. Examples are the
particle distribution functions, the energy per particleE, and
the collision frequencyv. The fluctuations are correlate
over large distances, as a consequence of sequences
dynamically correlated collisions, the so-called ring co
sions@40#, as shown in Sec. V by explicit calculation of the
spatial tails.

To calculate their contributions to average quantities l
h, one may solve the ring kinetic equations@38#, or estimate
these quantities from a more phenomenological mode c
pling approach, as developed in Ref.@36#. The basic assump
tion made there is that the state of the system rapidly dec
to a state of local equilibrium, described by the fluctuati
hydrodynamic fieldsa(r,t)5$n(r,t),ua(r,t),T(r,t)%.

For the quantity under consideration this can be imp
mented by representingh5(1/V)*dr h(r), and approximat-
ing h(r) by its value in local equilibrium, i.e.,

hNESS5
1

VE dr^hl„a~r!…&, ~C1!

where the average is taken over the fluctuating hydro
namic fieldsa(r) in the NESS. To carry out the average ov
s
he

n
-

ver

e

u-

ys

-

-
r

the fluctuations, we expandhl(a) in powers of the fluctua-
tions da5a2^a& around the NESS, yielding

hNESS.hl~^a&!1
1

2VE*
dr^da~r!db~r!&Aab

5hl~^a&!1
1

2E* dk

~2p!d
Sab~k!Aab , ~C2!

where summation convention for repeated indices has b
used. Here Aab is the matrix of second derivative
]2hl(a)/]a]a at a5^a&. The asterisk indicates thatk inte-
grals are restricted to the long wavelength range,k,g0 / l 0 ,
the so-called dissipative range, discussed below~16!. In this
range the structure factors have the formSab(k).Eab /k2 on
account of Eqs.~27! to ~29!.

For dimensionalityd>3 the fluctuation contributiondh
5hNESS2hl(^a&) is convergent at smallk, and gives only
small well-behaved corrections tohl(^a&). However, ford
52, thek integral diverges logarithmically at smallk ~where
k*2p/L), and the excessdh is given by

dh.
AabEab

4p E
2p/L

g0 / l 0dk

k
.

AabEab

4p
lnS g0L

l 0
D . ~C3!

Consequently, the fluctuation contributiondh in 2D systems
is a singular function of the system sizeL that diverges in the
thermodynamic limit.

We first apply the above results to the energy per parti
E5(1/N)*dr el„a(r)…, whereel(a)5 1

2 ru21(d/2)nT is the
energy density in local equilibrium. Fromel(a), the expan-
sion coefficients corresponding tohl(^a&) and Aab in Eq.
~C2! can be calculated, to yield ind52:

dE.
1

2nE* dk

~2p!2
@rS'~k!1rSll ~k!12SnT~k!#.

~C4!

Inserting Eq.~27! to ~29! then yields

dE.
g0vETE

4pn F1

n
1

1

2DS
S 11

2BnT

r D G lnS g0L

l 0
D , ~C5!

where the coefficientBnT is listed in Table I.
For the collision frequency the analog of Eq.~C1! is v

5(1/N)*dr^n(r)v l„a(r)…& with v l(a)}nx(n)AT given in
Eq. ~A2!. This gives in two dimensions:

dv.
1

2nE* dk

~2p!2
@Snn~k!Ann12SnT~k!AnT1STT~k!ATT#

.
g0vETE

8pnrDS
@BnnAnn12BnTAnT1BTTATT# lnS g0L

l 0
D ,

~C6!

where the coefficientsBab are given in Table I,
and Ann5]2(nv)/]n2, AnT5]2(nv)/]n ]T, and ATT
5]2(nv)/]T2 at a5^a&.
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The same method can be used to calculate other avera
as well as particle distribution functions. For instance,
the single-particle distribution function, the starting po
would be
od

ev

al
at.

J

,

.
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es,
r
t

f NESS~v !5~1/V!E dr^ f l„vua~r!…&, ~C7!

and the above procedure can be applied at once.
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We present a molecular-dynamics and kinetic theory study of granular material, modeled by inelastic hard
disks, fluidized by a random driving force. The focus is on collisional averages and short-distance correlations
in the nonequilibrium steady state, in order to analyze in a quantitative manner the breakdown of molecular
chaos, i.e., factorization of the two-particle distribution function,f (2)(x1 ,x2).x f (1)(x1) f (1)(x2) in a product
of single-particle ones, wherexi5$r i ,vi% with i 51,2 andx represents the position correlation. We have found
that molecular chaos is only violated in a small region of the two-particle phase space$x1 ,x2%, where there is
a predominance of grazing collisions. The size of this singular region grows with increasing inelasticity. The
existence of particle- and noise-induced recollisions magnifies the departure from mean-field behavior. The
implications of this breakdown in several physical quantities are explored.
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I. INTRODUCTION

The interesting phenomena observed in recent exp
ments with mono- and multi-layers of granular material
vibrating plates@1–4# show the need to develop kinetic the
ries for rapid granular flows with mechanisms for ener
input, different from those in shear flows or flows throu
vertical pipes. In the present paper, the fluidization is driv
by a random external force, which gives frequent kicks
each particle in between collisions. Such a driving mec
nism has recently been studied by many authors@5–11#. The
basic physical interest is the understanding of the none
librium stationary states~NESS! that exist in the presence o
this random force. The advantage of this fluidization mec
nism, besides its potential physical realizations, lies in
fact that the NESS is linearly stable against spatial inhom
geneities.

In Ref. @10#, to which we will refer to as paper I, we hav
studied the large-scale structure and presented a hydr
namic description of randomly driven granular fluids, mo
eled as systems of smooth inelastic hard spheres~IHS!. The
IHS model accounts for two essential features of granu
matter: hard-core exclusion and dissipative collisions@12#.
The dynamics is described by a constant coefficienta of
normal restitution. In collisions, a fraction of the relativ
kinetic energy is lost, which is proportional to the inelastic
e512a2. The stochastic external force compensates
energy loss, and drives the IHS fluid into a NESS. This s
tionary state, though homogeneous and stable against sp
fluctuations on large space and time scales~at least for
weakly inelastic spheres!, was shown to exhibit long-rang
spatial correlations in density, velocity, and granular te

*Unité Mixte de Recherche UMR 8627 du CNRS.
1063-651X/2001/65~1!/011303~19!/$20.00 65 0113
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perature fields that extend much beyond the mean free p
In fact, the corresponding structure functionsS(k) diverge as
1/k2 as the wave-numberk→0, a behavior caused by th
random external force, which does not conserve momen
whereas the collisions between particles do. These lo
range correlations are of algebraic form,;1/r d22, which
corresponds to lnr in two dimensions (d52). The existence
of such extremely long-range spatial correlations is one
ample of the many nontrivial properties of nonequilibriu
stationary states in general@13,14#.

Differences in the stationary states between fluids w
dissipative and conservative interactions also manifest th
selves in the kinetic properties of the fluid, such as the
locity distribution function, which deviates from a Maxwel
ian, in particular, in the high-energy tail of the distributio
In Ref. @9#, the existence of an overpopulated high-ene
tail f̂ ;exp@2Cv3/2#, whereC is a constant that depends o
the inelasticity, has been obtained from kinetic theory.
similar behavior has been observed experimentally at h
vibrational accelerations@3,4#. This observation indicates
that certain features of the experiment might be reprodu
by modeling the input of energy into the horizontal motion
the beads by a random external force, although other en
injection mechanisms that could be relevant to recover
large-velocity tail have been put forward@15#. In similar ex-
periments@2#, with a vertically vibrating plate covered with
monolayer of steel balls with a packing fraction around 50
the velocity distribution of the horizontal velocities has be
measured, and again, overpopulated non-Gaussian h
energy tails have been observed. In the present paper, we
investigate the kinetic properties and short-scale correlat
that characterize the stationary state. More specifically,
will compare molecular-dynamics~MD! simulations of in-
elastically colliding disks with analytic predictions based
the assumption of molecular chaos.
©2001 The American Physical Society03-1
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PAGONABARRAGA, TRIZAC, van NOIJE, AND ERNST PHYSICAL REVIEW E65 011303
The Boltzmann equation for dilute gases of particles t
interact via short-ranged repulsive interactions is based
the assumption ofmolecular chaos, also called the Stosszah
ansatz or mean-field approximation. It assumes that the
locities of colliding particles just before collisions are unco
related, i.e., their pair-distribution function factorize

f̂ (2)(x1 ,x2 ,t)5 f̂ (x1 ,t) f̂ (x2 ,t), where xi5$r i ,vi% denotes
the position and velocity of particlei. Enskog’s extension o
the Boltzmann equation to a dense system of hard sph
@16#, referred to as Enskog-Boltzmann equation, is a
based on the fundamental assumption of the absence o
locity correlations. Here, the assumption of molecular ch

postulates that f̂ (2)(x1 ,x2 ,t)5x f̂ (x1 ,t) f̂ (x2 ,t) for ap-
proaching particles (v12•r12,0) just beforecollision (r 12
5s10), where x is assumed to be the radial pai
distribution function at contactg(r 125s10) in local equi-
librium. It implies theadditionalassumption that spatial cor
relations between colliding particles just before collision a
independent of their velocities, i.e., the absence of posit
velocity correlations. The Enskogx factor enhances the co
lision frequency at higher densities. For dilute gases, the
sumption of molecular chaos seems to be justified. Rece
Lutsko @17# and Soto and Mare-schal@18# derived for a
freely evolving inelastic hard disk fluid a relation betwe
pre- and post-collision radial distribution function at conta
as a function of the angle,u5cos21(v̂12• r̂12), between the
relative velocityv12 of the colliding particles, and their rela
tive position at contactr12, and they confirmed their result
by MD simulations. Their observations made it clear th
further arguments are needed to clarify the meaning of thx
factor in Enskog’s formulation of the molecular chaos a
sumption. This will be done in Sec. II A.

The breakdown of molecular chaos at higher densitie
classical fluids with conservative forces has been extensi
investigated in the 1960s and 1970s@19#. This breakdown is
caused by sequences of correlated binary collisions, the
called ring collisions@20#. They lead to long-time tails in
velocity and stress autocorrelation functions@21,22#, and to
long-range spatial correlations in NESS@13#. The quantita-
tive effects of velocity correlations on transport coefficien
at liquid densities are also significant. For instan
molecular-dynamics simulations on elastic hard-sphere
tems at liquid densities@23# have shown that the long- tim
tails increase the measured self-diffusion coefficientD typi-
cally by 15 to 20 % with respect to the prediction of th
Enskog theoryDE5DB /x, whereDB is the Boltzmann value
of the self-diffusion coefficient.

A well-known example of short-scale structure in granu
fluids are the position-velocity correlations leading to t
phenomenon of inelastic collapse@24,25#, which is adiver-
genceof the collision frequencyv in a finite time. The col-
lapse singularity implies that an infinite number of collisio
occurs within a finite-time interval in a subset of~nearly!
touching particles, ordered in linear arrays. The phenome
is, however, an artifact of the assumption that the coeffic
of restitution a is independent of the impact velocitie
whereas on physical groundsa(v12)→1 ~elastic limit!, as
the relative velocityv12 vanishes. Molecular-dynamics simu
01130
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lations have shown that the assumption of molecular chao
also violated in undriven granular fluids in their late stages
evolution, the so-called nonlinear clustering regime. For
stance, the measured distribution of impact parameters is
uniform, as expected on the basis of molecular chaos,
biased toward grazing collisions@26–28#.

As shown below, in the driven IHS fluid there is an im
portant additional reason for the breakdown of molecu
chaos, namely, the strong increase in collision frequenc
small relative velocities between two isolated particle
caused by the so-called noise- induced re-collisions. T
correction to the collision frequency, that is important at
densities, is also neglected in the molecular chaos assu
tion.

The main goal of this paper is to quantify, analyze, a
interpret the effects of the breakdown of molecular chaos
the NESS of inelastic hard spheres that are subject to a
dom external force between collisions. We will focus in pa
ticular on velocity-velocity correlations and position-veloci
correlations between particles almost in contact, i.e.,
short-scale structure.

Section II presents the analytic results, based on
Enskog-Boltzmann equation, which has been modified to
count for the external energy input. In Sec. III, we prese
molecular-dynamics results for several quantities that ch
acterize the collision processes and related short-scale s
ture of the NESS, and make a comparison with predictio
based on molecular chaos.

II. KINETIC THEORY FOR THE NESS

A. Molecular chaos and Enskog approximation

The Enskog-Boltzmann equation for the single-parti
distribution f̂ (v1 ,t) in a spatially homogeneous random
driven fluid of inelastic hard spheres of diameters reads in
d52 or 3 dimensions@9#

] t f̂ ~v1 ,t !5nxsd21E dv2E dŝQ~v12•ŝ!~v12•ŝ!

3H 1

a2
f̂ ~v1** ,t ! f̂ ~v2** ,t !2 f̂ ~v1 ,t ! f̂ ~v2 ,t !J

1
j0

2

2 S ]

]v1
D 2

f̂ ~v1 ,t !, ~1!

wherev125v12v2 andn the number density. The Heavisid
function Q(x) restricts theŝ integration to the hemispher
v12•ŝ.0, whereŝ is the unit vector along the line of cen
ters of the colliding spheres at contact, pointing from parti
2 to 1. In the sequelâ5a/uau denotes a unit vector. The gai
term of the collision integral describes therestituting colli-
sions that convert the precollision velocities (v1** ,v2** ) into
(v1 ,v2), while the loss term describes thedirect collisions,
and contains the precollision velocities (v1 ,v2) leading to
postcollision velocities (v1* ,v2* ). The postcollision and resti
tuting velocities have been defined in@29#. Thex factor will
be discussed below.
3-2
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RANDOMLY DRIVEN GRANULAR FLUIDS: . . . PHYSICAL REVIEW E 65 011303
As derived in@9#, the Fokker-Planck term accounts for th
external energy input, and describes diffusion in veloc
space with a diffusivity proportional to the rate of ener
input j0

2 per unit mass. Here,j0 is the strength of the random
driving force, which is assumed to be Gaussian white no
@9,10#.

Before studying the short-scale structure, we consider
single- particle distribution functionf̂ (v) in the NESS. The
stationary solution of Eq.~1! is determined by the balanc
mj0

25G, of external heatingmj0
2, and internal loss of energ

due to collisions,G. It is characterized by a time-independe
temperatureT5^mv2/d& defined as the average kinetic e
ergy per particle, and discussed in paper I. As mentione
the introduction, this stationary solution exhibits an ov
populated high-energy tailf̂ ;exp@2Cv3/2#. The structure of
the tail distribution is determined by collisions of very ene
getic particles with ‘‘thermal’’ particles, and may be obtain
by neglecting the gain term in the Boltzmann equation@9#.

In Ref. @9#, f̂ (v) has been calculated by solving th
Enskog-Boltzmann Eq.~1! by an expansion in Sonine poly
nomials. To formulate this result, it is convenient to intr
duce a rescaled distribution functionf (c), defined by f̂ (v)
[@1/v0

d# f (c) with c[v/v0, wherev0[A2T/m is the thermal
velocity andd the dimensionality. This gives

f ~c!5w~c!H 11a2F1

2
c42

1

2
~d12!c21

1

8
d~d12!G1•••J ,

(2)

where the Maxwellianw(c)[p2d/2exp(2c2). Note thata2 is
proportional to the fourth cumulant of the scaling formf (c),
i.e.,

a25
4

d~d12! F ^c4&2
1

4
d~d12!G5

4

3
@^cx

4&23^cx
2&2#,

~3!

and vanishes in the elastic limit. An explicit calculation
linear order ina2 gives @9#

a25
16~12a!~122a2!

73156d224ad2105a130~12a!a2
. ~4!

In the next section, this prediction will be tested agai
molecular-dynamics simulations.

Consider first the exact expression for the mean collis
frequency in the homogeneous NESS, defined as

v5nsd21E dv1E dv2E dŝQ

3~2v12•ŝ!uv12•ŝu f̂ (2)~v1 ,v2 ,s!, ~5!

where f̂ (2)(v1 ,v2 ,s) is the dynamic or constrainedpair-
distribution function with velocities aiming to collide, jus
beforecontact withr125s. Molecular chaos, also referred to
as mean-field theory, requires the complete factorization
the dynamic precollisional pair function,
01130
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f̂ (2)~v1 ,v2 ,s!5x f̂ ~v1! f̂ ~v2!. ~6!

What is the meaning of thex factor, used in formulating the
molecular chaoshypothesis? This hypothesis fordilute gases
concerns the absence of correlations inprecollision veloci-
ties, and inprecollisionpositions (x51). In dense fluidson
the other hand, the precollision position correlationx is dif-
ferent from 1, but the precollision velocity-velocity an
position-velocity correlations are still assumed to be abse

In the literature, it is common to takex equal to the radial
distribution function at contact inlocal equilibrium, i.e., x
5xE[geq(r→s10), which mainly accounts for precolli
sion hard-core exclusion effects. For hard disks and h
spheres, the latter function is approximately given by
Verlet-Levesque~2D! and Carnahan-Starling~3D! approxi-
mations@31#,

xE~f!5S 12
7

16
f D Y ~12f!2 ~2D!,

xE~f!5~22f!/2~12f!3 ~3D!, ~7!

where the packing fraction ind dimensions is defined asf
5n(s/2)dVd /d, andVd52pd/2/G(d/2) is the surface area
of a d-dimensional unit sphere. In this paper, we refer to
molecular chaos approximation withx5xE, as theEnskog
approximation.

In principle, different options are open for thex factor. As
f̂ (2) is the dynamic precollision pair-distribution function
contact, an alternative choice for thex in the factorized form
could be the dynamic precollision radial distribution functio
at contact, defined as an average over the precollision he
sphere,

x (2)[@2/Vd#E dv1E dv2E dŝQ~2v12•ŝ! f̂ (2)~v1 ,v2 ,s!.

~8!

Another option could be the unconstrained radial distrib
tion, g(r ), in the NESS, extrapolated to contact (r→s). This
function is further discussed in Sec. II D.

For the randomly heated fluid under study here, the
namics is not purely hard-sphere like. The random force a
ing on the particles may be expected to contribute to
value of the pair- distribution function at contact. This effe
will be addressed in the subsequent sections.

Equation~5! with f̂ (v) replaced by the Maxwellian, yields
for the collision frequency in the molecular chaos appro
mation vmc(T)5xv0(T) , and more specifically, in the
Enskog approximation,

vE~T!5xEv0~T!. ~9!

Here, the Boltzmann collision frequency for dilute gases
given by

v0~T!5Vdnsd21AT/pm, ~10!

and the small correction ofO(a2) appearing in Eq.~2! has
been neglected.
3-3
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Spatial correlation functions in nonequilibrium stationa
states are quite different from local equilibrium ones, a
show long-range correlations due to correlated sequence
ring collisions, also referred to as mode-coupling effe
@13#. In paper I, we have shown the existence of verylong-
range correlations;1/r d22 in the randomly driven IHS
fluid. Theshort-range correlations in the NESS may, in pri
ciple, be obtained from the ring kinetic equation for IHS~see
Ref. @29#!. However, systematic methods to evaluate co
sion integrals and pair-correlation functions at short d
tances using this ring kinetic theory have not yet been de
oped. In the section on simulation results, we return to
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effects of ring collisions, and present arguments why th
contributions are expected to be more important here than
elastic hard spheres.

B. Collisional averages

In hard-sphere systems, there are many properties
involve the pair-distribution function of particles just befo
collision. To study these, it is convenient to introduce t
collisional averagê . . . &coll for a quantityA in the NESS,
defined as
^A~v1 ,v2 ,s!&coll5

E dv1E dv2E dŝQ~2v12•ŝ!uv12•ŝuA~v1 ,v2 ,s! f̂ (2)~v1 ,v2 ,s!

E dv1E dv2E dŝQ~2v12•ŝ!uv12•ŝu f̂ (2)~v1 ,v2 ,s!

. ~11!
-

r
n

-
the

-
or

for

-

the
S,
In the sequel, it is more convenient to work with
rescaled pair-distribution function f̂ (2)(v1 ,v2 ,r12)
5@1/v0

2d# f (2)(c1 ,c2 ,r12). To express the collisional average

~11! in rescaled variables, one replacesf̂ (2) by f (2),vi by
ci ,v12 by g5c12c2, andA(v1 ,v2 ,s) by A(v0c1 ,v0c2 ,s).

These objects may be conveniently computed in eve
driven molecular-dynamics algorithms for hard-sphere s
tems@30#. Collisional averages are defined for particles th
are about to collide~i.e., ur 12u5s10), and may be calcu
lated from kinetic theory using the molecular chaos assu
tion, possibly supplemented with the Enskog approximat
at higher densities.

Collisional averages of great importance are the co
sional energy loss per unit time (d/2)nG, and the excess
hydrostatic pressurep2nT, resulting from collisional trans-
fer of momentum. With a minor generalization tod dimen-
sions, we obtain from Ref.@32# the exact expression for th
pressure in the NESS

p~T!

nT
215S 11a

2d DnsdE dc1E dc2E dŝ

3Q~2g•ŝ!ug•ŝu2f (2)~c1 ,c2 ,s!

5S 11a

2d D sv

v0
^ug•ŝu&coll . ~12!

The second equality is obtained by introducing the co
sional average~11! and expressing its denominator in term
of the collision frequency given by Eq.~5!. In fact, inserting
Eq. ~6! into the first line of Eq.~12! allows one to carry
out the ŝ integration, and the right-hand side becom
proportional to the rescaled velocity avera
*dc1*dc2g2f (c1) f (c2)52 without any further assumptio
about neglecting the term proportional toa2 in Eq. ~2!. This
argument is special for the pressure, as other mom
t-
-
t

p-
n

-

-

s

ts

involve the knowledge of the completef (c). Indeed,
the generic collisional average becomeŝug•ŝum&coll
52m/2G@(1/2)m11#, independent of dimensionality, assum
ing molecular chaos~6! and replacingf (c) by the Maxwell-
ian w(c) ~the contributions coming froma2 are quite small
and may be neglected; they have been computed in@9#!.
Finally, the pressure-may be expressed as

pmc~T!

nT
2152d22~11a!xf. ~13!

Different choices forx yield different approximations. Fo
instance, withx5xE, we obtain the Enskog approximatio
pE(T) for the pressure of IHS.

In the elastic limitpE(T) at a51 gives the standard equa
tion of state for elastic hard disks or spheres. Notice that
pressure for IHS is only definedkineticallyas the momentum
flux, which leads to Eq.~12!. A statistical mechanical deri
vation of the equation of state from the partition function
free energy for the IHS fluid does not exist.

In a similar manner, we obtain the exact expression
the collisional damping rate

G~T!5S 12a2

2d Dnsd21v0TE dc1E dc2E dŝ

3Q~2g•ŝ!ug•ŝu3f (2)~c1 ,c2 ,s!

5g0vT^ug•ŝu2&coll5m j0
2 , ~14!

where g05(12a2)/2d is the dimensionless damping con
stant introduced in Refs.@9,10#. The last equality~14! ex-
presses the balance between the energy input due to
white noise, and the collisional loss of energy in the NES
and determines the temperatureT in the NESS. By special-
3-4
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FIG. 1. Kinetic temperatureT/TE and collision frequencyv/vE whereTE and vE are defined in Eqs.~17! and ~19!, for a packing
fractionsf50.05 andf50.2.
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izing this equation to the Enskog mean-field approximati
f (2)5xEf f , where ^ug•ŝu2&coll52, we obtain the approxi-
mate result

GE~T!52g0vE~T!T ~15!

and similar relations for different choices ofx. It is conve-
nient to define areferencetemperatureTE through the rela-
tion

GE~TE!5mj0
2 , ~16!

or more explicitly

TE5mS j0
2Ap

2g0VdxEnsd21D 2/3

. ~17!

Moreover, the definition ofTE combined with the NESS con
dition G(T)5mj0

2 implies the relationG(T)5GE(TE), and
consequently,

G~T!

GE~T!
5

GE~TE!

GE~T!
5S TE

T D 3/2

. ~18!

In the sequel, we will also use a reference frequencyvE
without any argument to denote

vE[vE~TE!5xEVdnsd21ATE/pm. ~19!

Although we will discuss the simulation results in detail
the next section, it is of interest already at this point to n
that for these systems, as shown in Fig. 1, the ratio of
kinetic temperature and the reference temperature,T/TE, is
only somewhat larger than one for alla, that it approaches
one in the elastic limit (a→1), and that it monotonically
increases with decreasinga ~see Fig. 1!. The same figure
shows that the ratio,v/vE also approaches one fora→1,
with a steep increase to a value 5.6 asa→0. Further discus-
01130
,

e
e

sion of these points is postponed untill Sec. III. If the Ensk
factorization f̂ (2)5xEf̂ f̂ would be exact, thenT5TE andv
5vE.

A third quantity of interest, the precollisionalx (2) factor,
defined in Eq.~8!, may also be expressed as a collision
average using Eq.~11!,

x (2)5~2v/Vdnsd21v0!^ug•ŝu21&coll . ~20!

Before closing this section, acaveatabout internal con-
sistency is appropriate. To obtain consistent theoretical p
dictions for the pressurep or dissipation rateG, it is para-
mount that both factorsv and ^ug•sum&coll be calculated
using identical approximations forf (2). For instance, the
mean-field or molecular chaos approximation for the dissi
tion rate,GE(T)52g0vT, —an expression commonly use
in granular hydrodynamic equations—should necessarily
combined withvE(T) in Eq. ~9!. Any improved theoretical
calculation forv without a concomitant correction to th
mean-field result for̂ ug•sum&coll is inconsistent.

C. Velocity distributions

We study a variety of collisional averages and cor
sponding probability distributions. By choosingA(c1 ,c2 ,s)
5d(ugu2g) we obtain the probabilityPr(g) that two collid-
ing particles have a relative speeduc12u5g. From here on, we
only quote results for two dimensions.Analytic calculations
are based on the molecular chaos assumption~6! in combi-
nation with Eq.~2!. Inspection of Eq.~11! shows that under
this assumption, the collisional averages are independen
the x factor. Straightforward algebra gives for the co
strainedg distribution,

Pr~g!5^d~ uc12u2g!&coll

5A2

p
g2e2 1/2 g2H 11

1

16
a2~g428g219!J .

~21!
3-5
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Similarly, we obtain the probability distribution for the cen
ter of mass velocityG[1/2(c11c2),

PCM~G!5^d~ uCu2G!&coll54Ge22G2
$11a2~G42G2!%.

(22)

It equals the unconstrained equilibrium distribution functi
apart from a small term ofO(a2). Furthermore, the probabil
ity that the precollision speeduci u of one of the colliding
particles (i 51,2) has a valuev is

P~v !5^d~ uc1u2v !&coll

5A2ve23v2/2H ~11v2!I 0S 1

2
v2D1v2I 1S 1

2
v2D J ,

~23!

whereas the unconstrained distribution is;v exp(2v2). In
evaluating this collisional average, we neglect thea2 contri-
bution, and carry out the constrainedŝ integration. To cal-
culate the remaining integral*dc2c12w(c2), we change inte-
gration variables tog expressed in polar coordinates$g,f%,
and use the relation*0

pdf exp(22c1gcosf)5pI0(2c1g). The
subsequentg integration follows from~6.618.4! in Ref. @33#.
Using the asymptotic expressions I 0(x);I 1(x)
;exp(x)/A2px for the modified Bessel functions of the z
roth and first order, we obtain the high-energy behav
P(v);2A2/pv2exp(2v2).

In a similar manner, we obtain the following velocity mo
ments and correlations, using the molecular chaos assu
tion:

^g2&coll53H 11
1

4
a2J , ^G2&coll5

1

2 H 11
1

2
a2J ,
ic
ibu

n

01130
r

p-

^g* 2&coll5^g2&coll2~12a2!H 11
1

4
a2J ,

^c1
2&coll5^G2&coll1

1

4
^g2&coll5

5

4 H 11
7

20
a2J ,

^c1•c2&coll5^G2&coll2
1

4
^g2&coll52

1

4 H 12
1

4
a2J ,

^c1* •c2* &coll5^c1•c2&coll1
1

2
~12a2!H 11

1

4
a2J . ~24!

Here,ci* are the postcollision velocities, as defined in pap
I. The sum of the third and fourth equality depends only
the center-of-mass velocity, i.e.,^G2&coll . In the elastic limit
a→1, the average energy of a particle that is about to coll
^c2&coll5(5/4)^c2&, is above the mean energy per partic
^c2&, which equals unity.

In the molecular chaos approximation, an average suc
^(c1•c2)mgn&coll with $m,n% integers, is in general nonvan
ishing, except in the special casen521. Then,
^(c1•c2)m/g&coll reduces to an unconstrained average, p
portional ^(c1•c2)m&, which vanishes for odd values ofm.
Additional information about the relative orientation of th
incoming velocities may be obtained from the distribution
the anglec12, defined byc1•c25c1c2cosc12. A numerical
calculation ~again neglecting a2 corrections! gives
^cosc12&coll.20.233, which is close to the value20.2, es-
timated from^c1•c2&coll.^c1

2&coll^cosc12&coll using the above
results.

A very sensitive probe for studying the violation of mo
lecular chaos is the probability distributionP(b) of impact
parametersb5uĝ3ŝu5sinu, where u5cos21(ĝ•ŝ) is the
angle of incidence. It is defined as the collisional averag
P~b!5^d~b2uĝ3ŝu!&coll5

E dŝE dc1E dc2d~b2uĝ3ŝu!ug•ŝu Q~2ĝ•ŝ! f (2)~c1 ,c2 ,s!

E dŝE dc1E dc2ug•ŝuQ~2ĝ•ŝ! f (2)~c1 ,c2 ,s!

, ~25!
ore

e

-

and P(b) can be easily computed in a molecular-dynam
experiment. As long as molecular chaos holds, the distr
tion of b is independent of the functional form off and we
obtain straightforwardly

P~b!5H ~d21!bd22 if 0 ,b,1

0 otherwise,
~26!

which reduces in two dimensions to the uniform distributio

P~b!5H 1 if 0,b,1

0 otherwise.
~27!
s
-

,

In order to analyze molecular chaos breakdown in m
detail, we have introduced a collection of momentsMnm and
their dimensionless counterpartsBnm for n,m5$0,1,2 . . .%,
~see definition below!, to analyze in detail the possibl
breakdown of the molecular chaos factorization~6!. These
momentsMnm(T) of the pair distribution at contact are de
fined as,

Mnm~T![
2

Vd
E dv1dv2E dŝQ

3~2v12•ŝ! f̂ (2)~v1 ,v2 ,suT!v12
n ucosuum,

~28!
3-6
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which are averages over the precollision hemisphere, wh
u5cos21(ĝ•ŝ). Let Mnm

E (TE) denote the same quantit
evaluated in Enskog’s formulation of themolecular chaos
approximation,and evaluated at the reference temperatu
TE, i.e., evaluated with f̂ (2)(v1 ,v2 ,suT) replaced by
xEf̂ (v1uTE) f̂ (v2uTE), then the reduced moments are defin
as

Bnm~T!5Mnm~T!/Mnm
E ~TE!, ~29!

whereMnm
E (TE) is evaluated in Eq.~A2!. It is proportional to

vE
n , wherevE5A2TE/m. We prefer to normalize the reduce

moments byMnm
E (TE), because its analytic form is give

explicitly. One could also normalize byMnm
E (T)

5(TE/T)n/2Mnm
E (TE). The disadvantage ofMnm

E (T) is that
the computation requires the simulated values of the kin
temperatureT. The collisional averageŝv12

n ucosuum&coll ex-
pressed in terms of these new moments give

^v12
n ucosuum&coll5

Mn11,m11~T!

M11~T!
. ~30!

We first observe that the average collision frequencyv, de-
fined in Eq.~5!, is proportional toM11(T), so that

B11~T!5
M11~T!

M11
E ~TE!

5
v

vE
~31!

with vE defined in Eq.~19!. This implies that the reduce
momentsBnm(T) may all be expressed in collisional ave
ages, i.e.,

Bnm~T!5
v

vE

^v12
n21ucosuum21&coll

^v12
n21ucosuum21&coll

E
. ~32!

The average^•••&coll
E is defined through Eq.~30! with

Mnm(T) replaced byMnm
E (TE), and calculated in Eq.~A2!. It

represents the collisional average, evaluated with the Ens
factorizationf (2)5xEf f and alsotaken at the reference tem
peratureTE. Note that the equality~32! consists of two fac-
tors,v and^•••&coll , which are measured separately in eve
driven MD simulations.

We also observe that the equalityG(T)5GE(TE), ex-
plained above Eq.~18!, implies that

B33~T!5
M33~T!

M33
E ~TE!

5
G~T!

GE~TE!
51. ~33!

Furthermore, we have for the excess pressurepex(T)
[p(T)2nT,

B22~T!5
pex~T!/nT

pE
ex~TE!/nTE

5
v

vE
3

^uv12cosuu&coll

^uv12cosuu&coll
E

~34!

and for the dynamic pair correlation at contactx (2),
01130
re

e
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B00~T!5
x (2)

xE
5

^uv12cosuu21&coll

^uv12cosuu21&coll
E

. ~35!

In the Appendix, we present a more complete set of relati
for the Bnm .

In the next section MD simulations will show that th
predicted deviation from a Maxwellian@see Eq.~2!# in the
~unconstrained! velocity distribution of a single particle ma
be observed for small inelasticities. However,larger devia-
tions are found between the observed constrained probab
distributions and averages, and the corresponding kin
theory predictions given by Eq.~24!, based on molecula
chaos. Consequently, the small corrections resulting froma2
in Eq. ~2! may be neglected in most cases.

D. Radial distributions

The static or unconstrained radial distribution function
the spatially homogeneous IHS fluid is defined as

g~r !5E dŝ

Vd
E dc1dc2f (2)~c1 ,c2 ,r ŝ!. ~36!

It may be averaged over all directions ofr because of statis
tical isotropy. The unconstrained radial distribution functi
at contact is defined as the extrapolation,Y5g(r→s10).
By splitting the ŝ integration into a precollision (ĝ•ŝ,0)
and postcollision hemisphere (ĝ•ŝ.0), we obtainY as sum
of two terms,

Y5
1

2
~Y(2)1Y(1)!. ~37!

The definitions ofY(2),Y(1) follow from Eq. ~36! by adding,
respectively, factorsQ(2ĝ•ŝ) andQ(ĝ•ŝ) under the inte-
gral sign in Eq.~36!. The dummy integration variables i
Y(1) represent the postcollision velocities, (c1* ,c2* ), corre-
sponding to the precollision ones, (c1 ,c2).

On the other hand, we have the dynamic precollision c
relationx (2), defined in Eq.~8!, and a similar postcollision
one, x (1), defined by replacingQ(2ĝ•ŝ) in Eq. ~8! by
Q(ĝ•ŝ). They are related by continuity of flux. Because t
incident flux of (c1c2) pairs just before collision is equal t
the scattered flux of (c1* c2* ) pairs just after collision, we have
inside dynamic averages the equality

Q~2gn!ugnu f (2)~c1c2 ,s!dc1dc2dŝ

5Q~gn* !ugn* u f (2)~c1* c2* ,s!dc1* dc2* dŝ, ~38!

wheregn5g•ŝ5g cosu. The reflection lawgn* 5augnu, for
inelastic collisions in combination with the continuity of th
flux and Eq.~8! yields at once,

x (1)5~1/a!x (2). ~39!

In principle, Eqs. ~37! and ~20! provide two alternative
routes to compute the precollisional pair correlation at c
3-7
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tact: the first one, denoted byY(2), may be implemented
numerically as a static or unconstrained average, namely
extrapolation to contact of the pair-correlation function f
pairs aiming to collide. The second one, denoted byx (2),
may be computed as a dynamic collisional average, ca
lated from f (2)(c1 ,c2 ,s) at contact. It is important to stres
that the dynamicx (2) is calculated as a time average ov
thesubset of colliding pairs at contact, and the staticY(2) as
a time average overall pairs, satisfying the relation,g•ŝ
,0 and extrapolated tor→s10, i.e., calculated from
f (2)(c1 ,c2 ,r ), where the limit is taken after all integration
have been performed. This may lead to different results,
cause the integrand contains the the functionf (2) that turns
out to be singular nearr 5s andv12 small ~see discussion in
Sec. III C!.

Physically, it is also clear why the averages in the NE
need not be the same. For instance, the relation~38! may not
hold for the limiting (r→s) values,Y(2) andY(1), because
non-mean-field effects~in particular, the ‘‘rotation-induced’’
recollisions discussed at the start of Sec. III, or noise-indu
recollisions, see below! may result in differences betwee
the two methods to evaluatex (2) and Y(2). The reason is
that the validity of Eq.~38!, expressing flux continuity for
the limiting values (r→s10), is questionable in the pres
ence of the external random force. When the kicking f
quency is much larger than the collision frequency~situation
considered here!, a pair of particles may indeed be put
contact under the action of the random force only. We w
investigate possible numerical differences betweenx (2) and
Y(2) in the next section on MD simulations.

In paper I, we have studied the long-range spatial co
lation functionsGab(r ) of the density fieldn(r ,t) and the
flow field u(r ,t) in the NESS. These functions are close
related to Eq.~36!, i.e.,

Gnn~r !5
1

n2 K (i
d~r i2r !F(

j
d~r j !2nG L

5
1

n
d~r !1„g~r !21… ~40!

and, in the notation of paper I,

Guu~r !5
1

n2 K (i , j vi•vjd~r i2r !d~r j !L
5Gi~r !1~d21!G'~r !

5
d

2

v0
2

n
d~r !1v0

2g~r !^c1•c2&~r !, ~41!

where ^•••& is an average over theN-particle nonequilib-
rium steady state and the static velocity correlatio
^c1•c2&(r ), is defined as
01130
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^c1•c2&~r !5E dŝ

Vd
E dc1dc2f (2)~c1 ,c2 ,r ŝ!~c1•c2!/g~r !.

~42!

The correlation functionsGab(r ) above are very long
ranged, decaying similar tor 22d for large distances. In the
first part of this section, we have introduced the static cor
lations,Y, Y(6), and the dynamic ones,x (6). In Eq.~A8! and
~A9! we have done the same for the dynamic counter p
^c1•c2&dyn and ^c1•c2&dyn

(2) of the static correlation̂c1•c2&(r
→s), introduced in Eq.~41!.

In the next section, the short-range behavior of these fu
tions will be studied by MD simulations.

III. SIMULATION RESULTS FOR THE NESS

To investigate the short-scale structure characterizing
NESS and the validity of molecular chaos, we will present
this section MD simulation results, and compare these w
our theoretical predictions whenever possible. The detail
the simulations of the randomly driven inelastic hard d
system have been reported elsewhere@10#. We will work in
the limit in which the kicking frequency of the external ra
dom force is much larger than the collision frequency. This
the limit in which the Fokker-Planck term in Eq.~1! models
the random energy input through the random kicks. The
ternal random force will, in principle, have a quantitativ
influence on the short range structure of the fluid. There
only one important difference with respect to the simulatio
carried out in@10#. There, the random rotation proposed
@36# was implemented to avoid inelastic collapse at high
elasticities (a,0.5). This procedure amounts to rotating t
relative velocityg by a small random angle after each col
sion. Consider the completely inelastic situationa50 for the
sake of the argument. After each collision, the vectorg lies
exactly at the border of the precollisional hemisphere (g•ŝ
50), so that if the aforementioned random angle has eq
probable positive and negative values, the rotation proced
will lead to a recollision with probability 1/2. This leads to
spurious increase of the number of collisions by a fac
(n50

` 1/2n52 ~the recollision may itself induce a recollisio
with probability 1/2 etc. so that the frequency of collisio
effectively doubles!. Whena is small but nonvanishing, this
effect is still present but weaker. This is clearly an artific
violation of molecular chaos that has been discarded in
present paper: fora,0.5, we have also implemented th
rotation procedure, but if a small rotation leads to a reco
sion, a new angle is drawn until the pair separates. In
way, we reduce an important source of correlations~the ef-
fect is dramatic on all the low-order momentsBnm , not only
on the collision frequency; in particular, the moments w
n<1 that correspond to collisional averages of negat
powers ofg, are strongly biased toward bigger values if t
‘‘rotation-induced recollisions’’ are present!. After applying
this rule, we are then left only with correlations induced
the hard sphere dynamics plus the ones induced by the n
itself ~see below!.
3-8
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RANDOMLY DRIVEN GRANULAR FLUIDS: . . . PHYSICAL REVIEW E 65 011303
A. Cumulants

First, we focus on the single-particle velocity distributio
function f averaged over all particles, which deviates from
Maxwellian distribution due to the inelasticity of the coll
sions. In the previous section, we presented predictions
these deviations, assuming molecular chaos. The resu
expression given by Eq.~4! for the fourth cumulanta2 of the
distribution as well as the prediction for its overpopulat
tail are in perfect agreement with three-dimensional~3D! di-
rect simulation monte carlo~DSMC! results over the whole
region of inelasticities@34#. As DSMC itself invokes molecu-
lar chaos, this observation merely justifies the approxim
tions made in the analytic calculation. Information about
validity of molecular chaos may only be obtained from
comparison with molecular- dynamics simulations, and F
2 shows this comparison for the fourth cumulanta2 as a
function of the coefficient of restitutiona in 2D. The simu-
lation results are in agreement with Eq.~4! for small inelas-
ticity, but start to deviate significantly from the theoretic
prediction ata50.6. These deviations, together with the p
fect agreement between the theoretical prediction and DS
results, provide direct evidence for the breakdown of m
lecular chaos fora&0.6. The theoretical result~4! is inde-
pendent of the density. Asa2 represents only a small correc
tion in Eq. ~2!, one needs a large number of collisions an
large number of particles to reach sufficient statistical ac
racy. So, high densities, for which one may use linked li
@30#, are well suited. The data in Fig. 2 are typically obtain
at high- packing fractions (f50.63 ata50.92 and 0.7, and
f50.55 ata50.6) andN510 201 particles. At low densi
ties and weaker inelasticities (a*0.6) we are unable to col
lect enough statistics to measure the small correction, re
sented bya2. Simulations at higher inelasticities did no
show any density dependence ofa2 in the range 0.2&f
&0.6, suggesting that the cumulant expression~3!, obtained
from the Enskog-Boltzmann equation also applies at liq

FIG. 2. Fourth cumulant as a function of the coefficient of re
titution. Comparison is made between the two-dimensional vers
of Eq. ~4! and MD results~circles! obtained for a system of 10 20
inelastic disks, measured at several densities~see Sec. III A!.
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densities. Similar results as those displayed in Fig. 2 h
been observed for the 3D version of the present model@11#.

B. Radial distribution function

Next, we present results for the static or unconstrain
radial distribution functiong(r ), and in particular, its ex-
trapolated values at contactY,Y(2),Y(1). Here,g(r ) is es-
sentially the density-density correlation function, whose lo
range behavior was studied in Ref.@10#.

Figure 3 shows the measured values ofg(r ) for short
distances and packing fractionf50.2, at different inelastici-
ties. At small inelasticities (a.0.9), g(r ) resembles the ra
dial distribution function for elastic hard disks~EHD!. At
higher inelasticities, deviations start to appear: the first a
second maximum in the measuredg(r ) are enhanced with
respect to their EHD values at the same density. Moreo
the functional shape also deviates from the correspond
pair distribution of EHD at an appropriately chosenhigher
density; e.g., if this density is chosen such that the value
the second maximum of the pair distribution of EHD coi
cides with the simulation result for IHD, the observed val
at contact would still be underestimated by the EHD p
distribution.

It seems worthwhile to compare these results with ex
ing experiments on granular fluids in which the pair dist
butiong(r ) has been measured. In the experiment of Ref.@2#
on a vertically vibrated thin granular layer,g(r ) has been
measured atf50.46. In the fluidized~‘‘gaslike’’ ! phase, it
follows the equilibrium result for elastic hard disks almo
identically. This result may be compared to our simulatio
for a randomly driven fluid of inelastic disks ata50.9, cor-
responding to the value for stainless steel balls used in
experiment. It would be of interest to measure experim
tally how g(r ) in the fluidized phase depends on the inela
ticity, and see if a behavior similar to that of Fig. 3 is o
served. It is also interesting to note that the pair-correlat

-
n FIG. 3. Pair-distribution functionsg(r ) versus distance betwee
the particles at a packing fractionf50.2. The arrow indicates the
value at contact for an elastic hard disc~EHD! fluid ~from Verlet
and Levesque@31#!.
3-9
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FIG. 4. ~a! Static or unconstrained pair-distribution functions at contactY,Y(2),Y(1), as extrapolated from the corresponding pa
distribution functiong(r→s) at f50.05, compared with the dynamic correlationx (2) at contact. The straight line corresponds to the EH
prediction (xE51.084).~b! Ratio of dynamic to static correlationx (2)/Y(2), to be compared with 1, and the static ratioY(2)/Y(1), to be
compared with the dynamic ratiox (2)/x (1)5a.
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function g(r ) in a non-Brownian suspension of spheric
particles, fluidized between two vertical parallel plate
shows an enhanced value at contact as well@35#.

In Fig. 4~a!, we show the value at contact,Y, obtained by
extrapolation fromg(r ) at f50.05, together with the ex
trapolated values for approaching and receding pairs,Y(2)

andY(1), respectively. Fora*0.8, no significant deviations
are found from the Verlet-Levesque valuexE51.084 for
elastic hard disks at the same density. More surprising is
value of g(r 5s) at large inelasticities, reaching a valu
around 40 fora→0. This property, combined with the ob
servation that the first and second maximum ing(r ) are
shifted to smallerr values, and are larger~up to 20% at small
a) than the corresponding hard disks values, may be in
preted as a tendency to cluster, i.e., to stay in continuo
rearranging configurations with large-density inhomoge
ities. We return to this point in Sec. III G.

Figure 4 also shows the dynamic correlation,x (2)

5xEB00, measured as a collisional average. Figure 4~b!
compares the static ratioY(2)/Y(1) with the dynamic one,
x (2)/x (1)5a, and also shows the ratioY(2)/x (2). The plots
clearly show that the dynamic and static correlationsx (6)

andY(6) are different. Fora&0.5, the differences are large
and fora*0.6, both functions are about equal. For the ca
of a freely evolving IHS fluid, Soto and Mare´schal@18# have
recently observed a similar behavior, and explained it
terms of the effect of the increase of grazing collisions on
effective x (2). In the randomly driven IHD fluid the sam
effects are present. All correlations,x (2),Y(6) are large, es-
pecially at smalla. This is caused by the divergence
f (2)(c1 ,c1 ,s) at smallg and small cosu, which corresponds
to grazing collisions and will be further discussed in the n
section. As a result of noise-induced recollisions, collisio
with small g and small cosu are oversampled; consequent
a dynamical average involving negative powers ofg cosu
such asx (2) is expected to be larger than its static count
part Y(2). This feature may be observed in Fig. 4~b!. More-
over, in the absence of recollisions, we would expectY(2)

5aY(1) as a result of plain hard-sphere dynamics. Howev
in the heated system, the flux continuity, as expressed in
01130
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~38!, is no longer satisfied for the extrapolatedY’s; some
pairs are put in precollision configuration under the action
the random force, which leads toY(2).aY(1). The break-
down of Y(2)5aY(1) signals the inelasticity beyond whic
noise-induced correlations become relevant. It is furtherm
possible to consider situations where the recollisions do
nate the dynamics, e.g., at smalla by allowing rotation-
induced recollisions. In this extreme limit, we expectY(2)

.Y(1), the pairs being put in pre- or post-collision config
ration essentially at random. In the same limit, the populat
of colliding pairs with smallg and small cosu is enhanced,
leading to a more pronounced discrepancy between dyna
and static averages@i.e., a much smaller ratioY(2)/x (2) than
observed in Fig. 4~b!#.

C. Equation of state. Molecular chaos breakdown

To what extent does the extrapolated static radial distri
tion function, Y5g(r→s) describe the nontrivial depen
dence in the NESS of collision frequency in Eq.~5!, colli-
sional damping in Eq.~14! and pressure in Eq.~12! on the
inelasticity? If molecular chaos holds, the latter quantit
depend, according to Eqs.~6!, ~13!,~9!, and~15!, on the pre-
collisional pair function at contact,x (2), where the particles
are aiming to collide. This function differs from the extrap
lated staticY(2) at high inelasticities~see Fig. 4!. Consider
first the collision frequency in the molecular chaos appro
mation,vmc5xv0(T) above Eq.~9!, with x5x (2) the dy-
namic correlation, i.e.,

vmc~T!

vE
5

x (2)

xE

v0

vE
5B00A T

TE
, ~43!

where we have used Eqs.~9! and ~35!. This is an extremely
poor approximation, as can be seen from Fig. 1, which sho
that the measured valuev/vE approaches 5.6 asa→0,
whereasB00 is essentially divergent. Next, we replacex (2)

in Eq. ~43! by its static counterpartY(2), shown in Fig. 4.
This yieldsvstat(T)/vE5Y(2)v0 /x (2)vE. Its limiting value
for a→0 is about a factor three too large when compared
3-10
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RANDOMLY DRIVEN GRANULAR FLUIDS: . . . PHYSICAL REVIEW E 65 011303
v/vE. We conclude that all mean-field approximations f
the collision frequency, including the Enskog approximati
vE(T)/vE5AT/TE, break down fora,0.6.

Figure 5 shows the pressure of the IHD fluid, compa
with the molecular chaos prediction given by Eq.~13!, taking
for x either the Enskog approximationxE in Eq. ~7!, or the
simulated Y(2), or x (2). The Enskog approximation, ac
counting for the short-range geometric exclusion effects
the precollision state, gives a reasonable description ofp(T)
for all a, while both the staticY(2) and the dynamicx (2)

give an extremely poor description except fora.0.8.
Consistent with this conclusion is the good estimate

the temperatureTE in the NESS, obtained by balancing th
energy dissipation rateGE(TE) in Eq. ~16! with the energy
input from the random force, as shown in Fig. 1. Moreov
the collisional energy lossG(T)/GE(T)5(TE/T)3/2 in Eq.
~18!, is in agreement with MD simulations over the wholea
interval within 30%. All other mean-field approximation
with vE replaced byvmc(T) or vstat(T) give very poor re-
sults forG(T)5mj0

2.
How can these paradoxical results be reconciled? Le

compare the individual definitions ofx (2),v,p, and G,
which all contain factors ug•sunf (2)(c1 ,c2 ,s) with n
50,1,2,3. To find a possible explanation of these paradox
results, we test the following scenario:the molecular chaos
assumption (6) only breaks down at very small relative

locities g, and more precisely, at very small gn5g•ŝ
5g cosu, which is the component ofg, parallel to the line of
centers of the colliding particles~physical arguments for this
scenario will be offered in Sec. III F where we discuss t
noise-induced recollisions!. On the basis of this scenario, th
singularity in f (2) at smallg makes the dynamic correlatio
x (2)5B00xE ~shown in Fig. 6! very much larger thanxE,
essentially divergent asa→0. In calculating the collisiona
frequency from Eq.~5!, the extra factorgn in the integrand

FIG. 5. Pressure versus coefficient of restitution at a pack
fraction f50.05. The simulations results~direct or throughB22)
are compared with molecular chaos prediction~13!, where x is
either the staticY(2) in Eq. ~37!, or the dynamicx (2) in Eq. ~8!, or
the Enskog approximationxE in Eq. ~7!, corresponding toB2251.
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makes the smallgn singularity integrable, giving afinite cor-
rection to the Enskog collision frequency, also fora→0 ~see
Fig. 1!. The contributions of the smallgn2singularity in
p(T) andG(T) are essentially suppressed by extra factors
ug•ŝun.

This possibility has been analyzed systematically by m
suring the behavior of the momentsBnm(T), which are use-
ful tools to investigate the breakdown of the molecular cha
assumption. We have maden and/or m small in order to
analyze the nature of the singularities inf (2) near small rela-
tive velocities and near grazing collisions, as displayed
Fig. 7. All deviations of these quantities from unity give
quantitative measure for the violation of the molecular cha
assumption. In the elastic limit, we have carefully check
for a large number of cases that the reduced momentsBnm
tend to one. Figure 6 shows the values of different mome
Bnn(T), and one can clearly see how the deviations from
elastic limit rapidly decrease asn increases ton53, after
which they start to increase slowly. For largern-values, the
moments are reasonably close to unity, but statistical inac
racy precludes any definite conclusion about the largen be-
havior.

Further evidence for the above scenario is shown in F
7, where we display two sequences of momentsBnm . To
draw some further conclusions from Figs. 6 and 7, we n
that the integrands inBnn ,B0n , andBn0, as defined in Eq.
~28!, contain apart from f (2), respectively, the factors
gnucosuun,ucosuun,gn. The reduced momentsB01 andB10 con-
tain again very large contributions from the divergence
f (2) near vanishinggn5g cosu. Figure 7 suggests that th
presence of equal powers ofg and cosu in Bnn simulta-
neously suppresses the large contributions from the sin
larities atg50 and cosu50.

We conclude that the numerical results, displayed in F
6 and 7, give support to the previous scenario, showing
molecular chaos breaks down only in a very small portion

g

FIG. 6. Reduced momentsBnn for n51,2,3 as a function of the
restitution coefficient atf50.2 andN55041. A similar behavior is
observed at lower densities.
3-11
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FIG. 7. Reduced momentsB0m andBn0 as a function ofa at f50.2 andN55041.
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the phase space, aroundgn5g•ŝ5g cosu50. The size of
this ‘‘pocket’’ in phase space increases asa decreases
Therefore, only those collisional quantities that contain l
powers ofg and cosu ~such asx (2) and v) will be very
sensitive to this breakdown as the inelasticity increas
while physical quantities involving higher powers ofg and
cosu, such as the temperature, pressure, or energy diss
tion will be well approximated by their molecular chao
counterparts.

D. Velocity correlations at contact

In the previous section, we have considered the pair-
tribution functionf (2)(c1 ,c2 ,s) in the precollision state, and
have examined how molecular chaos is broken down,
which physical quantities are most sensitive to it. Now
will analyze the effect of the breakdown of molecular cha
on collisional statistics.

We show in Fig. 8 different velocity collisional average
at f50.05. In the simulations, these quantities are obtai
by averaging over successive collision events in the ste
state. We first observe that the simulation results in Fig
approach fora→1 the analytic results for elastic sphere
calculated in Eq.~24!. At small inelasticities, the simulation
data follow the trends of the theoretical prediction with sy
tematic deviations depending on the quantity considered.
instance, the behavior of the center- of-mass motion^G2&coll
is close to the analytical prediction of Eq.~24! in the whole
range ofa values. This indicates that the center of ma
velocity G is not correlated with the relative velocityg. Con-
sequently,f (2)(c1 ,c2 ,s) in the collisional average~11! fac-
torizes, and we may expect the contributions in numera
and denominator in Eq.~11! coming fromG integrations to
cancel. Consistent with this behavior, we observe that
two curves in Fig. 8,^c1

2&coll ~labeled by circles! and
^c1•c2&coll ~labeled by squares!, are symmetric around 1/2. I
Eqs. ~A4! and ~A5! of the Appendix, these quantities hav
been expressed in reduced moments

^c1•c2&coll5
1

2
2

3

4

b31

b11
,
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^c1
2&coll5

1

2
1

3

4

b31

b11
, ~44!

where

bnm5
Mnm~T!

Mnm
E ~T!

5S TE

T D n/2

Bnm . ~45!

The reduced moments have been measured independ
~see Figs. 6 and 7!, and used to calculate the expressions~44!
and ~45!. The results have been plotted in Fig. 8 as das
and dashed-dotted lines, which agree very well with the
rect measurements of these quantities as collisional avera
shown in Fig. 8, respectively, as squares and circles. In
riving Eq. ~44! and~45!, we have again used that the veloci

FIG. 8. Values of different collisional averages obtained in M
simulations, as a function ofa at f50.05 ~see Sec. II B for defi-
nitions!. For a,0.5, the random rotation introduced to avoid i
elastic collapse has a maximum deviation angle of 2.5°. The s
bols bnm are defined in Eq.~45!.
3-12
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RANDOMLY DRIVEN GRANULAR FLUIDS: . . . PHYSICAL REVIEW E 65 011303
variablesG andg are statistically uncorrelated. The prese
results strongly support this assumption.

The correlation^ĉ1• ĉ2&coll5^cosc12&coll , also plotted in
Fig. 8, cannot be expressed inB moments. However, the
approximate relation already employed to show t
^cosc12&coll.^c1"c2&coll /^c

2&coll in Sec. II C, holds for the
simulation data over the whole range of inelasticities. As
system becomes more inelastic, the typical ‘‘temperature
colliding particles~defined as the collisional average^c2&coll)
decreases and even becomes lower that the unconstr
averagê c2& that defines the temperature. On the other ha
as already noted below~24!, ^c2&coll55/4.1 in the elastic
limit. This decrease of̂c2&coll is directly related to the in-
crease of the smallg portion of phase space where molecu
chaos is violated. At smalla, most of the collisions occu
between particles with small and even vanishing relative
locities. An extreme example is the inelastic collapse, m
tioned in the Introduction.

The correlation function̂c1•c2 /g&coll for the freely evolv-
ing IHD fluid has been simulated by Soto and Mare-sch
and was shown to be small, but nonvanishing@18#.

We have also investigatedr 2v correlations by measuring
the expectation value of̂c1•c2&(r ) for two particles sepa-
rated by a distancer, as defined in Eq.~42!. The results are
shown in Figs. 9 and 10. The plot shows an intermed
range ofr values with an exponentially decaying correlatio
It is again of interest to compare the extrapolation of
static correlation^c1•c2&(r→s) with its dynamic counter
part ^c1•c2&dyn calculated at collision. The results, derived
Eqs.~A8! and ~A9! of the Appendix, read for hard disks

^c1•c2&dyn5
1

2 S 12
b20

b00
D1

12a

4

b22

b00
. ~46!

The first term on the right-hand side~RHS! represents the
precollision part,

FIG. 9. Distribution of^c1•c2&(r ) as a function of the distanc
between the particles atf50.05.
01130
t

t

e
f

ed
d,

r

-
-

l,

e
.
e

^c1•c2&dyn
(2)5

1

2 S 12
b20

b00
D . ~47!

Figure 10 compares the extrapolation̂c1•c2&(r→s)
~circles! of the static correlation with its dynamic analog
~46! and~47!. The numerical data for both correlations agr
well for a*0.8, but for a&0.5, the dynamic correlation
~solid line! is substantially larger than the static one. This
consistent with the difference betweenx (2) and Y(2) ob-
served in Fig. 4. For comparison, the dynamic precollis
correlation~dashed line! is also shown. It should be note
that the divergence off (2) at smallg and small cosu implies
in particular thatB00@B20.B22, so that Eq.~46! predicts
that the dynamic correlation at contact^c1•c2&dyn should in-
crease ata→0 and saturate close to 1/2. By the same ar
ments, its precollision part in Eq.~47! approaches the sam
limit. This can be observed in Fig. 10.

The velocity correlation̂ c1•c2&coll in Eq. ~44! involves
the reduced momentsb31 andb11. Consistent with the sce
nario, developed in Sec. III C, the divergence
f (2)(c1 ,c2 ,s) nearg50 and cosu50 is largely suppressed
in these higher moments, which remain finite fora→0,
where b11.4b31. Consequently,̂ c1•c2&coll does not ap-
proach the value 1/2 asa→0, but a value close to 0.3, as ca
be deduced from Fig. 8.

E. Grazing collisions

The data in Fig. 8 for ^c1•c2&coll , ^cosc12&coll ,
^A12b2&coll , and ^b&coll clearly illustrate that the violation
of molecular chaos strongly increases with increasing ine
ticity. Consider first the average

^b&coll5E
0

1

dbbP~b!. ~48!

FIG. 10. Mean-velocity-velocity correlation function at contac
as extrapolated from̂c1•c2&(r ) ~previous figure!, compared with
the dynamic analogŝc1•c2&dyn and^c1•c2&dyn

(2) , defined in Eq.~A8!
and ~A9!.
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This average remains at a plateau value 1/2 fora*0.5 ,
which is determined by the uniform distributionP(b) corre-
sponding to molecular chaos in two dimensions. Recall t
the value 1/2 holds regardless of the functional form of
velocity distribution functionf. It is thus a good probe fo
molecular chaos breakdown. Moreover, from its trend
can also estimate the way in which such a breakdown ta
place. Specifically, as the inelasticity increases the ave
value increases by about 50%, which indicates a strong
toward grazing collisions. To illustrate this, we model t
normalized distribution of impact parameters as a unifo
background and a ‘‘half’’ delta peak atb51, i.e., P(b)51
2p12pd(12b), wherep is the fraction of grazing colli-
sions. This yields the average^b&coll51/2(11p), which im-
plies, according to Fig. 8, that ata50.0,0.1, and 0.3, respec
tively, a fraction of 50, 35, and 5 % is grazing atf50.05.
This qualitative picture is supported in a more quantitat
manner in Fig. 11, which shows the measuredP(b), which is
strongly peaked near grazing collisions (b51). At small in-
elasticity, all impact parameters are equally probable as
pected on the basis of molecular chaos, and consistent
Fig. 8. Only fora&0.5 deviations become significant: upo
decreasing the coefficient of restitution, collisions with
larger impact parameter occur more frequently, implying
increase of the frequency of grazing collisions. The behav
of P(b) is then fully consistent with the divergence off (2) at
small cosu, discussed in Sec. III C.

To avoid inelastic collapse fora<0.5, the postcollision
velocities of colliding pairs are rotated over a small rand
angle as described in Refs.@36,10#, with the important re-
striction mentioned at the beginning of Sec. III. Alternati
algorithms to avoid inelastic collapse are described in R
@37#. For a.0.5, no such rotation was applied. To check
the deviations of the impact parameter fora&0.5 are due to
this applied rotation, we have also performed simulatio
where even fora.0.5 a random rotation was applied. R
gardless of the applied random rotation, we found^b&coll
close to 1/2 fora*0.5. Both Figs. 8 and 11 show that fo

FIG. 11. Distribution of the impact parameterb for different a
values forf50.05.
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a&0.5 molecular chaos is strongly violated, and that
violation is weaker in the small inelasticity regime. The a
erage^A12b2&coll supports the same conclusions.

The data for̂ c1•c2&coll and^cosc12&coll in Fig. 8 are con-
sistent with the predominance of grazing collisions at la
inelasticities. They show the average relative angle betw
the velocities of the incoming particles, which has a stronga
dependence and no plateau value near the elastic limit. N
a51, the particles are on average on approaching traje
ries with ^cosc12&coll.20.25 and̂ c12&coll.105°. Asa de-
creases,̂cosc12&coll increases linearly to a value 0.50, whi
^c12&coll approaches 60°, ata50. This corresponds to colli-
sions of more or less parallel-moving pairs of particle
where faster particles overtake slower ones.

Figures 12 and 13 show the distribution of relative orie
tations of incoming velocities. The distribution of angles b
tween the incoming particles (c12) shows moderate devia

FIG. 12. Distribution of the relative orientation of the velocitie

at collision (cosc12[ ĉ1• ĉ2) at a packing fraction of 5%.

FIG. 13. Distribution of relative velocitiesc1•c2 of colliding
inelastic disks atf50.05.
3-14
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tions from what is expected for an elastic system in the ra
0.5&a,1. As an analytic expression for elastic disks is n
available, deviations are compared with the simulation
sults for elastic hard disks~in the absence of a random e
ternal force!. At a50.5, the frequency of collisions o
parallel-moving particles is strongly increased, a trend tha
enhanced upon increasing the inelasticity. Finally, the pr
ability distribution P(c1•c2) is shown in Fig. 13. When the
inelasticity increases, this distribution becomes more pea
around the origin, as the colliding particles on average m
more slowly relative to each other. In the mean time,
typical anglec12 decreases, which causes this peak to shif
positive values.

F. Particle- and noise-induced recollisions

The mechanism for the breakdown of molecular chaos
classical fluids with conservative interactions are sequen
of correlated ring collisions, as discussed in the introducti
The most simple ring collisions are the recollisions~1-2!
~1-3! ~1-2! and cyclic collisions~1-2!~2-3!~3-1! or permuta-
tions thereof@20#.

There is strong evidence that the effects of ring collisio
are considerably enhanced in fluids with dissipative inter
tions, such as granular flows, whererelativekinetic energy is
lost in binary collisions. As a result, the postcollision velo
ties $v1* ,v2* % will be on average more parallel than the pr
collision ones$v1 ,v2% @24#, i.e., the trajectories are less d
verging than in the elastic case, and there is a much la
$r3 ,v3% phase space, in which particle three will knock, s
particle one back to recollide with particle two.

This increase of phase space is confirmed by gathe
recollision statistics. We have counted the fraction of rec
lisions as a function ofa, as shown in Table I. The colum
labeledR1 ~recollisions between two partners mediated b
third particle! shows that at a packing fractionf50.2 in the
elastic case (a51) only a fraction of 6.7% of all collisions
is a recollision. This frequency gradually increases to ab
15% ata50.4.

In the randomly driven IHS fluid, there is the addition
effect of noise-induced recollisions that do not require
intervention of other particles. This type of recollision~de-
noted R0) occurs with high probability when the relativ
velocity after collision is so small that it may be simp
reversed by a random kick. Ata50.6, the frequency of
noise-induced recollisions is about 4%, and it increase
52% ata50 ~see columnR0 in Table I!. The effect is of

TABLE I. Frequency of recollision events as a function of t
inelasticity~see text for the definition ofR0 andR1). The packing
fraction isf50.2 and the system containsN55000 disks.

a R0 R1

0 52% 18%
0.4 14% 15%
0.6 4% 15%
0.95 0.15% 7%
1.0 0% 6.7%
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importance atall densities, because it does not require t
mediation of a third particle. Indeed, at a low-packing fra
tion of 1% and in the completely inelastic casea50, the
frequency of R0-like events is still 34%, whileR1-like
events have dropped to 5%. Moreover, we have verified
inclusion of rotation-induced recollisions modifies most
the collisional quantities we have analyzed, increasing th
deviations with respect to the molecular chaos prediction

At present, more quantitative theories or estimates of
effect of both types of recollisions and other ring collisio
on the short-range behavior of the pair-distribution functi
f (2)(x1 ,x2) are lacking. A natural way to incorporate th
noise-induced recollisions into a kinetic theory descripti
would be to include them into an effective two-particle sc
tering operator, which transforms an asymptotic precollis
state of two independent particles into an asymptotic po
collision state, without involving intermediate two-partic
scattering states, as in the present case. This may lead
instantaneous Boltzmann collision term~without memory ef-
fects!, provided the mean free time and the time betwe
random kicks are very well-separated~dilute gases!. Such a
description would suppress the recollions of typeR0, and
make the violation of molecular chaos less severe, say c
parable to the freely evolving IHD fluid.

G. Cold dense inhomogeneities

In Ref. @10#, we have shown by analyzing the Fouri
modes of the granular hydrodynamic equations, which
valid for small inelasticities~saya.0.7), that the NESS in a
randomly driven IHS fluid is linearly stable against spat
inhomogeneities. Consequently, when observed over s
ciently long times, the NESS should be spatially homog
neous. However, it was also shown that the NESS exhi
strong fluctuations, resulting in long-range spatial corre
tions in density, flow field, and granular temperature. T
observation of density inhomogeneities for large inelast
ties has already been reported by Peng and Ohta@8#. These
density inhomogeneities, as shown by the snapshot of
density in Fig. 14, are not quasistatic, as in the freely evo
ing case@38,36,39,24#, but seem to behave as dynamic a
semblies of particles that dissolve and reassemble ag
Also, for a uniform shear flow, dynamical density inhom
geneities have been reported@40#. The existence of density
inhomogeneities was already suggested by the static p
distribution functionsg(r ), which showed an enhanceme
of the first few maxima as compared to their elastic valu
~see Fig. 3!.

In Fig. 8, we show that the mean energy^c1
2&coll , of par-

ticles aiming to collide, is above the mean,^c2&51, for
small inelasticity. It decreases from its elastic value 5^c2&/4
with decreasinga, then crosses the mean value value^c2&
51 at a.0.2, and further decreases to approximat
0.7̂ c2& at a50.

It is interesting to observe that in the strong dissipat
range, the mean kinetic energy or granular temperature
particles that are about to collide islower than the average
temperature. We combine this observation with Figs. 3~a!
and 3~b! of Peng and Ohta@8#, which show that essentially
3-15
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all collisions occur inside ‘‘cold’’ regions of high densities
This last observation applies even more so to undriven
fluids @38,41#. We expect that, also in the randomly drive
IHS fluid, the majority of collisions takes place inside co
high-density regions.

If the predominance ofcold particles in strongly inelastic
collisions, ^c2&coll,^c2& is indeed a signal for the appea
ance of density inhomogeneities, then Fig. 8 suggests th

FIG. 14. To illustrate the slow reorganization of density inh
mogeneities, four consecutive snapshots of the system are sho
a50.1, f50.2, and N55000 ~the full simulation box is dis-
played!. The time interval between two consecutive snapshots
responds to 50 collisions per particle.
01130
S

at

a packing fractionf50.05 density inhomogeneities may o
cur for a&0.2. This is indeed confirmed by the snapshots
Figs. 14. In Fig. 15, we illustrate the existence of cold inh
mogeneous dense regions fora50.2 andf50.2. The par-
ticles with a less~more! than median kinetic energy ar
shown on the left~right!. The formation of inhomogeneitie
is more clear for the colder particles. The temporal evolut
of these regions show that they dissolve after some ti
while inhomogeneous regions appear. The formation of ‘‘l
ing’’ inhomogeneous regions may be understood using
hydrodynamic picture put forward in@10#, where it was
shown that the structure factor behaves asS(k);k22, im-
plying density correlationsincreasingwith distance as ln(r)
in two dimensions. These long range spatial correlations
duce a slowing down of the dynamics, as in critical pheno
ena. This, in turn, implies the slow decay of density pert
bations, which could lead to visible density inhomogeneit
as the kicking frequency is reduced~in this respect, see Refs
@6#!. We may also expect that upon decreasing the forc
frequency, the dynamics should be closer to its ‘‘free co
ing’’ counterpart so that well-defined clusters are then like
to appear.

More details about the predominance of cold particl
among those involved in collisions, may be seen in Fig.
which shows the constrained probability distributionP(c),
defined in Sec. II C and obtained from MD-simulations
different inelasticities. Fora&0.5, the distribution has sig
nificantly shifted to smaller impact velocities. For the com
pletely inelastic case, collision events involving ‘‘immobile
particles are more than twice as frequent as for the ela
case. The second moment of the distribution displayed
Fig. 16 decreases when increasing the inelasticity. In fact

at

r-
f

s

FIG. 15. Snapshot of a typical instantaneous configuration of the system ata50.2, f50.2, andN55000. To illustrate the existence o
cold dense inhomogeneities, on the left~right! the particles with a less~more! than median kinetic-energyE* are shown at real scale~i.e.,
the cutoffE* is chosen such that there are exactly half of the particles on each graph!. Lengths on thex andy axes are expressed in unit
of the simulation box length.
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FIG. 16. Velocity distribution of the colliding particles atf50.05 andN55041: ~a! Original distribution;~b! scaled velocity distribu-
tions as a function of the rescaled velocityc/AT(a) for different values ofa.
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functional forms with simulation data at differenta can es-
sentially be collapsed onto a single universal curve~the elas-
tic one! by plottingAT(a)P(cua) as a function ofc/AT(a),
whereT(a)5^c2&coll is the mean temperature of a particle
collision. The collapse plot is shown in Fig. 16~b!. This data
collapse confirms the concept of cold dense regions domi
ing the energy dissipation. This could point to a possi
relevant two fluid picture of a ‘‘hot’’ dilute background ga
coexisting with continuously rearranging configurations
‘‘cold’’ dense regions.

IV. CONCLUSION

We have performed extensive MD simulations to stu
the kinetic properties and short-range correlations in the n
equilibrium steady state of a randomly driven fluid of inela
tic hard disks, as a model for fluidized granular material. T
MD results have been compared with kinetic theory pred
tions derived from the Enskog-Boltzmann equation, prope
modified with a Fokker-Planck diffusion termj0

2(]/]v)2 to
account for the applied random driving force@9#.

It appears that the kinetic theory predictions, based
molecular chaos, are essentially in agreement with the
results for small inelasticities (a*0.5) at f50.05. For
larger inelasticities, the deviations from the molecular ch
predictions start to become manifest: the radial distribut
function at contact differs strongly from its local equilibriu
form; there is a predominance of grazing collisions. Wh
increasingf, the effects of the inelastic collisions becom
relevant at smaller inelasticities; e.g., atf50.2 andf50.5,
we observe already significant deviations fora<0.7.

To avoid inelastic collapse of the system at lowa, we
have implemented a modified rotation procedure~see the be-
ginning of Sec. III!. In its original version, this procedur
induces dramatic violations of molecular chaos. It could th
be argued that the important deviations of low-order-redu
momentsBnm are also spurious consequences of the ab
rotation procedure. However, we checked that circumven
the collapse by applying elastic collisions when the relat
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velocity of a pair is below a certain cutoff@37#, also induces
very important violations of molecular chaos~quantified by
B00 for instance!, unless the cutoff is chosen unphysical
high.

Sequences of ring collision processes, which lead to
breakdown of molecular chaos in classical fluids with co
servative interactions, are strongly enhanced in fluids w
dissipative interactions, such as rapid granular flows.
have analyzed how molecular chaos is broken, i.e., es
tially only through pairs of colliding particles at very sma
relative velocities. This means that molecular chaos is v
lated only in a small portion of phase space, implying th
only certain physical properties will be sensitive to this vi
lation. This explains why quantities such as the collision f
quency, or the pair-distribution function at contact are ve
sensitive to the inelasticity parameters, while others such
the pressure or the energy dissipation rate are well appr
mated by their Enskog prediction. Disentangling the effe
of hard disk and noise-induced correlations remains an in
esting point to explore. The studies performed in a fre
evolving IHS fluid also shows the predominance of graz
collisions at long times. The fact that we have observed
analogous behavior for this homogeneous steady state
cates that the mechanism of breakdown of molecular ch
in granular fluids through grazing collisions is generic f
this type of fluids.

The extra feature of noise-induced recollisions, which
not require mediation of a third particle, will further enhan
the violation of the molecular chaos assumption. A natu
way to develop a kinetic theory for randomly driven fluid
thereby presumably restoring the validity of the molecu
chaos assumption in the dilute gas case, could be to inc
the noise-induced recollisions in an effective two-partic
scattering operator. It would be of interest to study its pro
erties, either analytically or by simulating a two-particle i
elastic collision in the presence of external noise. An ad
tional theoretical complication here is the validity of th
Boltzmann Eq.~1! with Fokker-Planck diffusion term due to
the fact that there are two limits involved when dealing w
3-17
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hard spheres in combination with external white noise. T
actual properties of the effective collision operator depend
the order in which both limits are taken. In the simulation
one always takes the hard sphere limit first, while the wh
noise is approximated by discrete kicks that are applied
the particles at discrete times.

In Ref. @10#, we have calculated the equal-time spat
correlations of the fluctuations in the hydrodynamic densi
in the NESS. Here, we have focused on the dynamic pr
erties of these enhanced fluctuations, in particular of the
namic inhomogeneities observed in the density field. T
collisional velocity moments, introduced in Sec. II and me
sured in MD simulations, reveal that the dense regions c
sist mostly of particles colder than average. This is clea
shown in the velocity distributionP(vua) of particles that
are about to collide.

The MD simulations have been carried out in the limit
which the time interval between the external random kick
much shorter than themeanfree time between collisions. In
this limit, regions with density larger than average are
seen to survive for a long time. Rather, they form, dissol
and reappear elsewhere. The spatial correlations analyz
@10# show long-range correlations, which imply also a slo
down in the temporal decay of density perturbations. The
fore, we expect than the decrease of the kicking freque
will be accompanied by the appearance of apparent clus
This fact, together with the shape modification of the velo
ity distributionP(vua) ~see Fig. 16! suggests the picture of
two-fluid model, in which a ‘‘hotter’’ more dilute back
ground gas coexists with continuously rearranging confi
rations of ‘‘cold’’ dense clusters. This point remains open
subsequent investigation; for example, it would be intere
ing to analyze separately the collisional statistics in the de
and dilute regions to assess the role of density fluctuatio
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APPENDIX: REDUCED MOMENTS Bnm„T…

In the body of the paper, we have considered the co
sional averageŝgnucosuum&coll and the momentsMn,m(T)
andBn,m(T). We first list the Enskog values of these qua
tities, which have have been calculated from its definitio
given below Eq.~28!: i.e.,

Mnm
E ~TE!5vE

nxE2n/2
G„~d1n!/2…G„~m11!/2…

ApG„~d1m!/2…
, ~A1!
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^gnucosuum&coll
E 52n/2

G„~d1n11!/2…G„~m12!/2…

G„~d1m11!/2…
.

~A2!

Many physical quantities of interest may be expressed
terms of reduced momentsBnm , as already illustrated in Sec
II C for x (2),v,p, and G. Analogous relations hold for the
velocity moments ^gn&coll , which are proportional to
Mn11,1. This yields

Bn11,15
v

vE
3

^v12
n &coll

^v12
n &coll

E
5

v

vE
3

^gn&coll

^gn&coll
E S T

TE
D n/2

, ~A3!

where the denominator has been calculated in Eq.~A2!.
Velocity correlations between nearby particles may a

be expressed in the reduced momentsBnm(T). First, consider
the constrained averages^c1•c2&coll , defined in Eq.~24!.
They contain̂ G2&coll , which equals d/4 from the MD simu
lations, in agreement with Eq.~24! ~see Fig. 8 of Sec. III!.
The center of mass velocityG is consequently uncorrelate
with the relative velocity, and independent of the inelastic
Substitution of̂ G2&coll5d/4 in Eq. ~24! yields

^c1•c2&coll5
d

4
2

1

4
^g2&coll5

d

4
2

d11

4 S TE

T D B31

B11
, ~A4!

^c1
2&coll5

d

4
1

1

4
^g2&coll5

d

4
1

d11

4 S TE

T D B31

B11
. ~A5!

Similarly we find

^c1•c2 /g&coll5^G2/g&coll2
1

4
^g&coll

5
d

4A2

G~d/2!

G~~d11!/2!
A T

TE

3
B01

B11
H 12S TE

T DB21

B01
J ~A6!

and

^c1•c2 /ug cosuu&coll5^G2/ug cosuu&coll2
1

4
^g/ucosuu&coll

5
d

4
Ap

2
A T

TE
3

B00

B11
H 12S TE

T DB21

B01
J .

~A7!

Note that the last two averages are vanishing in the ela
case.

In the body of the paper we have considered the extra
lation of the static correlation̂ c1•c2&(r→s). Here, we
calculate its dynamic analoĝc1•c2&dyn, obtained by inter-
changing limits and replacingf (2)(c1 ,c2 ,r ) under the inte-
gral sign in Eq.~41! by its value at contact,f (2)(c1 ,c2 ,s).
We proceed in the same fashion as in Eqs.~36!–~39!, and
3-18
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split the numerator in Eq.~42! in a pre- and postcollision
part, as done in Sec. II D. One finds after a lengthy calcu
tion,

^c1•c2&dyn5
d

4 H 12S TE

T DB20

B00
J 1

12a

4 S TE

T DB22

B00
. ~A8!

Here, the first term on the RHS is its precollision part, i.e
ev
.

-

.

P.

ga

ev

f
e,

01130
-
^c1•c2&dyn

(2)5^c1•c2ug cosuu21&coll /^ug cosuu21&coll

5
d

4 H 12S TE

T DB20

B00
J . ~A9!

In Sec. III, these quantities are compared with MD simu
tions.
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A Barrat1, T Biben2, Z Rácz1,3, E Trizac1 and F van Wijland1
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Abstract
We consider the single-particle velocity distribution of a one-dimensional fluid

of inelastic particles. Both the freely evolving (cooling) system and the

non-equilibrium stationary state obtained in the presence of random forcing

are investigated, and special emphasis is paid to the small inelasticity limit.

The results are obtained from analytical arguments applied to the Boltzmann

equation along with three complementary numerical techniques (molecular

dynamics, direct Monte Carlo simulation methods and iterative solutions

of integro–differential kinetic equations). For the freely cooling fluid, we

investigate in detail the scaling properties of the bimodal velocity distribution

emerging close to elasticity and calculate the scaling function associated with

the distribution function. In the heated steady state, we find that, depending

on the inelasticity, the distribution function may display two different stretched

exponential tails at large velocities. The inelasticity dependence of the

crossover velocity is determined,and it is found that the extremely high-velocity

tail may not be observable at ‘experimentally relevant’ inelasticities.

PACS numbers: 05.70.Ln, 02.70.Ns, 02.70.Uu, 05.10.Ln

1. Introduction

1.1. Motivation

In the widely studied context of non-equilibrium stationary states, granular gases stand out as

an interesting model system, accessible to and the subject of many experimental and analytic

investigations. Their theoretical description and understanding is one of the present important

issues of the development of the out-of-equilibrium statistical mechanics.

0305-4470/02/030463+18$30.00 © 2002 IOP Publishing Ltd Printed in the UK 463
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The main difference between molecular gases and granular gases stems from the fact

that at each collision between, e.g., steel or glass beads (in experiments), or idealized smooth

hard spheres (in analytical and numerical investigations), a fraction of the relative kinetic

energy is lost [1]. This inelasticity is responsible for many interesting phenomena, such as the

appearance of spatial heterogeneities, non-Gaussian velocity distributions, etc. Theoretically,

two opposite situations have been extensively studied in the context of smooth inelastic hard

spheres we shall consider here, namely, the free cooling case where no forcing mechanism

compensates the energy loss due to dissipative collisions (see,e.g., the review [2] and references

therein), and the uniformly heated system where an external random force acts as a heating

process on the grains, allowing a non-equilibrium stationary state to be reached [3–5].

In this paper, we will study the above two situations (i.e. with or without energy input),

and concentrate on a one-dimensional granular fluid. For the homogeneously heated gas

(section 2), the focus will be on the high-energy tail of the velocity distributionP(v). Whereas

the velocities up to the thermal scale obey a Maxwell–Boltzmann-like distribution, we will

show by combining kinetic theory arguments and numerical simulations (both molecular

dynamics (MD) and Monte Carlo) that in the limit of vanishing inelasticity, P(v) displays

an exp(−v3) large v behaviour. At finite inelasticity, this tail is asymptotically dominated by

the exp(−v3/2) law already predicted in [4]. These predictions will also be confirmed by the

results of a high-precision iterative solution of the non-linear Boltzmann equation. On the

other hand, without energy injection (section 3), we will similarly concentrate on the limit of

small inelasticity (that appears quite singular, unlike in the heated case), and shed some light on

the importance of spatial heterogeneities and velocity correlations: detailed scaling properties

of the solutions of the homogeneous Boltzmann equation will be obtained analytically and

checked numerically. Further confrontation against molecular dynamics simulations will

show that the velocity distributions of the Boltzmann homogeneous cooling state share some

common features with those obtained by integrating the exact equations of motion.

1.2. The model

We shall consider a one-dimensional gas of equal mass particles of length σ and density n,

evolving on a line of length L = N/n with periodic boundary conditions. These particles

undergo binary collisions with conservation of momentum but loss of a fraction (α2) of the

kinetic energy in the centre-of-mass frame: consequently, if v1 and v2 (respectively v′
1 and v′

2)

are the velocities of the two particles involved before (respectively after) the collision, then

v′
1 + v′

2 = v1 + v2 (1)

v′
1 − v′

2 = −α(v1 − v2) (2)

where 0 � α � 1 is the restitution coefficient. We also introduce the inelasticity parameter

ε = 1 − α (ε = 0 for elastic collisions).

We will focus on the behaviour of the velocity distribution P(v, t) in the following two

cases:

• Without energy injected, the above collision rules define a system where energy dissipation

through collisions is not balanced and the typical velocities of particles progressively

decrease. This free cooling regime has been widely studied [6–19] and in particular in

dimension 1 by molecular dynamics studies [6, 7, 9, 19]. Slight modifications of the

collision rule allow us to bypass the inelastic collapse [20] and observe an asymptotic

scaling regime for P(v, t) [19].
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• A steady state can be reached if the loss of energy through collisions is balanced by an

injection that can be achieved through a random force η(t) acting on each particle,

dv

dt
= F + η(t) 〈η(t)η(t ′)〉 = 2Dδ(t − t ′) (3)

where D is the amplitude of the injected power and F the systematic force due to inelastic

collisions. Velocities consequently execute a random walk between the collisions, and

in the collisionless case P(v, t) obeys a diffusion equation with a ‘diffusion’ coefficient

D. This model was first introduced and discussed by Williams and MacKintosh [3] in

dimension 1, and studied in higher dimensions [5]; variants have also been proposed

[21, 22].

We define the granular temperature as the average kinetic energy of the system:

T (t) =
∫

dv v2P(v, t). (4)

The function T(t) decreases for the freely cooling system, but it eventually fluctuates around

a steady-state value in the heated case.

1.3. Investigation methods

Our study relies on the following three complementary approaches:

• Molecular dynamics (MD) simulations [23] integrate the exact equations of motion in a

finite box: we consider N hard rods of length σ , on a line of linear size L, with periodic

boundary conditions and random initial velocities, and we use an event-driven algorithm

to study their dynamics.

• The Boltzmann equation describes the evolution of the one-particle distribution function

P(v, t), upon the molecular chaos factorization hypothesis [24]. This equation is therefore

a mean-field approximation of the problem, in which density becomes irrelevant. It can

be solved numerically by the direct simulation Monte Carlo (DSMC) method [25], or in

certain cases, with an even better precision, by an iterative method similar to that used

in [26].

• In the elastic limit α → 1, an analytical scaling approach can be used to study the

Boltzmann equation. It is important to note that, in the particular case of one-dimensional

hard spheres, the elastic case ε = 0 is quite peculiar. Indeed, for ε = 0, the collisions

only exchange the velocities of the particles: this system is therefore unable to thermalize

and is equivalent to one with transparent particles where P(v, t) is frozen in time.

2. Steady state of the heated fluid

The exact solution of the problem of a d = 1 inelastic gas appears inaccessible, which prompted

us to carry out MD simulations to calculate P(v, t). In order to see whether a mean-field-type

approach can give a reasonable description of the inelastic gas, we reconsider the kinetic

theory of the process. We solve the appropriate Boltzmann equation by simulations in the

general α case, and derive exact results in the ε → 0 limit.

Since the gas systematically reaches a stationary state with a temperature T that depends

on the inelasticity (see below), it is useful to introduce the rescaled velocity

c =
v

√
T

(5)
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Figure 1. Velocity distributions for MD simulations with 5000 particles, density nσ = 0.5, for

restitution coefficients 0.6, 0.9, 0.95, 0.99 and 0.999 (from top to bottom). The symbols show the
Gaussian distribution. The inset shows a typical snapshot of the space density fluctuations for 0.99

(continuous line) and 0.6 (dotted line).

and the corresponding distribution function

f (c) =
√

T (t)P (v, t). (6)

In order to compare the velocity distributions at various inelasticities, numerical data for the

rescaled velocity distributions will always be displayed in the figures.

2.1. General α case

2.1.1. Molecular dynamics simulations. The molecular dynamics simulations are carried

out with N = 5000 hard rods, using an event-driven algorithm, and submitting the rods to

random kicks at a frequency that remains much higher than the collision frequency, in order

to simulate the noise of equation (3). Note that, since the Langevin equation considered in

[21] is different from ours4, comparing the two approaches is not possible without further

investigations on either side.

Starting from an initial distribution of velocities, a steady state is reached after a transient,

and velocity distributions can be measured. Figure 1 displays such distributions for inelasticity

ranging from α = 0.6 to 0.999. Strong non-Gaussian behaviour is observed, with over- or

under-populated high-energy tails depending on α. Moreover, the inset shows that the system

remains quite homogeneous at low inelasticity, while strong density fluctuations develop at

larger inelasticity. The value of the density n of the system seems to have no influence

on the shape of the velocity distributions, and density fluctuations seem to increase roughly

proportional to 1/(nσ ) (at constant α). Detailed investigations of the spatial correlations are

left for future studies.

2.1.2. Kinetic theory. Assuming that the density of the particles is low and neglecting both

velocity and spatial correlations of colliding partners, the Boltzmann equation for the spatially

4 It contains a friction term in velocity space whose amplitude is linked to the force amplitude, whereas detailed
balance is not satisfied by our model, where the forcing is independent of the state of the system. We did not consider

the friction term in order to study a model (leading to a steady state) with a minimal number of parameters.
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averaged velocity distribution function P(v, t) can be written as [7, 15]

∂tP −D∂2
vP = −n

∫ ∞

−∞
dv′|v − v′|P(v)P (v′)

+
4n

(1 + α)2

∫ ∞

−∞
dv′|v − v′|P(v′)P

(

2v − (1 − α)v′

1 + α

)

. (7)

The right-hand side of equation (7) contains the collision terms corresponding to the

‘dissipative’ rules (2), while the Fokker–Planck term D∂2
vP on the left-hand side takes into

account the energy injected by the random forces (3).

The system described by equation (7) is expected to relax to a steady state since the power

input is independent of the velocities while the loss of energy is roughly proportional to the

energy itself. This expectation can be made more quantitative by deducing the equation for

the temperature (T = 〈v2〉) of the system

d〈v2〉
dt

= 2D −
n

4
(1 − α2)〈|v − v′|3〉 (8)

where 〈· · ·〉 denotes averaging with P(v, t) and |v− v′| represents the relative velocity of two

randomly chosen particles. There is a stationary solution to this equation that has a simple

physical meaning. Namely, the rate of input of energy (∼D) is equal to the rate of loss of

kinetic energy in the centre-of-mass frame ∼(1 − α2) (v− v′)2 (with the extra factor n|v− v′|
coming from the collision rate). One may also estimate the characteristic time of reaching the

steady state. Indeed, the quantities T 3/2 = 〈v2〉3/2 and 〈|v|3〉 are expected to have the same

leading large-time (t → ∞) dependence, and thus, up to an unknown numerical constant C,

equation (8) can be written as

dT

dt
= 2D − C n(1 − α2)T 3/2. (9)

The typical relaxation time is then τrelax ∼ [D/(n(1 − α2))]2/3. In the small inelasticity limit

(ε → 0), this relaxation time diverges as τrelax ∼ ε−2/3. We have indeed observed such a

behaviour of the approach to the steady state in both MD and DSMC simulations.

Many pieces of information on the stationary distribution function have been obtained in

[4]; in particular, the deviations from a Gaussian �(c) = e−c2/2/
√

2π have been investigated

by the Sonine expansion [27]

f (c) = �(c)



1 +

∞
∑

p=1

apSp(c
2)



 (10)

where Sp are polynomials orthogonal with the Gaussian weight �. The coefficients ap are

then obtained from the moments of f . From the definition of temperature, a1 vanishes and

the first correction a2, which is related to the kurtosis of the velocity distribution, has been

computed in any dimension neglecting non-linear contributions of O
(

a2
2

)

; in dimension 1, it

has the expression

a2 ≡ 4

(

〈v4〉
3〈v2〉2

− 1

)

=
16(1 − 2α2)

129 + 30α2
. (11)

We note a peculiarity of dimension 1: a2 does not vanish as α→ 1, unlike in space dimensions

d > 1 in which limα→1 a2 = 0. This is a hint that the quasi-elastic limit is more singular in

d = 1 than in higher dimensions.

Besides, it was shown in [4] how to determine the high-energy tail of the velocity

distribution. We briefly recall the argument. The ε-dependent gain term in the collision
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integral appearing in the Boltzmann equation (7) is a priori neglected. In the large velocity

limit the resulting equation for the steady-state distribution Ps(v) reads

D
d2Ps

dv2
= −n|v|Ps(v) (12)

which yields a high-energy tail of the form exp
(

−2
3

√
n/D|v|3/2

)

. Then one verifies that

the gain term is indeed negligible (as would be the case for any solution decaying faster

than exponentially). The 3/2 exponent is independent of the space dimension; therefore the

behaviour of the large-c tail is singular for ε → 0, with an exponent jumping abruptly from

3/2 for ε > 0 to 2 for ε = 0 (for dimensions larger than 1, the elastic system equilibrates and

thus f is a Gaussian).

2.1.3. Numerical solution of the homogeneous Boltzmann equation. We have obtained

numerically the exact solution of the Boltzmann equation, i.e. the velocity distributions, in the

homogeneous situation, for various values of the restitution coefficient. Two methods have

been used: the well known DSMC method and another powerful iterative method, recently

introduced by Biben et al [26]. Let us recall the idea of this method.

The stationary velocity distribution can be obtained numerically through a direct iteration

of equation (7). From an initial guess for the velocity distribution P(v) (a step function

for example), the time evolution can be computed from equation (7) until the steady state is

reached. Taking advantage of the v → −v symmetry of the velocity distribution, we only

need to know the values of P for positive velocities. P(v) is then discretized from v = 0

to v = (Nv − 1)dv, where typically Nv = 1000 and dv = 0.01
√

D
√
π/(n(1 − α2)). The

right-hand side of equation (7) can be estimated using the Simpson integration, combined with

a quadratic interpolation method to estimate the values of

P

(

2v − (1 − α)v′

1 + α

)

whose argument does not necessarily coincide with the velocity discretization. An implicit

method is used to solve the diffusion equation: if P t+dt
i denotes the new estimate of P(i dv)

at time t + dt, the left-hand side of equation (7) can be written in the time–velocity discretized

space:

dP

dt
−D∂2

vP →
P t+dt
i − P t

i

dt
−D

P t+dt
i+1 − 2P t+dt

i + P t+dt
i−1

dv2

which leads to the following equation for P t+dt
i :

(

1 + 2D
dt

dv2

)

P t+dt
i −D

dt

dv2

(

P t+dt
i+1 + P t+dt

i−1

)

= P t
i + dt{RHS of (7) at site i and time t}.

(13)

We recognize a band tridiagonal matrix on the left-hand side which can easily be inverted

numerically to provide the new value of the velocity distribution at time t + dt. Normalization

of the velocity distribution is enforced at each time step.

Figure 2 shows a perfect agreement between the two methods, the iterative method

allowing much higher precision to be reached (see the y-scale). The obtained distributions

show strong deviations from the Gaussian, just as in the MD case. However, the distributions

obtained by MD and DSMC agree only in the α → 1 limit, as was expected because of the

spatial inhomogeneities appearing in the MD simulations.

The measure of the fourth cumulant a2(the first correction to the Gaussian) shows excellent

agreement between the DSMC data and the kinetic theory predictions from equation (11),
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Figure 2. Velocity distributions obtained by DSMC with 25 000 particles (symbols) or by the

iteration method (lines), in a log-linear scale, for restitution coefficients 0.1, 0.6, 0.9 and 0.99

(from top to bottom). Inset: same distributions on a linear scale, for restitutions 0.6 (stars) and

0.99 (squares).
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Figure 3. Values of the second Sonine coefficient a2, obtained by measuring the fourth cumulant

of f (c) in DSMC simulations (circles), together with the kinetic theory prediction equation (11)

(line). Inset: MD values for a2 (squares) and kinetic theory prediction (line).

over the whole range of inelasticities (see figure 3). In the limit α → 1, a2 obtained in MD

coincides with the prediction of equation (11), namely, a2 → −16/159. Moreover, the full

velocity distribution function coincides with that obtained in DSMC (see figure 5 below).

However, as α decreases, the MD results significantly deviate from their molecular chaos

counterparts (see the inset to figure 3)

Moreover, plotting the velocity distribution versus either c3/2 or c3, as in figure 4,

shows that the high-energy tail obtained by the DSMC method has a shape going from

the predicted exp(−Ac3/2) at large inelasticity to an exp(−Ac3) behaviour at low inelasticity.

For intermediate values of α, a fit to a form exp(−AcB) would lead to intermediate values

of B. Since the real high-energy limit has to follow an exp(−Ac3/2) law [4], this shows that
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Figure 4. Velocity distributions, obtained by DSMC with 25 000 particles, versus c3 and in the

inset versus c3/2, for restitution coefficients 0, 0.1, 0.6, 0.707, 0.9, 0.99 and 0.999 (from top to

bottom): at low restitution coefficient, f (c) shows an exp(−Ac3/2) behaviour, and an exp(−Ac3)

behaviour as α goes to 1.

for low ε, this limit is far beyond the reach of usual numerical methods, and emphasizes the

fact that the range over which the large-c limit is valid depends on the inelasticity. This is an

important point since experiments have a limited precision, and the distribution function will

have a practically vanishing weight long before this range is reached. In the next subsection

we will see that the investigation of the α → 1 limit and the use of the iterative method allow

us to understand the exp(−Ac3) form obtained for α close to 1.

2.2. Small inelasticity limit

For small values of ε ≡ 1 − α, the Boltzmann equation takes the form

∂tP(v, t) = D∂2
vP(v, t) + nε

∫ ∞

−∞
dw|v − w|P(w, t)

×
[

P(v, t) +
1

2
(v − w)∂vP(v, t)

]

+ O(ε2). (14)

The ε → 0 limit can now be taken by introducing a scaled velocity x = (nε/D)1/3v.

Using x, the Boltzmann equation yields an equation for the scaled distribution function

φ(x) = (nε/D)1/3Ps(v) (where Ps(v) is the stationary distribution limt→∞ P(v, t)):

d2φ

dx2
+

∫ ∞

−∞
dy|x − y|φ(y)

[

φ(x) +
1

2
(x − y)

dφ

dx

]

= 0 (15)

and we can integrate this equation twice to obtain

φ(x) = C exp

{

−
1

6

∫ ∞

−∞
dy|y − x|3φ(y)

}

. (16)

Here C is a constant determined from the normalization condition
∫

dx φ(x) = 1. We have

used the above equation to implement an iterative scheme to find numerically the corresponding
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Figure 5. Symbols: velocity distributions obtained numerically at α = 0.999 by MD and DSMC

simulations; the solid line is the numerical solution φ(x) of equation (16), corresponding to the

α → 1 limit, and here rescaled in order to have the same variance as the simulation data (〈c2〉= 1).

A perfect agreement between the three sets of data is observed. The dotted line is the Gaussian

distribution.

velocity distribution. Moreover, as already pointed out in [13], one can easily see that the

large |x| limit is given by

φ(x) = Ce− 1
6
|x|3 (17)

while at small x, the function can be approximated by a Gaussian

φ(x) = C̃ e− 1
2
λx2

(18)

with λ =
∫

dx |x|φ(x) ≈ 0.785 determined from the numerical solution of equation (16)

and C̃ = C exp
(

−
∫

dx|x|3φ(x)/6
)

. The full numerical solution (displayed in figure 5) can

also be investigated for locating the place where the crossover between the Gaussian and the

exp(−|x|3/6) type behaviour takes place. We find that the crossover range deduced from

comparing the asymptotics (17) and (18), xcr = 3λ � 2.36, is actually in agreement with

numerical observations of the full function. Thus returning to non-scaled velocities, we can

see that the crossover velocity v(1)cr diverges in the ε → 0 limit as

v(1)cr ≈
(

D

nε

)1/3

. (19)

The important consequence of this result is that, for small dissipation, the exp(−Av3) regime

is reached for larger and larger velocities.

At large but finite velocities, an effective exponent can be defined by

n =
d

d ln v
ln

{

−ln

[

P(v)

P (0)

]}

(20)

corresponding to an apparent exp(−Avn) behaviour. The values of n for various inelasticities,

obtained with the iterative method, are displayed in figure 6, together with the α → 1 limit.

The effective exponent, starting from 2 at small velocities, increases and reaches a maximum

at velocities that scale as ε−1/3 for small ε (as v(1)cr ). The height of the maximum, n(1)cr , scales

as 3 − n(1)cr ∼ ε1/3.
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Figure 6. Effective exponent defined by equation (20) for the solution of the Boltzmann equation

obtained by the iterative method and for the numerical solution of the α → 1 limit (upper curve,

obtained from the iterative resolution of equation (16)).

One should note that the above scaling analysis explores only the v ∼ ε−1/3 range of the

velocity space. As already mentioned, for any fixed ε, the large v limit of the distribution

function is a stretched exponential

Ps(v) ∼ exp

{

−
2

3

( n

D

)1/2

|v|3/2
}

(21)

which is indeed observed numerically at relatively low values of α (see figure 4). Comparing

the arguments of the exponents in (17) and (21), one finds a crossover scale diverging as

v(2)cr ≈
(

D

nε2

)1/3

. (22)

The effective exponent displayed in figure 6 indeed decreases at velocities larger than

v(1)cr . For large inelasticities, the n → 3/2 limit of large velocities is observed; however, since

v(2)cr ≈ v(1)cr /ε
1/3, it becomes impossible to observe the asymptotics (21) for small inelasticities,

even for almost realistic values of α, e.g. 0.95 (in experiments, α ∼ 0.8–0.9).

It has to be emphasized that this kind of behaviour is also observed in higher dimensions

(for example, simulations of a two-dimensional heated granular gas with α = 0.8 yield

an almost Gaussian velocity distribution, even if the predicted high-energy behaviour is

exp(−v3/2)); it is therefore to be kept in mind for the comparisons of models with experiments

in which the available precision often does not allow the predicted tails to be reached.

Finally, as already mentioned, it can be seen in figure 5 that, for ε → 0, there is

an excellent agreement between the single particle velocity distribution obtained in MD

simulations (including both the space and velocity correlations) and that derived either from

the asymptotic (ε → 0) distribution function φ(x) or from the Monte Carlo simulation of the

Boltzmann equation.

3. Freely cooling system

3.1. General considerations

In the freely cooling system, no energy is injected and the temperature is monotonically

decreasing with time. The first investigations of the one-dimensional freely evolving gas were
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undertaken in [6–9]; it was shown by molecular dynamics simulations that, depending on the

values of the number of particles and the restitution coefficient, different instabilities could

occur: e.g. at fixed number of particles N, ifα is lower than a threshold, strong clustering occurs

and leads to an inelastic collapse [6]. At larger α, the instability develops more slowly, and

the inelastic collapse is avoided. The temperature then decays according to the rate equation

dT/dt ∝ −T 3/2, i.e. T(t) ∼ t−2 [28], however derived for a homogeneous system, whereas

strong heterogeneities develop in both velocity and space coordinates; a wavy, oscillatory

in time, perturbation appears in a ‘phase-space’ plot (velocity versus position) [7, 8] with a

tendency to form a bimodal velocity distribution.

The choice of a suitable quasi-elastic limit (where ε → 0 and N ∝ 1/ε to avoid the

inelastic collapse) leads to a simplified Boltzmann equation [7, 9–11], which can be understood

using arguments from kinetic theory and hydrodynamics. This equation can be considered

as formally exact as it has also been derived in [12] from the exact BBGKY-like hierarchy

governing the evolution of the distribution [24]. In this quasi-elastic limit, the velocity was

observed to develop a two-hump structure reminiscent of the bimodal velocity distribution

observed in molecular dynamics [7, 9]. Moreover, exact results were derived in the context

of the above-mentioned limit, where it was shown in particular that to leading order in ε, the

velocity distribution consists of two symmetric Dirac peaks [12].

Extensive MD simulations were carried out in [19], using large sizes and probing large

times, starting from a homogeneous situation with an initial given velocity distribution. As

long as the system is homogeneous, the temperature decays according to T(t) ∼ t−2 [28]. As

time evolves, space clustering of particles occurs and a t−2/3 decay is obtained [19]. Since

the number of particles is large, inelastic collapse should then occur; this catastrophic event is

avoided by imposing that the collisions between particles with relative velocity smaller than a

given threshold are elastic (they can equally be chosen to be sticky), and it was checked that

the results do not depend on the chosen threshold. In this respect, the authors of [19] showed

that the one-dimensional inelastic fluid belongs to the ‘universality class’ of the sticky gas,

and advocated a mapping to the Burgers equation to describe the appearing heterogeneities.

Moreover, at large times the rescaled velocity distribution f (c) was found stationary and very

close to a Gaussian up to the available accuracy (see also figure 7), even if the mapping to

the Burgers equation predicts an exp(−Ac3) high-energy tail. In fact, the bimodal structure

of f (c) reported in [7, 9] can also be observed in this case during the transient homogeneous

behaviour, during which spatial heterogeneities and correlations build up, as shown in [29];

moreover, it can be clearly seen only by a convenient choice of the initial velocity distribution.

The importance of spatial heterogeneities and correlations is emphasized in figure 7, where the

rescaled velocity distribution obtained following the prescription put forward by Ben-Naim

et al [19] (that is essentially Gaussian) is compared to that obtained from the homogeneous

Boltzmann equation5. The two-hump structure displayed by the latter appears for α > 0.8 and

becomes more and more pronounced as α increases. In the next subsection, we will investigate

in detail this structure in the ε → 0 limit.

3.2. Small inelasticity limit

We have performed MD simulations using the two possibilities to avoid inelastic collapse

mentioned in section 3.1.

• In figure 8, the top panel displays the results obtained for ε = 5 × 10−4 at various stages

of the evolution: at first the system remains homogeneous but the tendency to form a

5 As expected, the temperature obeys the scaling law T ∝ t−2 in DSMC.
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Figure 7. Rescaled velocity distributions at large times (in the scaling regime) at α= 0.85 obtained

by MD with N = 25 000 (circles) and DSMC (squares) simulations. The solid line is the Gaussian

distribution. In MD simulations, the inelastic collapse has been regularized by considering the
same modified collision rule as in [19].

bimodal velocity distribution is rapidly obtained. The large time situation consists of

two well defined clusters evolving with opposite velocities and yielding a sharply peaked

bimodal velocity distribution (figure 8, bottom panel). In this case, the overall kinetic

energy decay E(t) ∼ t−2 consists in a series of plateau since most of the dissipation occurs

when the two clusters collide [7].

• On the other hand, with the regularization proposed in [19], the duration of the transient

behaviour increases with α, but the large time behaviour of the velocity distribution is

always Gaussian.

It is striking to note that the above two procedures (small number of particles or elastic

collisions at small enough velocities) lead to drastically different behaviour for the decay

of the temperature, the spatial heterogeneities and the velocity distributions. Moreover it is

remarkable that the homogeneous solution of the Boltzmann equation captures the bimodality

of f (c) (see figure 8, bottom panel) associated with a strongly heterogeneous system. In order

to gain an insight into the approach to the limit ε → 0, we devote the remainder of this paper

to the analysis of the scaling properties of the homogeneous non-linear Boltzmann equation.

We expect that for low enough inelasticity, f (c) tends towards two delta peaks at c = ±1,

as predicted in [12]. Performing DSMC simulations for smaller and smaller inelasticities

allow this regime to be approached, and figure 9 shows how the peaks become narrower as α

increases.

As the system cools, the velocity distribution P(v, t) evolves into the Dirac distribution

δ(v). The above numerical results indicate that this distribution actually consists of two

peaks located symmetrically around the velocity origin, at positions decaying as ±(εt)−1.

Moreover, it appears that the results displayed in figure 9 for the rescaled velocity c hide a

self-similar structure, with the width of the peaks scaling as ε1/3, as evidenced in figure 10

where the distributions corresponding to different inelasticities collapse onto a master curve.

The characteristic features of this master curve are investigated below and to this end, we

return to the ε expansion of the Boltzmann equation (14), omitting the Fokker–Planck term

D∂2
vP , since the fluid evolves freely in the present situation.
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Figure 8. Top: velocity–density scatter plots obtained in MD simulations with N = 1000 and
α = 0.9995. Each dot marks the location of a particle in the x–c plane, where x denotes the

position in the simulation box and c denotes the velocity rescaled by the thermal velocity. Starting

from an initial Gaussian distribution of velocities and random initial positions, the four snapshots

correspond, from left to right and top to bottom, to four instantaneous configurations observed

after respectively 4 × 103, 2 × 104, 4 × 104 and 6 × 104 collisions per particle. Bottom: velocity

statistics obtained in MD by averaging in the late time regime for the same initial situation and

parameters as above, compared to its ‘mean-field’ counterpart provided by DSMC simulations at

the same inelasticity (α = 0.9995).

From the evolution of temperature (T ∝ ε−2t−2), it appears that a convenient scaling

variable is x ≡ nεtv with a corresponding probability distribution function � related to

P(v, t) throughP(v, t) = nεt�(nεvt). To leading order in ε, the Boltzmann equation is then

brought into the simple form

d(x�)

dx
=

∫

dy|x − y|�(y)
[

�(x) +
1

2
(x − y)

d�

dx

]

(23)

the solution of which reads [12]

�(x) = 1
2
[δ(x − 1) + δ(x + 1)]. (24)
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Figure 9. Rescaled velocity distributions at α = 1 − ε with ε = 10−2, 10−3 and 10−4 obtained by
DSMC simulations.
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Figure 10. Self-similarity of the rescaled distribution functions for small inelasticities.

Looking for the self-similar structure of the peaks shown in figures 9 and 10 requires pushing

the ε-expansion one order further compared to equation (23),

d(x�)

dx
=

∫

dx ′|x − x ′|�(x ′)

[

1

(1 − ε/2)2
�

(

x +
ε

2 − ε
(x − x ′)

)

−�(x)

]

(25)



Velocity distributions of the one-dimensional inelastic gas 477

and considering solutions for� of the form

�(x) = ε−ν
[

1

2
ψ

(

1 + b(ε)x

εν

)

+
1

2
ψ

(

1 − b(ε)x

εν

)]

. (26)

In equation (25), the positive function ψ has the interpretation of the (ε-rescaled) velocity

distribution of left (or right) movers, and b(ε) = b0 + ενb1 + ε2νb2. Substituting the scaling

assumption for � into (25) and performing the change of variables x = −1 + ενy, we obtain

a non-linear integro–differential equation for ψ(y):

a(ε)[ε1−ν(yψ)′ − ε1−2νψ ′)] =
ε

2

∫

dy ′|y − y ′|ψ(y ′)

(

ψ(y) +
1

2
(y − y ′)ψ ′(y)

)

+
ε−ν

2

∫

dy ′|2 − εν(y + y ′)|ψ(y ′)

×
[

−ε1−νψ ′ +
ε

2
(y + y ′)ψ ′ + εψ +

1

2
ε2−2νψ ′′

]

(27)

where terms of the form ψ(−2ε−ν + y) have been neglected, anticipating that they will be

exponentially small. Terms of order ε2−2ν and ε1+ν were equally neglected. Assuming again

thatψ will have a sharp decay, we write that under the integrals |2−εν(y+y ′)| = 2−εν(y+y ′).

Identifying on both sides of equation (27) terms of order ε1−2ν and ε1−ν leads, respectively, to

b0 =
∫

dy ′ψ(y ′) (28)

which is the normalization condition, and

ψ ′(y)

{

b1 +

∫

dy ′y ′ψ(y ′)

}

= 0 (29)

which relates b1 to 〈y〉 (a constant function ψ cannot be a solution). We choose to impose

b1 = −〈y〉ψ = 0, where the notation 〈· · ·〉ψ stands for an average with respect to weight

function ψ . Then one notices that the expansion is consistent only with the condition that the

ε2−3ν term can be cancelled by terms of order ε, which imposes that

ν = 1
3

(30)

and we recover the exponent 1/3 that was needed to collapse the velocity distributions at

several small inelasticities, as done empirically in figure 10. Finally we equate to zero the

terms of order ε to obtain the following integro–differential equation:

b2ψ
′(y) =

∫

dy ′ψ(y ′)

[

1

2
ψ(y)(|y − y ′| − (y + y ′))

+
1

4
ψ ′(y)(|y − y ′|(y − y ′)− (y + y ′)2) +

1

2
ψ ′′(y)

]

(31)

which we integrate once, remembering that b0 = 〈1〉ψ,

b0ψ
′(y) + 2b2ψ(y) +

1

2
ψ(y)

∫

dy ′ψ(y ′)(|y − y ′|(y − y ′)− (y + y ′)2) = 0. (32)

We know from the direct analysis of the ε → 0 limit of the scaling function that b0 = 1, which

we use from here on. At this stage we note that integrating the above equation and using

〈y〉ψ = 0 leads to

2b2 = 〈y2〉ψ . (33)
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Conversely, setting b2 = 1
2
〈y2〉ψ will automatically enforce 〈y〉ψ = 0. We rewrite the equation

for ψ in the form

lnψ(y) = lnC − 2b2y +
1

6

∫

dy ′ψ(y ′)[|y − y ′|3 − (y + y ′)3]. (34)

We now investigate the asymptotics of ψ . The left tail of the distribution at large negative

values of y reads

y → −∞ ψ(y) � C exp
[

1
3
y3 + o(1)

]

. (35)

This sharp decay at y → −∞ a posteriori justifies the approximations made in the course of

the calculation. Note that omitting the first line on the rhs of equation (27) leads to exactly

the same behaviour of the tail of the distribution. This has a physical interpretation: collisions

between particles heading in the same direction can be neglected at large velocities. Opposite-

velocity collisions are responsible for the form of the tail at large velocities. o(1) represents

contributions going exponentially fast to 0.

The right tail y → +∞ decays exponentially fast as

ψ(y) � C ′ exp
{

−2〈y2〉ψy + o(1)
}

with C ′ = C exp
{

− 1
3
〈y3〉ψ

}

(36)

which again justifies the assumptions made so far. o(1) again represents contributions going

exponentially fast to 0. For completeness we mention the y → 0 behaviour of the scaling

function:

ψ(y) = C′′ exp
{

−
y

2
〈3s2 + |s|s〉ψ + y2〈|s|〉ψ ) + O(y3)

}

with

C′′ = C exp

{

1

6
〈|y|3 − y3〉ψ

}

. (37)

As a side remark, the integro–differential equation for ψ can be cast in the form of an

ordinary fourth-order differential equation

(lnψ)(iv) = ψ. (38)

Finally, we note that numerical iteration of the integro–differential equation (32) converges

extremely rapidly. This allows us to determine the numerical constants C, 〈y2〉ψ and 〈y3〉ψ
appearing in the asymptotics. The results obtained from this numerical scheme are compared

with those of the DSMC method in figure 11, and show a quantitative agreement which

improves as ε is lowered in DSMC, as expected (see the dotted line at ε = 10−4, closer to the

asymptotic scaling form for ψ than the dashed line corresponding to ε = 10−3).

4. Conclusion

We have investigated the velocity statistics of one-dimensional granular fluids of inelastic

particles with a particular emphasis on scaling properties in the elastic limit, both in the absence

of an external forcing and in a system heated by random accelerations. For the heated system,

we showed that the expected high-energy tail ∼exp(−Ac3/2) yields the correct asymptotic

behaviour at finite inelasticity ε, but this asymptotics is masked by a tail ∼exp(−Bc3) for

ε→ 0, with the rescaled crossover velocity between the two regimes scaling as ε−1/3. This

shows that the limits of high velocity and low inelasticity do not commute: if ε → 0 is taken

before the high-energy limit, the distribution exhibits an asymptotic ∼exp(−Ac3) large-c

behaviour:

f (ε, c)
c→∞∝ exp(−Ac3/2) for any ε �= 0 (39)
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Figure 11. Comparison of the scaling functionψ(y) (see text for definition) obtained within DSMC

(ε = 10−4, dotted line and ε = 10−3, dashed line), with the solution of equaton (32) corresponding

to the quasi-elastic limit.

whereas

lim
ε→0

f (ε, c)
c→∞∝ exp(−Ac3). (40)

Thanks to a high-precision iterative scheme allowing the homogeneous non-linear Boltzmann

equation to be solved, we could obtain the velocity distribution over 30 orders of magnitude at

arbitrary ε, and thus define the apparent exponent n of the stretched exponential law for large

c [f (c) ∝ exp(−Ccn)]. However, even with such precision, the crossover between the two

behaviours (39) and (40) is difficult to investigate (see figure 6).

For the freely evolving 1D granular fluid, we have investigated in detail the structure

and scaling properties of the two-hump velocity distribution exhibited by the solution of the

homogeneous cooling state of the Boltzmann equation, both numerically and analytically.

Such a bimodal distribution captures an essential feature of the velocity distributions obtained

in molecular dynamics simulations for parameters hindering the inelastic collapse (i.e.

extremely small ε or small systems). In this respect, a perturbative Sonine expansion in

the spirit of that put forward in [4] fails at small ε, whereas such an expansion turned out

to be remarkably accurate for the heated gas (see figure 3). In both cases it would predict a

non-vanishing kurtosis correction a2 for ε → 0, which is a peculiarity of d = 1; as soon as

d > 1, a2 vanishes for small inelasticities, with or without forcing.

Given the striking features of the velocity distributions obtained in dimension 1, it would

be of interest to perform the same analysis for realistic space dimensions d> 1, and to quantify

more precisely space and velocity correlations [30], for both the heated and unforced systems,

in order to understand in particular which of these features survive.
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Molecular dynamics simulations of vibrated granular gases
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We present molecular dynamics simulations of monodisperse or bidisperse inelastic granular gases driven by
vibrating walls, in two dimensions~without gravity!. Because of the energy injection at the boundaries, a
situation often met experimentally, density and temperature fields display heterogeneous profiles in the direc-
tion perpendicular to the walls. A general equation of state for an arbitrary mixture of fluidized inelastic hard
spheres is derived and successfully tested against numerical data. Single-particle velocity distribution functions
with non-Gaussian features are also obtained, and the influence of various parameters~inelasticity coefficients,
density, etc.! are analyzed. The validity of a recently proposed random restitution coefficient model is assessed
through the study of projected collisions onto the direction perpendicular to that of energy injection. For the
binary mixture, the nonequipartition of translational kinetic energy is studied and compared both to experi-
mental data and to the case of homogeneous energy injection~‘‘stochastic thermostat’’!. The rescaled velocity
distribution functions are found to be very similar for both species.
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I. INTRODUCTION

Due to the intrinsic dissipative character of interpartic
collisions, an energy supply is requested to fluidize a gra
lar gas. This is often achieved by a vibrating boundary, a
the resulting vibrofluidized beds provide nontrivial realiz
tions of nonequilibrium steady states. The understanding
such far from equilibrium systems requires a correct desc
tion of the energy exchange between the vibrating piston
the granular medium, as well as a macroscopic continu
theory to describe the evolution of the relevant coar
grained fields@1–3# ~density, temperature, etc.!. In particular,
the derivation of an accurate equation of state is a key ste
the hydrodynamic approach.

A simple, fair, and much studied theoretical framework
capture the inelastic nature of grain-grain collisions in
rapid granular flow is provided by the inelastic hard sph
model@4,5#. In this paper, we present the results of extens
molecular dynamics~MD! simulations of inelastic hard
spheres driven by an energy injection at the boundaries
both a one-component fluid~monodisperse case! and a bi-
nary mixture~bidisperse situation!. We analyze in detail the
effects of several parameters that may be difficult to tu
experimentally, with a particular emphasis on the profiles
the hydrodynamic fields.

This paper is organized as follows. In Sec. II, we pres
the model and derive an equation of state for an arbitr
mixture of inelastic hard spheres, going beyond the ideal
contribution in view of performing accurate hydrodynam
tests. The equation of state obtained is a natural genera
tion of its standard counterpart for elastic hard spheres.
following two sections~Secs. III and IV! are then devoted to
molecular dynamics simulations for one-component syste
and for binary mixtures. In both cases, we restrict oursel
to two-dimensional simulations, both for simplicity and f
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comparisons with two-dimensional~2D! experimental data
@6–9#. As in the experiments, the energy loss due to inela
collisions is compensated for by an energy injection by
brating or thermal walls, which leads to heterogeneous d
sity and temperature profiles. The various profiles and ve
ity distribution functions are studied and compared w
experiments whenever possible. Moreover, projecting the
namics onto the direction perpendicular to that of ene
injection allows one to assess the validity of the rand
restitution coefficient model proposed in Refs.@10,11#. The
influence of various parameters on the nonequipartition
energy in a binary mixture is studied in Sec. IV, and co
parison with experimental data and with the case of hom
geneous energy injection is performed. In this latter case,
velocity distribution functions are analyzed and shown to
very similar for the two species. Conclusions are finally p
sented in Sec. V.

II. THE MODEL—COMPUTATION OF AN EQUATION
OF STATE

We consider a mixture ofNs species of hard spheres i
dimensiond, with diameterss i and massesmi , where 1
< i<Ns . A binary collision between grains of speciesi and
j is momentum conserving and dissipates kinetic energy
the simplest version of the model, the collisioni -j is charac-
terized by one inelasticity parameter: the coefficient of n
mal restitutiona i j . Accordingly, the precollisional velocities
(v i ,v j ) are transformed into the postcollisional coup
(v i8 ,v j8), such that

v i85v i2
mj

mi1mj
~11a i j !~ŝ•v i j !ŝ, ~1!

v j85v j1
mi

mi1mj
~11a i j !~ŝ•v i j !ŝ, ~2!
©2002 The American Physical Society03-1
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wherev i j 5v i2v j and ŝ is the center-to-center unit vecto
from particlei to particlej. Note thata i j 5a j i to ensure the
conservation of total linear momentummiv i1mjv j .

We also considered an extension of the previous mo
allowing for rotations, introducing a coefficient of tangent
restitution (a i j

t )P@21;1# @12#, see Appendix A: the colli-
sion law for smooth spheres~1!, ~2! is then recovered for
a i j

t 521, while complete reversal of the tangential comp
nent of the relative velocity is obtained fora i j

t 51. Values in
between correspond to a decrease of the absolute value o
tangential relative velocity, with reversal fora i j

t .0 and
without for a i j

t ,0.
Irrespective of the value of the tangential restitution co

ficient a t, the linear-momentum change for particlei in a
collision i -j reads

dpi52dpj52
mimj

mi1mj
~11a i j !~ŝ•v i j !ŝ. ~3!

In Appendix B, we use this relation to compute an equat
of state for the homogeneous isotropic mixture, invoking
virial theorem~the pressure is defined kinetically from th
momentum transfer and does not follow from a statisti
mechanics derivation!. The total density is denoted byr and
the partial densities byr i5xir ~the number fractionsxi are
such that( ixi51). The temperature of speciesi is Ti , de-
fined from the mean kinetic energy of subpopulationi: Ti

5^miv i
2&/d. Only for an elastic system is the energy eq

partition Ti5T,; i recovered@6,13–23#. It is found in Ap-
pendix B that the pressure in dimensiond reads

P5(
i

r iTi1rh2d21(
i , j

xixj

mj

mi1mj
~11a i j !Ti

s i j
d

^sd&
x i j ,

~4!

independent of a i j
t , where s i j 5(s i1s j )/2, ^sd&

5( ixis i
d , h is the packing fraction~e.g. h5pr^s3&/6 in
b
rs

n

s
o
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three dimensions!, and thex i j are the pair correlation func
tions at contact. The latter~unknown! quantities may be ap
proximated by their elastic counterparts~see Ref.@24# for a
general procedure to infer reliable pair correlation functio
in a multicomponentd-dimensional hard-sphere fluid from
the equation of state of the monodisperse system!. In the
following analysis, it will turn sufficient to include only the
low-density behavior,x i j 51, to improve upon the idea

equation of stateP5Pideal5( ir iTi , that holds forr→0
only. We emphasize that no approximation has been mad
the single-particle velocity distribution in the derivation
Eq. ~4! ~the key assumption is that the two-body distributi
function factorizes at contact in a product of the sing
particle distribution@25#!.

It is instructive to check the validity of our equation o
state by considering the elastic limit wherea i j 51 and Ti
5T. A straightforward calculation~under the reasonable an
often made assumption thatx i j 5x j i ) shows that the mas
ratio simplifies and expression~4! may be cast in the form

P

rT
511h2d21(

i , j
xixj

s i j
d

^sd&
x i j , ~5!

which is the correct result~see, e.g., Ref.@26#!. In particular,
for the single-species~monodisperse! problem, we recover
the virial relationP/(rT)5112d21hx. Note that Eq.~5!
corresponds to the equation of state put forward in Ref.@27#,
which thus neglects the inelasticity of the collisions and
associated breakdown of kinetic energy equipartition. On
other hand, our approach fully incorporates these two f
tures.

We finally generalize Eq.~4! to the situation of a continu-
ous size distribution, with a probability density distributio
W(s) ~normalized to 1 so that̂sn&5*snW); the tempera-
ture is, in general, a continuous functionT(s) of size and
P

r
5E W~s!T~s!ds1

h

2E dsds8W~s!W~s8!
ms8

ms1ms8

~11ass8!T~s!
~s1s8!d

^sd&
xss8 . ~6!
wo

re
f

e

of

e

In the following sections, the above equation of state will
used to test hydrodynamic predictions for a monodispe
system and for a binary mixture.

III. MOLECULAR DYNAMICS SIMULATIONS FOR THE
ONE-COMPONENT SYSTEM

A. Introduction

We have implemented molecular dynamics simulatio
with an event-driven algorithm forN spherical particles in a
two-dimensionalL3L box. Periodic boundary condition
are enforced in thex direction, while the energy loss due t
e
e

s

collisions is compensated by an energy injection by t
walls situated aty50 andy5L ~we consider the amplitude
of motion of the walls to be small so that their positions a
considered as fixed@1#, which avoids the complication o
heat pulses propagating through the system@28#!. We will
refer to they direction as the ‘‘vertical’’ one, although we ar
interested in regimes for which gravity can be neglected@7#
~i.e., when the shaking is violent enough!. The energy can be
injected in two ways:

~1! By thermal wallsthat impose a given temperature
orderT0 @29#. When a particle collides with the wall, its new
vertical ~along y) velocity is extracted at random from th
3-2
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MOLECULAR DYNAMICS SIMULATIONS OF VIBRATED . . . PHYSICAL REVIEW E66, 051303 ~2002!
probability distribution functionv/AT0 exp@2v2/(2AT0)#,
whereasvx is unaffected.

~2! By vibrating walls. For simplicity, we consider walls
of infinite mass moving in a sawtooth manner; all partic
colliding with a wall find it with the same velocityv0.0 at
y50, 2v0 at y5L. The particle-wall collisions are consid
ered elastic. A particle of velocityv with vy,0 colliding
with the bottom wall aty50 ~respectively,vy.0 at the up-
per wall! experiences its velocity change tov8 according to
vy852v02vy ~respectively,vy8522v02vy), whereas thex
component is unaffected (vx85vx).

In both cases, energy is injected in the vertical direct
only, and transferred to the other degrees of freedom thro
interparticle collisions. The vibrating walls being the situ
tion closer to the experimental one, most of our results w
be presented in this case, and the effect of injection mo
will be briefly discussed.

In this section, we consider the monodisperse case.
particles have the same massm(51), diameters, and res-
titution coefficientsa and a t. Most of the simulations are
done with N5500 particles, and some withN51000 par-
ticles ~low enough to avoid clustering or inelastic collaps!.
For our two-dimensional system, the local packing fract
at heighty, where the local density isr(y), is defined as
h(y)5pr(y)s2/4. The global~mean! packing fraction is
denotedh0 ; h05*0

Lh(y)dy/L.
Starting from a random configuration of the particl

~with the constraint of no overlap!, we let the system evolve
until a steady state is reached. Data on density and temp
ture profiles as well as on velocity distributions are mo
tored as time averages; the various quantities are aver
along thex direction since the system remains homogene
in this direction.

B. Density and temperature profiles

The first observations concern the density and temp
ture profiles: Figures 1 and 2 show that the density is low

FIG. 1. Density profiles for two normal inelasticities and tw
densities. In all cases, the number of particles isN5500. The sym-
bols correspond to the smallest density~the mean packing fraction
averaged over the whole system ish050.015) and the lines are fo
a higher density (h050.04). The ratioh(y)/h0 is also the ratio
r(y)/r0 of local density normalized by the mean one.
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near the walls, where the temperature is higher as expe
since energy is injected at the walls and dissipated in
bulk of the system@30#. The profiles are qualitatively simila
for thermal or vibrating boundaries. Moreover, the who
temperature profile is proportional to the temperatureT0 im-
posed by a thermal wall or to the square of the velocityv0 of
the vibrating boundary, while a change inT0 or v0 does not
change the density profile~not shown!. As the mean density
increases ora decreases, the profiles get more hetero
neous; asa t is increased, more energy is transferred to ro
tional degrees of freedom, so that the temperature decre
while the density profiles become slightly more peak
~Fig. 2!.

Figure 3 clearly shows another feature resulting from
energy injection into the vertical direction: the temperature
anisotropic, i.e.,̂ vx

2&Þ^vy
2&, with Ty.T.Tx . The anisot-

ropy A(y)5(Ty2Tx)/(2T) is larger at the boundaries
where energy is fed into the vertical direction, decreases
to interparticle collisions, and reaches a plateau in the mid
of the slab. The plateau value decreases for increasing n
ber of particles or increasing densities~not shown!, as in
experiments@8#; the global anisotropy profile and the platea
values are comparable to experimental values@8#.

C. Equation of state and hydrodynamics

The equation of state derived in Sec. II reduces, in
case of a two dimensional one-component homogeneous
tem, to the relation

P5rT@11~11a!hx#, ~7!

wherex, the pair correlation function at contact, depends

FIG. 2. Density profilesh(y)/h0 ~upward curves! and tempera-
ture profiles~downward curves! for a given normal restitution co-
efficient a50.9 and different tangential restitutions (N5500 par-
ticles, mean packing fractionh050.015). The temperature is th
total one~including horizontal and vertical degrees of freedom!; it
is expressed in arbitrary units but all curves correspond to the s
velocity of the vibrating piston. From top to bottom for the tem
peratureT(y) and from bottom to top for the density, the curve
correspond, respectively, toa t521, a t520.8, a t520.5, and
a t50.2.
3-3
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A. BARRAT AND E. TRIZAC PHYSICAL REVIEW E 66, 051303 ~2002!
the packing fractionh. We will use the form x5(1
27h/16)/(12h)2, which has been shown to be accurate
elastic hard-disk liquids@31#.

The hydrodynamic equations~see Appendix C and Ref
@1#! lead to]yP50 in the absence of a flow field. We chec
in Fig. 4~a! the constancy ofP with y by plotting the ideal
gas contributionr(y)T(y) ~lines! andP(y) given by Eq.~7!
~i.e., ideal gas contribution plus Enskog correction!. While,
at small enough densities~not shown!, r(y)T(y) is constant
in the bulk (yP@0.2L,0.8L#), the Enskog correction is nec
essary for the densities used in Fig. 4~note that the density
can be quite larger in the middle of the system than at
boundaries!. We also note that the inelasticity term (11a) is
relevant, although small at the densities presented@the pro-
files of rT(112hx), not shown, display a less uniform
shape withy, the effect being stronger at larger densities#. In
all cases, boundary layers (y,0.2L and y.0.8L) are ob-
served@1# in which the pressure decreases. This discrepa
can be related to the anisotropy described in the prece
section~pressure and temperature are most anisotropic
the walls!.

FIG. 3. Temperature profile fora50.9 andh054%. The hori-
zontal temperatureTx , vertical tempratureTy , and the total tem-
peratureT5(Tx1Ty)/2 are shown. The inset shows the anisotro
factor A5(Ty2Tx)/(2T) as a function of height.
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The comparison with hydrodynamics may be improved
follows. The pressure tensorP is diagonal in the presen
no-flow situation, but has differentxx and yy components,
and the homogeneity along thex direction implies that the
condition of vanishing flow field“•P50 reduces to]yPyy
50. We therefore check in Fig. 4~b! that they-y component
of the pressure tensor, given by the equation of state~7! with
the total temperatureT5(Tx1Ty)/2 replaced by its vertica
componentTy , is uniform in the whole system. With Ensko
correction, the corresponding profiles are remarkably fl
This result could be tested in experimental situations
which bothTx andTy are measured. Such an analysis va
dates both the hydrodynamic picture and the equation
state proposed by automatically sampling several densitie
a single run.

At low densities, assuming the ideal gas equation of s
to hold, the hydrodynamic study of Ref.@1# ~recalled in Ap-
pendix C!, leads to the following analytical prediction for th
temperature profile:

y

L
5

j1sinhj cosh~jm2j!

jm1sinhjm
,

j5
jm

2
6cosh21SA T

T0
cosh

jm

2 D , ~8!

where T0 is the temperature at the boundaries andjm is
proportional to the total number of particles. The correspo
ing fits of the temperature profiles are shown in Fig. 5
good agreement is obtained, especially at lower densitie
expected@since the ideal gas equation of state is a cruc
ingredient in the derivation of Eq.~8!#. We use one fitting
parameterjm to obtainT/T0 @32#. Figure 4 showed that con
sideration of the ‘‘vertical’’ pressurePyy led to a better
agreement with hydrodynamic predictions than the to
Pxx1Pyy . A similar conclusion is incorrect for the tempera
ture profiles: the transport equation for the temperature
scalar@see Eq.~C2!#, and Eq.~8! holds for the totalT, not for
the verticalTy .
FIG. 4. Pressure given by the equation of state~7!. ~a! The symbols correspond toP5r(y)T(y)@11(11a)h(y)x(y)# ~see text!, where
T is the total temperature. The lines immediately below a given set of symbols show the ideal gas contributionr(y)T(y) only. For the three
situations investigated, the mean density is the same (h050.04). ~b! Same figure with the vertical temperatureTy instead ofT inserted in
the equation of state, yielding therefore theyy component of the pressure tensor.
3-4
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MOLECULAR DYNAMICS SIMULATIONS OF VIBRATED . . . PHYSICAL REVIEW E66, 051303 ~2002!
D. Velocity distributions

Because of the energy injection through the walls,
velocity distributions are anisotropic, anda priori depend on
the distance to the walls. The vertical velocity distributi
also depends on the nature of the walls as shown in Fig.
smooth distribution is obtained in the vicinity of a therm
wall, while the incoming and outcoming particles yield tw
separated peaks for vibrating walls~see also Ref.@1#!.

On the other hand, therescaledhorizontal velocity distri-
bution P(cx) ~with cx5vx /ATx) is remarkably independen
of the distance from the walls~outside the boundary layers!,
even if the temperature changes withy, at small enough den
sities ~this result was also obtained in Ref.@29#!. At larger
densities,P(cx) becomes slightly dependent ony, as also
seen in recent similar MD simulations@33#. Figure 7 shows
clearly non-Gaussian features similar to the experiment
observed ones@7,13,34#, with in particular overpopulated
both small-velocity and high-velocity regions. A slight d
pendence on the parameters is obtained:P(cx) broadens if
the inelasticity increases~i.e., if a decreases!, if a t increases,
or if h0 or N increase. Experimentally, the dependence
density or material properties is weak and difficult to me
sure@7# but seems to exist, in particular as far asN is varied
@9#. The angular velocity distributions, also displayed in F
7, share a similar non-Gaussian character and the sam

FIG. 5. Fits of the temperature profiles measured in MD w
the analytical expression~8!. The fits are shown with continuou
curves while the symbols stand for the MD measures. For cla
the fits are restricted to heightsL/2<y<0.8L.
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pendence with the parameters.
As density or inelasticity are further increased, cluster

phenomena may occur, leading to heterogeneities along tx
direction, with the coexistence of colder, denser regions w
hotter, less dense ones. The average over thex direction then
leads to artificially broadP(cx).

Finally, as a general rule, thermal walls lead to sligh
broader velocity distributions than vibrating walls.

E. Effective restitution coefficients

We now turn to the study of the effective inelasticitie
introduced in the context of a random restitution coefficie
~RRC! model @10,11#: even if the restitution coefficienta is
constant, the energy is injected in the vertical direction a
transferred to other degrees of freedom through collisions
that the effective restitution coefficient for collisions pro
jected onto thex direction,

a1d5
v12,x8

v12,x
, ~9!

may be either smaller or larger than 1~see Ref.@3# for a
related discussion!.

Values ofa1d have been experimentally measured@9,11#

y,

FIG. 6. Probability distribution function of the vertical velocit
componentcy5vy /ATy for different heights. By definition,̂cy

2&
51, whatever the altitudey. Here,h050.04,N5500, a50.9, and
a t50.
-

-

FIG. 7. ~a! Probability distri-
bution function of the rescaled
horizontal velocity componentcx

5vx /ATx, on a linear-log plot.
Hereh050.015,N5500, a50.9
~pluses!, 0.8 ~stars!, and a t50.
The solid line is the Gaussian with
unit variance, the circles corre
spond to experimental data@7,9#
for steel beads.~b! Probability dis-
tribution function of the angular
velocities for the same param
eters.
3-5
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A. BARRAT AND E. TRIZAC PHYSICAL REVIEW E 66, 051303 ~2002!
and shown to display a broad probability distributionm(a1d)
very similar for various materials and densities. We ha
measureda1d for many collisions and thus obtained its di
tribution, displayed in Fig. 8 together with experimental da
for steel and glass beads. A remarkable agreement is fo
@35#, with a broad range of possible values fora1d . Our
study shows, in particular, thatm(a1d) displays aa1d

22 tail
for a1d.1, irrespective ofa, a t, and density.

The importance of the correlations betweena1d and the
relative velocityg5v12/A2T of the colliding particles has
been emphasized in Ref.@11# and is revealed by the compu
tation of m(a1dugx), the distribution ofa1d being condi-
tioned by a given value ofgx ; although no precise exper
mental determination of the conditionalm(a1dugx) could be
achieved in Ref.@11#, strong evidences for a sharp cuto
}1/gx at large values ofa1d were provided and the form
m(a1dugx)}exp@2(a1dgx)

2/R# at large a1d has been pro-
posed. The conditionalm(a1dugx) obtained in the presen
MD simulations confirm the above picture; they are d
played in Fig. 9 and show an exp@2(a1dgx)

2/R# decrease for
the case of vibrating walls~closer to the experimental situa
tion!, and a broader form exp@2(a1dgx)/R8# for thermal walls.
Moreover, althoughm(a1d) is not sensitive to the variou
parameters, the cutoffR increases@i.e., leads to broade
m(a1dugx)] if a decreases, and ifa t or h0 increases.

FIG. 8. Probability distribution function of effective one
dimensional restitution coefficientsa1d . The MD results are com-
pared to the experimental measures of Feitosa and Menon@9# on
steel and glass samples~for which the nominal restitution coeffi
cient may be considered close to 0.9).
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Finally, theenergyrestitution coefficient

b5
uv128 u
uv12u

~10!

may also be viewed as a random variable that can take va
larger than unity due to energy transfers between rotatio
and translational degrees of freedom@9,11#. Figure 10 dis-
plays the probability distribution function~PDF! r(b) ob-
tained in the MD simulations for various values ofa t, to-
gether with the experimental data of Refs.@9,11# for steel
beads.r(b) becomes wider asa t is increased, but the ex
perimental distribution is broader, which may be traced ba
to the fact that in the experiments mentioned above,
beads can rotate in three dimensions, whereas our sim
tions are limited to 2D rotations.

The evolution with the parameters of the distributionsm,
r, and of the velocity PDFP(cx) are clearly linked in our
simulations: broader conditionalm(a1dugx) corresponds to
broader velocity distributions; for instance, both broaderm
and P(cx) are obtained ifa decreases, or, at fixed param
eters, if vibrating walls are replaced by thermal walls. Th
connection is in agreement with the phenomenology put
ward in the context of the effective RRC model@10,11#. In
the RRC approach, thed-dimensional system with energ
injection along a preferential direction is replaced by

FIG. 10. Probability distribution function of energy restitutio
coefficientsb. Various tangential restitution coefficientsa t are con-
sidered fora50.9 andh051.5%. The circles represent the expe
mental data for steel grains@9#.
g
-

)

FIG. 9. ~a! Conditional PDF
of a1d for a given valuegx of
order unity. Note the different
shapes for thermal and vibratin
walls. ~b! Same, but as a func
tion of (a1dgx)

2 ~and gx

5 0.2,0.5,1.0,1.5,2.0,3.0,4.0,5.0
for vibrated walls with a50.9,
a t50, andh050.015.
3-6
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FIG. 11. ~a! The symbols show the pressure calculated from the complete equation of state for a binary mixture~11! including Enskog
correction, while the lines immediately below display the ideal gas contributionr1(y)T1(y)1r2(y)T2(y) to the pressure. The three sets
curves correspond to:upper set, h050.015, a1150.9, a1250.8, a2250.7, m155m2; middle set, h050.04, a1150.9, a1250.8, a22

50.7, m153m2; lower set, h050.04, a1150.7, a1250.8, a2250.9, m153m2. ~b! Same curves, where the temperatures are the ver
ones (Ti ,y) instead of the totalTi5(Ti ,x1Ti ,y)/2, yielding therefore theyy component of the pressure tensor.
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(d21)-dimensional projectedeffectivesystem in which the
restitution coefficient is a random variable@10# correlated
with the relative velocities of the colliding particles@11#. In
the present situation,d52 and the effective model is on
dimensional. Although the real projected collisions are
stochastic, one effectively injects at each collision a rest
tion coefficient randomly chosen from the distributio
m(a1dugx). Takingm as an input for the model, close to th
experimental data, one obtains velocity distributions as o
put, in good agreement with the experimental ones. The
betweenm andP(cx) can be studied@11#, and broader con-
ditional distributions m(a1dugx) yield broader P(cx) ~at
largecx , compared to the Gaussian!, as in our more realistic
simulations.

IV. MOLECULAR DYNAMICS SIMULATIONS FOR THE
BINARY MIXTURE

In this section, we investigate the properties of vibra
binary mixtures; such systems have recently attracted m
attention, both on the experimental@6,13,14# and theoretical
sides@15–23,36,37#. In particular, the breakdown of energ
equipartition between the two constituents of the mixture
been thoroughly investigated.

The main difference with previous studies consists her
the realistic character of both MD simulations~as opposed to
Monte Carlo methods! and the energy injection mechanis
at the boundaries; the setup is the same as in the prece
section, with, however, two types of particles, with mas
m1 , m2, and sizess1 , s2. The three normal restitution co
efficients~corresponding to the three possible types of co
sions! are a11, a125a21, a22. In the context of a forcing
mechanism through a random external force@25,38#, it has
been shown that the influence of size ratio on the temp
ture ratio measuring the energy nonequipartition was ra
weak @17# compared to that of inelasticity parameters
mass ratio. We shall consequently limit our study to identi
sizess15s2 in two dimensions, which corresponds to th
experimental situation we will refer to@6,9#. For simplicity,
the tangential restitution coefficientsa i j

t are also taken equa
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As in the monodisperse case, we measure den
and temperature profiles, velocity distributions, as w
as the temperature ratiosg(y)5T2(y)/T1(y), gx(y)
5T2,x(y)/T1,x(y), gy(y)5T2,y(y)/T1,y(y). Some compari-
son with experimental data@6,9# will be proposed wheneve
possible.

A. Equation of state

We first test the equation of state~4! in Fig. 11. As in the
monodisperse case, the Enskog correction is clearly relev
even at low global densities, since the density profiles re
relatively high values fory.L/2. It is, however, sufficient to
truncate the equation of state at second virial order, wh
amounts to taking the low-density limiting valuex i j 51 for
the pair correlation functions at contact:

P.r1T11r2T21
ps2

2~m11m2!
@~11a11!r1

2m2T1

1~11a12!r1r2~m1T21m2T1!1~11a22!r2
2m1T2#.

~11!

Moreover, the boundary layer in which the anisotropy
strong is still apparent if the global temperaturesT1 andT2
are used, while use of the vertical ones (T1,y andT2,y), sug-
gested by the anisotropy of temperatures and pressure
the monodisperse case, leads to a uniformyy component of
the pressure tensor in the whole system. The functional
pendence of pressure upon densities is therefore accur
reproduced by the equation of state~11!.

Although we have not extended the hydrodynamic a
proach of Breyet al. @1# to binary mixtures~it would be
possible making use of the Navier-Stokes-like equations
rived in Ref. @36# where only the overall temperature ass
ciated with both species serves as a hydrodynamic field,
where the transport coefficients explicitly depend on te
perature ratio!, we see in Fig. 12 that the temperature profi
can be fitted, at low density, by the form~8!. We emphasize
that there is no fundamental reason for the agreement.
quality of the fit is much better for the less massive partic
3-7



nd

fo
Th

th
te
-
f
r o

n

the

of
-

ile
d
o-

ix
a
f

rse’’

.

that

A. BARRAT AND E. TRIZAC PHYSICAL REVIEW E 66, 051303 ~2002!
whose density is more homogeneous across the system~see
the following!. For simplicity, we have used the shortha
notation a i j 50.7;0.8;0.9 for the situation wherea1150.7,
a1250.8, anda2250.9.

B. Nonequipartition of translational kinetic energy

The density and temperature profiles are displayed
various values of the parameters in Figs. 13 and 14.
more massive particles~labeled 1!, which display a more
heterogeneous profile and are denser in the middle of
cell, have typically larger kinetic energies than the ligh
ones; generically,g5T2 /T1 is smaller than 1, as in homo
geneous mixtures@16,17#. The study of they dependence o
g shows thatg increases from the boundaries to the cente
the system, and is constant across a wide range ofy even if
T1 andT2 vary significantly. As also experimentally show
in Ref. @6#, g is very close to 1 ifm15m2, even if the

FIG. 12. Temperature profiles for an equimolar granular m
ture, driven by vibrating walls. The symbols show the MD me
sures, and the lines are fits to the analytical expression derived
the single-component case. In all cases, the particle 1~the heaviest!
has massm153m2; its temperatureT1 corresponds to the two
lower sets.
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inelasticities of the particles are different. It decreases if
mass ratio increases~Fig. 13!, but displays only a very weak
~but strikingly similar to experimental data! sensitivity on the
global density~Fig. 15! as well as on the relative densities
heavy and light particles; moreover,g may increase or de
crease ash1,0/h2,0 is increased~see Fig. 16!, depending on
the relative inelasticities.

The anisotropy in the temperatures yield an anisotropicg;
we obtain,gx.g.gy , as in experiments@9#, also with dif-
ferent shapes.gx decreases from the walls to the center wh
g andgy increase~Fig. 15!. All these results are in very goo
agreement with the existing experimental results for tw
dimensional vibrated mixtures@6,9#. We summarize in
Tables I and II some of the effects reported here.

-
-
or

FIG. 14. Density profiles and temperature ratio profiles~binary
mixture, vibrating walls!. The lines correspond toa i j

50.7;0.8;0.9, whereas the symbols are associated with ‘‘reve
inelasticities a i j 50.9;0.8;0.7. The other parameters area t50,
m153m2 , h1,05h2,0, and h052h1,050.015. The upper flatter
curves~dashed line and stars! show the temperature ratio. As in Fig
13, the density of heavy particlesr1 ~thick continuous curve and
circles! is more peaked and denser in the middle of the cell than
of light grains~thin continuous curve and squares!.
e
e

FIG. 13. ~a! Vertical profiles for a binary mixture withm153m2 , h050.015, a i j 50.85, N5500, and equal mean densitiesh1,0

5h2,0 ~excitation by vibrating walls!. From bottom to top: temperature profiles of both species, density profilesh2(y)/(2h0) and
h1(y)/(2h0). Sinces15s2, the packing fractionh i is proportional to the local densityr i of speciesi. The upper dashed curve shows th
temperature ratiog5T2 /T1 as a function of height, and the circles show the same quantity for a nonequimolar mixture wherh1,0

58h2,0. ~b! Same with a higher mass ratiom155m2.
3-8
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FIG. 15. Effect of density on the temperature ratio form153m2 , a i j 50.9;0.8;0.7~vibrating walls!. ~a! shows the total ratioT2 /T1 and
~b! shows the ratio of horizontal temperaturesT2,x /T1,x . In both cases, the corresponding experimental measures are shown in the ins
a steel-glass mixture~at different densities, but with a density ratio of 2, close to that of the MD simulations 0.04/0.015.2.6). The purpose
is to show that the changes induced by density in MD are qualitatively the same as in the experiments.
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When rotations are included~and thusa t.21), g de-
creases. Moreover, the ratio of rotational kinetic energiesg r
can then be measured. As shown in Tables I and II,g r takes
values of the same order asg. This quantity may also be
computed from experimental data, although measures o
tational velocities area priori more difficult than that of
translational ones.

The measured values ofg are of the same order as th
experimental data. We do not however try to obtain a prec
numerical agreement for the following reasons:

~i! In the experiments of Ref.@6#, the beads can rotate i
three dimensions, whereas the simulated spheres rota
two dimensions only. Sincea t has a strong effect ong, we
suspect that this difference between experiments and sim
tions may affectg. Moreover, the experimental value ofa t is
not known, and the precise validity of the inelastic ha
sphere model with a tangential restitution coefficient sho
be assessed

~ii ! Different energy injection mechanisms~thermal vs vi-
brating walls, homogeneous driving vs injection at t

FIG. 16. Influence of number fraction on the temperature ra
T2 /T1. The total number of particles isN5N11N25500 ~vibrat-
ing walls!. Given that s15s2 , N1 /N258 corresponds toh1,0

58h2,0.
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boundaries! lead to different values ofg. Even if the energy
injection by vibrating walls is reasonably realistic, such
sensitivity ofg renders its precise numerical prediction el
sive.

Nonetheless, thequalitative very good agreement, eve
for subtle effects~see, e.g., Fig. 15!, between numerics and
experiment, and the possibility to change the various par
eters in the simulations allow us to make some predicti
on the effect of various parameters. For example, increa
the mass ratio should yield smaller values ofg ~Fig. 13!.
Moreover, Fig. 14 makes it clear that the value ofg, at given
mass ratio, is smaller for inelasticitiesa i j 50.9;0.8;0.7 than
with ‘‘reverse’’ inelasticities a i j 50.7;0.8;0.9. This effect
was already noted in Ref.@17# and has the following intuitive
interpretation: when the more massive particles are more
elastic, they lose more energy, their temperature decrea
which results in a higherg. We therefore predict that in the
context of the experiments reported in Ref.@6#, a mixture of
steel and aluminum (asteel'0.9,aal'0.83,msteel'3mal)
should yield a smaller value ofg than the brass-glass mix
ture (abrass'0.8,aglass'0.9,mbrass'3mglass) for which the
measuredg is close to 0.6–0.7. The dependence ofg upon
number fractionxi5r i /r may, on the other hand, be coun
terintuitive: at a given mean densityr0, an increase of the
relative fractionx1 of heavy particles leads to an increase
g when the heavy particles are the more elastic~see Fig. 16!.

TABLE I. Values of g, gx , g r in the middle of the system for
N5500, a i j 50.85, h1,05h2,0, m153m2 ~first three lines!, and
m155m2 ~last three lines!.

a t g gx g r

21 0.88 0.92
20.5 0.825 0.89 0.83

0 0.79 0.86 0.8
21 0.79 0.845
20.5 0.7 0.78 0.69

0 0.65 0.74 0.66

o
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This effect was also clearly observed for the homogeneo
heated mixture@17#. On the other hand, an increase ofx1

leads to a relatively weak decrease ofg when the heavier
particles are the less elastic, whereas the opposite~albeit also
quite weak! trend could be observed in Ref.@17#.

C. Velocity distributions

As in the monodisperse case, we have measured
single-particle velocity distributions, which are anisotrop
as expected. The vertical velocity distributions are similar
those shown in Fig. 6, and the horizontal velocity distrib
tions show strong non-Gaussian features, as in the mono
perse case. Moreover, it appears in Fig. 17 that the resc
velocity distributions P1(cx) and P2(cx) are very close
~even if not equal, see also Ref.@23#! for both types of par-
ticles. The differences betweenP1(cx) and P2(cx) increase
if the inelasticities or the mass ratio increase.Pi(cx) depend
slightly on the various parameters, in the same way as
velocity distributions of the monodisperse situation; this d
pendence would probably be very difficult to measure in
experiment, which would probably lead to the conclusi
that P1(cx)'P2(cx) .

TABLE II. Values of g, gx , g r in the middle of the system fo
N5500, a i j 50.9,0.8,0.7~first three lines!, and a i j 50.7,0.8,0.9
~last three lines!, m153m2 , h1,05h2,0.

a t g gx g r

21 0.735 0.775
20.5 0.69 0.735 0.735

0 0.665 0.72 0.72
21 0.95 1.0
20.5 0.89 0.99 0.84

0 0.85 0.96 0.81

FIG. 17. Probability distribution functions of the rescaled ho
zontal velocity componentsci ,x5v i ,x /ATi ,x, for an equimolar mix-
ture. Squares are forP1 ~heavy grains! and circles forP2 ~light
grains!. Hereh050.015,N5500, a i j 50.9,0.8,0.7,m153m2, and
a t50. The solid line is the Gaussian with variance 1.
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V. CONCLUSION

In this study, we have considered vibrated granular ga
outside the Boltzmann limit of~very! low densities. The mo-
lecular dynamics simulations performed are free of the
proximations underlying the usual kinetic theory or hydrod
namic approaches. Taking due account of the first correc
to the ideal gas contribution in the equation of state~second
virial order!, we, however, found a remarkable constantyy
component of the pressure tensor over the whole cell,
monodisperse or bidisperse systems, despite the strong
sity and temperature heterogeneities due to the realistic
ergy injection mechanism.

The study of the velocity distributions along the horizo
tal direction ~perpendicular to the energy injection! has re-
vealed non-Gaussian features similar to experiments, wh
depend weakly on the various parameters involved in
model.

The projection of the dynamics onto the horizontal dire
tion has allowed us to gain insight into the correlations b
tween the effective restitution coefficienta1d and the relative
velocitiesgx of colliding particles. The measured condition
probability distributionsm(a1dugx) are in agreement with
the forms proposed in Ref.@11#, based upon partial experi
mental data. The link betweenm(a1dugx) and the velocity
probability distribution functions@11# has been confirmed.

In the case of binary mixtures we have analyzed the ra
of granular temperatures as a function of the various par
eters, and found a very good qualitative agreement with
periments. The velocity distributions of the two compone
have, moreover, been shown to be very similar.
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APPENDIX A: INCLUSION OF A TANGENTIAL
RESTITUTION COEFFICIENT

In this appendix we give the collision rules when a ta
gential restitution coefficient is introduced~see also Ref.
@12#!. The two colliding particles labeled (1) and (2) hav
masses mi , diameters s i , and moment of inertiaI i

5miqs i
2/4 ~with q51/2 for disks and 2/5 for spheres!. The

precolliding velocities arev i ,vi , and postcolliding veloci-
ties are denoted with primes.

The normal unit vector is defined as

ŝ5
r12r2

ur12r2u
. ~A1!

The relative velocity of the contact point,

g5v12v22S s1

2
v11

s2

2
v2D3ŝ, ~A2!

has normal componentgn5(g•ŝ)ŝ and tangential compo
nent gt5g2gn ~this defines the tangential unit vectort̂
5gt /ugtu.
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The postcollisional velocities can be expressed simply
terms of the precollisional velocities through the introducti
of the linear momentum change of particle(1),

DP5m1~v182v1!52m2~v282v2!. ~A3!

Indeed, the change of angular momentum is

2I i

s i
~vi82vi !52ŝ3DP. ~A4!

One obtains

v185v11
DP

m1
, ~A5!

v285v22
DP

m2
, ~A6!

vi85vi2
s i

2I i
ŝ3DP. ~A7!

The normal and tangential components ofDP are then com-
puted using the definition of the normal and tangential co
ficients of restitution:

gn852agn , ~A8!

gt852a tgt . ~A9!

Sincegn5@(v12v2)•ŝ#ŝ, the first relation leads to

DP•ŝ52
m1m2

m11m2
~11a!~v12v2!•ŝ. ~A10!

Using the definition ofgt , and with I i5miqs i
2/4, one also

obtains
05130
n
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gt85gt1DPtS 1

m1
1

1

m2
D S 11

1

qD , ~A11!

whereDPt5(DP• t̂) t̂. Finally,

DP52
m1m2

m11m2
S ~11a!gn1

11a t

111/q
gtD . ~A12!

APPENDIX B: EQUATION OF STATE FOR A
POLYDISPERSE INELASTIC MIXTURE

In this appendix, we adopt a kinetic definition of the tot
pressure and compute this quantity for an arbitrary homo
neous mixture of speciesi, with number fractionxi5r i /r.
Invoking the virial theorem, the excess pressurePex5P
2Pideal5P2( ir iTi is related to the collisional transfer o
linear momentum: the partial excess pressure of specii
reads~see, e.g., Ref.@39#!

Pi
ex5 lim

t→`

1

dV

1

t (
j ,collisional partner of i

r i j •dpi ~B1!

5 lim
t→`

1

dV

1

t (
j ,collisional partner of i

mi mj

mi1mj
~11a i j !

3~ŝ•v i j !s i j where s i j 5
s i1s j

2
. ~B2!

In these equations, it is understood that the summation r
over all the collision events involving a particle of typei and
an arbitrary partnerj, in a large volume of measureV. The
collisional transfer appearing in Eq.~B2! is readily computed
within Enskog-Boltzmann kinetic theory, where the veloc
distribution functionsw i(v) obey the set of nonlinear equa
tions,
] tw i~v1 ,t !5(
j 51

Ns

x i j s i j
d21njE dv2E dŝQ~ŝ•v12!~ŝ•v12!F 1

a i j
2

w i~v1* !w j~v2* !2w i~v1!w j~v2!G , ~B3!

where Q denotes the Heaviside distribution and (v1* ,v2* ) are the precollisional velocities converted into (v1 ,v2) by the
collision rules~1! and ~2!. Equation~B2! may be rewritten as

Pi
ex5

1

2d (
j 51

Ns

x i j s i j
d21njE dv1dv2E dŝ Q~ŝ•v12!~ŝ•v12!w i~v1!w j~v2!

mimj

mi1mj
~11a i j !~ŝ•v12!s i j . ~B4!

Summing the contributions of all species, the total excess pressure follows:

Pex5
1

2d (
i , j

x i j s i j
d ninj

mimj

mi1mj
~11a i j !E dv1dv2E dŝ Q~ŝ•v12!~ŝ•v12!

2w i~v1!w j~v2! ~B5!

5
1

2d (
i , j

x i j s i j
d ninj

mimj

mi1mj
~11a i j !F E dŝ Q~ŝ•v̂12!~ŝ•v̂12!

2G E dv1dv2~v1
21v2

2!w i~v1!w j~v2!, ~B6!
3-11
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wherev̂12 is the unit vector alongv12, and where the con
tribution from the dot productv1•v2 vanishes by symmetry
in the last integral. The integral over the solid angleŝ is
related to the volumeVd of a sphere with diameter 1:

E dŝ Q~ŝ•v̂12!~ŝ•v̂12!
25

pd/2

dG~d/2!
52d21Vd ,

~B7!

whereG is the Euler function and it is understood thatv̂12
denotes an arbitrary unit vector in Eq.~B7!. The volumeVd
is itself related to the packing fractionh through h
5rVd^s

d&. From the definition of kinetic temperature
*v2w i(v)dv5dTi /mi , we get

Pex5rh2d22(
i , j

x i j xixj

mimj

mi1mj
~11a i j !S Ti

mi
1

Tj

mj
D s i j

d

^sd&
,

~B8!

from which we deduce the equation of state~4!. In this last
step, no approximation~e.g., Gaussian, etc.! is made con-
cerningw i . On the other hand, the computation of any oth
moment (ŝ•v12)

p than p52 requires the detailed knowl
edge of the velocity distributions@25#. It is also noteworthy
that the decoupling of velocitiesv1 andv2 in Eq. ~B6! is a
specific property of the momentum transfer, which sign
cantly simplifies the calculation.

APPENDIX C: HYDRODYNAMICS

In this appendix, we recall the hydrodynamical approa
considered by Breyet al. @1#, and adapt it to the case o
energy injection at both boundariesy50 andy5L. The situ-
ation investigated in Ref.@1# is that of a vibrating wall aty
50 and a reflecting wall aty5L, so that the temperatur
and density gradients vanish aty5L. In our no-flow con-
figuration with two vibrating walls, the gradients vanish b
symmetry in the middle of the cell (y5L/2), so that restrict-
ing to yP@0,L/2# allows us to use directly the expressio
derived in Ref.@1# ~which amounts to the formal identifica
tion y→2y andN→2N). For completeness and clarity, w
will, however, adapt the argument to our geometry.

In the case of a stationary system without macrosco
velocity flow, the hydrodynamic equations reduce to

“•P50, ~C1!

2

rd
“•q1Tz50. ~C2!

Here P is the pressure tensor,q is the heat flux, andz the
cooling rate due to the collisional energy dissipation. In
Navier-Stokes approximation for a low-density gas descri
by the Boltzmann equation modified to account for the
elastic nature of collisions@40#,
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P5PI , ~C3!

q52k“T2m“r, ~C4!

whereP is the ideal gas pressureP5rT. The explicit ex-
pressions of the heat conductivityk, the transport coefficien
m, and cooling ratez may be found in Ref.@1#. The impor-
tant ingredient is thatm is proportional toT3/2/r and k to
AT, while z}p/AT, with coefficients depending on the in
elasticitya.

The system is considered homogeneous in thex direction,
so that only gradients along they direction are taken into
account. We emphasize that the ideal gas equation of s
(P5rT) is assumed, and this simplification is an importa
ingredient in the following derivation. The previous equ
tions then reduce to

]P

]y
50, ~C5!

2A~a!

dr

]

]y SAT
]T

]y D2pAT50. ~C6!

In order to simplify the equation on the temperature, it
convenient to introduce a new variablej, defined by

dj5Aa~a!
dy

l~y!
5Csd21Aa~a!r~y!dy, ~C7!

where l(y)5@Csd21r(y)#21 is the mean free path (C
52A2 for d52), anda(a) includes all the dependence i
a. Equation~C6! now reads

]2

]j2
AT5AT. ~C8!

The variablej takes values between 0 andjm , with jm

}N. ThenAT5A exp(2j)1Bexp(j), whereA andB depend
on the boundary conditions. In the case of two vibrati
walls, the solution is symmetric with respect toy5L/2 ~or
j5jm/2). With T(0)5T(jm)5T0, one obtains

T~j!5
T0

sinh2jm

@sinh~jm2j!1sinhj#2. ~C9!

It is possible to integrate dj5Csd21Aa(a)n(y)dy
5Csd21Aa(a)pdy/T(y) to obtainy(j) andP:
3-12
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P5
T0

2Csd21LAa~a!cosh2
jm

2

~jm1sinhjm!, ~C10!

y

L
5

j1sinhj cosh~jm2j!

jm1sinhjm
. ~C11!

Those equations are the same as for the case of one vibr
wall @1#, but with jm→2jm andL→2L, as expected on the
P.

nt

ns

05130
ing

basis on the symmetry argument proposed above. It is p
sible to invertT(j) and therefore to obtain the profilesy(T)
~two symmetric branches!:

j5
jm

2
6cosh21SA T

T0
cosh

jm

2 D , ~C12!

y

L
5

j1sinhj cosh~jm2j!

jm1sinhjm
. ~C13!
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Lack of energy equipartition in homogeneous heated
binary granular mixtures
Alain Barrat, Emmanuel Trizac

Abstract We consider the problem of determining the
granular temperatures of the components of a homoge-
neous binary heated mixture of inelastic hard spheres, in
the framework of Enskog kinetic theory. Equations are de-
rived for the temperatures of each species and their ratio,
which is different from unity, as may be expected since
the system is out of equilibrium. We focus on the partic-
ular heating mechanism where the inelastic energy loss is
compensated by an injection through a random external
force (“stochastic thermostat”). The influence of various
parameters and their possible experimental relevance is
discussed.

Keywords Transport of gases, Theory of gases, Granular
mixtures

1
Introduction
Experimental and theoretical studies of rapid granular
flows [1] have hitherto mostly focused on assemblies of
identical particles, either freely cooling when the energy
loss due to inter-particle collisions is not compensated for,
or driven in a non-equilibrium stationary state by various
energy injection mechanisms. Recently however, interest
has grown for the more complicated case of polydisperse
systems [2–10]. Theoretical investigations into the homo-
geneous cooling stage of a binary mixture [2,3] have shown
that the two components have different granular temper-
atures (i.e. kinetic energies), even if their cooling rates are
equal. Such a result, confirmed by detailed Monte Carlo
simulations [8] is also obtained when the system is sheared
[9,10], heated by the contact with an elastic granular gas
maintained at fixed temperature T [11], or within the
Maxwell model framework [12]. Similarly, a tracer particle
undergoing inelastic collisions with an equilibrium fluid at
temperature T reaches a granular temperature lower than
T [13].
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This violation of equipartition in a mixture, although
in sharp contrast with the behaviour of molecular gases
at equilibrium, is not unexpected: the terminology “gran-
ular temperature” for the kinetic energy of a granular gas
has been coined from the equivalence of temperature and
kinetic energy in an elastic gas, but does not have any
thermodynamical status in out-of-equilibrium systems like
inelastic granular gases.

In recent experiments, the granular temperatures have
been measured for binary mixtures, both in 3D vibro-
fluidized granular beds [6] and in 2D strongly vibrated
granular gases [7]. Both studies reported a clear violation
of equipartition with a temperature ratio quite insensitive
to the relative densities of the two species.

The present article aims at providing a simple theo-
retical framework where the temperature ratio is readily
obtained in a non-equilibrium steady state (NESS). This
allows to investigate the influence of many parameters
which can be difficult to tune experimentally, such as
the masses, sizes, densities and inelasticities of the beads.
We consider analytically a heated binary mixture in
the framework of the homogeneous non-linear (Enskog-)
Boltzmann equation for smooth inelastic hard spheres.
Similarly to the case of free cooling described in [3] and
restricting to Gaussian velocity distributions, we derive
in section 2 equations for the granular temperatures of
the mixture components, which are easily solved numeri-
cally. The corresponding temperature ratio is in excellent
agreement with existing numerical work [11]. In section 3,
we consider the NESS sustained by heating through ran-
dom kicks (“stochastic thermostat” approach), a mech-
anism which has focused some attention recently for
one-component (monodisperse) systems [14–22]. Although
finding an energy injection mechanism of experimental rel-
evance is a difficult issue, we expect the approach proposed
here to elucidate the basic trends of grain behaviour when
varying the controlling parameters. Moreover, as will be
shown below, the temperature ratio we obtain provides a
reasonable zeroth order approximation to compare with
the experiments reported in [6,7].

2
Kinetic theory
We consider the model of smooth inelastic hard spheres
(IHS) undergoing binary, momentum conserving, inelastic
collisions, in the framework of the homogeneous non-linear
Enskog equation. The system is a mixture of two types
of IHS, with masses m1 and m2, diameters σ1 and σ2.
Three types of collisions may occur so that the mixture
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is also characterized by three different restitution coeffi-
cients: α11, α22, and α12 = α21.

The velocity distributions in the homogeneous state
f1(v, t), f2(v, t), obey the following kinetic equations:

∂tfi(v1, t) =
∑

j

Jij [v1|fi, fj ] + Ffi (1)

where the Jij describe the effect of dissipative inter-
particle collisions, and Ffi represents an external forcing
which injects energy into the system, allowing it to reach
a non-equilibrium steady state. The kernels Jij for colli-
sions between a particle of type i and a particle of type j
are given, in dimension d, by

Jij [v1|fi, fj ] = χijσ
d−1
ij

∫
dv2

∫ ′
d�̂(�̂ · v12)(

1
α2

ij

fi(v′
1)fj(v′

2) − fi(v1)fj(v2)

)
. (2)

where the χij are the pair distribution functions at contact
(a priori unknown, but becoming close to 1 in the limit of
low densities); �̂ is a unit vector directed from the center of
the particle of type i to the center of particle j [separated
at contact by σij = (σi + σj)/2], and the prime on the
integral is a shortcut for

∫
�(�̂ · v12). Moreover, v12 =

v1 − v2, and the pre-collisional velocities v′
1 and v′

2 are
given in terms of the post-collisional velocities v1 and v2
by:
v′

1 = v1 − µji(1 + α−1
ij )(�̂ · v12)�̂ (3)

v′
2 = v2 + µij(1 + α−1

ij )(�̂ · v12)�̂ (4)

where µij = mi/(mi + mj), so that momentum is con-
served but energy dissipated.

The partial granular temperatures are defined from the
kinetic energies by
nid

2
Ti(t) =

∫
dv

miv
2

2
fi(v, t) , (5)

ni =
∫

dvfi(v, t) being the number density of particles of
type i with a total temperature of the mixture

T =
1

n1 + n2

∑
i

niTi . (6)

From (1), the evolution equation for the temperatures
reads

∂tTi =
mi

nid

∑
j

∫
dvv2Jij [v|fi, fj ] + FTi , (7)

where FTi describes the effect of the forcing (source) term
Ffi. It is possible to integrate over �̂ (see calculations in
the appendix, and also [3]) to obtain, without any further
approximation at this stage:

∂tTi = FTi − β3miχiiσ
d−1
ii (1 − α2

ii)
4nid

×
∫

dv1dv2v
3
12fi(v1)fi(v2)

−β3miχijσ
d−1
ij

nid

∫
dv1dv2fi(v1)fj(v2)

× [µ2
ji(1 − α2

ij)v
3
12 + 2µji(1 + αij)v12(v12 · Vij)

]
(8)

with β3 = π(d−1)/2/�[(d+3)/2], Vij = µijv1 +µjiv2, and
� the Euler function.

Since the system reaches a stationary state where the
forcing term balances the dissipation due to collisions (the
forcing and dissipative terms in (8) generically involve dif-
ferent powers of the temperatures so that its right-hand-
side admits a “physical” root), we can write ∂tTi = 0. It is
moreover convenient to scale the velocities with the ther-
mal velocities v0,i =

√
2Ti/mi, and introduce the func-

tions �i such that

fi(v) =
ni

vd
0,i

�i

(
v

v0,i

)
. (9)

Equation (8) may then be cast into an equation for
the rescaled velocity distributions �i; no further step
can however be taken without some approximations on
the unknown distributions �i. It is convenient to study
the deviations of �i from the Gaussian �0

i (c) through
an expansion in Sonine polynomials [23]. In single com-
ponent heated systems, the deviation from a Gaussian
remains small, especially for experimentally relevant val-
ues of the restitution coefficient [16,18,20,21]. We will
here limit our treatment to the Gaussian approximation
�i(c) = �0

i (c) = πd/2 exp(−c2) (lowest order Sonine ex-
pansion). It would of course be possible to go further in
a systematic and controlled way, as in [3], but we will see
by comparison of our approximate analytical calculations
with Monte Carlo simulations that, at least in the cases
we consider, the Gaussian approximation provides reliable
results.

Assuming Gaussian velocity distributions, it is now
possible to carry out the remaining integrations in (8);
the calculations are straightforward and some technical
details may be found in the appendix of [3]. We only give
the resulting equations for the granular temperatures Ti

in the NESS:

d�(d/2)
miπ(d−1)/2 FTi = χiiσ

d−1
ii ni

2(1−α2
ii)

m
3/2
i

T
3/2
i +χijσ

d−1
ij njµji

×
[
µji(1 − α2

ij)
(

2Ti

mi
+

2Tj

mj

)
+ 4(1 + αij)

Ti − Tj

m1 + m2

]
×
(

2Ti

mi
+

2Tj

mj

)1/2

. (10)

These equations still depend on the particular heating
mechanism through the term FTi; once the latter has been
specified, two equations are obtained for T1 and T2; they
are easy to implement and solve numerically varying the
various controlling parameters.

Before turning to the heating provided by a stochastic
thermostat [which amounts to (FTi)/mi = constant], we
consider three particular limiting cases.

a. In the tracer limit [13], i.e. n1 → 0, without any
forcing term, T2 is imposed and only the equation for T1
is considered. As already noted in [3], the result for γ =
T1/T2 obtained in [13]
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Fig. 1. Comparison of the simulation results found in [11]
(lines) with the solution of equation (12) (circles), for various
values of the mass ratio and of the parameter ε recalled in (12)

γ =
1 + α12

2 + m2
m1

(1 − α12)
(11)

is easily recovered, irrespective of dimension.
b. Another possibility to obtain a NESS for IHS has

been proposed in [11]: the temperature T2 = T of one
population is imposed, with a corresponding Gaussian ve-
locity distribution, and elastic collisions between particles
of type 2 as well as for 1 − 2 collisions: α22 = α12 = 1.
Energy is consequently injected into the inelastic popula-
tion 1 (with restitution coefficient α11 = α < 1), without
the need for any other forcing term. In [11], high preci-
sion numerical results were obtained for the distribution
function �1, and temperature T1 (the system is three-
dimensional, and χij = 1), by an iterative numerical res-
olution of the Boltzmann equation. Imposing FT1 = 0 in
(10), it is straightforward to obtain a third order polyno-
mial equation for γ = T1/T2 (this quantity is necessarily
smaller than 1)

ε2(1 − α2)2

32

(
m1

m2
+

m2

m1
+ 2
)2

γ3 = (1 − γ)2
(

γ +
m1

m2

)
where, ε =

4n1

n2(1 + σ2/σ1)2
. (12)

In Fig. 1, the solution of equation (12) is compared
to the results reported in [11]. The agreement is excel-
lent, which may be traced back to the analysis of [11],
showing that the distribution function �1 is very close
to a Gaussian, although mathematically different (on the
other hand and by definition of the model, �2 is strictly
speaking a Gaussian). The slight discrepancy obtained at
low α for m1 = m2 corresponds to values of the para-
meters for which the deviation of �1 from a Gaussian is
stronger.

c. Finally, a forcing term Ffi(v) = ζ ∂
∂v ·[vf(v)], which

provides an Enskog-Boltzmann equation formally equiva-
lent to the free cooling case (see e.g. [18]), leads back to
the results of [3] obtained in this situation: the term FTi is
indeed proportional to Ti, so that writing ∂tTi = 0 in (8)
yields the same equation for γ as equating the two cooling
rates ∂tTi/Ti when FTi = 0.

3
The stochastic thermostat
In this section, we consider the situation of energy supply
through random kicks [14–22]: the particles are submit-
ted between collisions to an uncorrelated white noise (e.g.
Gaussian). The equation of motion for a particle is then

mi
dv
dt

= Fi + mi�̂i (13)

where Fi is the force due to inelastic collisions, and
〈ξiα(t)ξjβ(t′)〉 = ξ2

0δijδαβδ(t− t′), where Greek indices re-
fer to Cartesian coordinates. The associated forcing term
in the Enskog equation is

Ff =
ξ2
0

2

(
∂

∂v

)2

f(v, t) ,

so that FTi = miξ
2
0 . We do not claim that the forcing

term considered here is the most suited to describe vibro-
fluidized beds, but it mimics an important effect of energy
injection by a moving piston: in experiments, particles un-
dergoing collisions with the piston (of large mass) gain
a velocity that is decorrelated from their masses, so that
more kinetic energy is injected into the population of large
mass.

The corresponding equation for γ = T1/T2 reads:

χ11σ
d−1
11 (1 − α2

11)
n1

n2

(
m2

m1

)3/2

γ3/2 +
√

2χ12σ
d−1
12

×
[ (

1 − α2
12
)(

µ2
21 − n1

n2
µ2

12

)(
1 +

m2

m1
γ

)3/2

+2µ21(1 + α12)
(

µ21 +
n1

n2
µ12

)(
1 +

m2

m1
γ

)1/2

×(γ − 1)

]
= χ22σ

d−1
22 (1 − α2

22) . (14)

The temperature ratio γ therefore depends in a non-trivial
way on the ratios of masses, densities and diameters, and
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also on the inelasticities αij and pair correlation functions
χij . It may be checked that in the limit of vanishing in-
elasticities, γ → 1 as it should. Moreover, for mechan-
ically equivalent particles (i.e. m1 = m2, σ1 = σ2 and
α11 = α22 = α12), we should also recover equipartition
(γ = 1) irrespective of densities. This is the case in the
Boltzmann limit (low densities where all pair correlation
functions χij → 1). At arbitrary packing fraction, the var-
ious approximation for the χij that may be found in the
literature [24,25] are such that χij no longer depends on
i and j when σ1 = σ2, so that equipartition holds for
mechanically equivalent particles.

Since equation (14) relies on a Gaussian approximation
for �i, we have compared our approach to the results of
Monte Carlo simulations (the so-called DSMC technique
[26]) where the non-linear Boltzmann equation is solved
numerically for both species. As we solve numerically the
homogeneous Boltzmann equation, the phenomena of seg-
regation or clustering are explicitly discarded.

In the following sections, we will study more precisely
some cases that could have experimental relevance, and
for the sake of simplicity, we considered χij = 1. All
the results are given for the three dimensional case; note
however that for σ1 = σ2 the temperature ratio becomes
d-independent.

3.1
Equal inelasticities: �ij = �

We first consider the case of equal restitution coefficients
(αij = α), for materials having similar elastic properties.
The dependence of γ on the mass and number density ra-
tios, for equal sizes, is shown in Figure 2. Excellent agree-

Fig. 2. Temperature ratio γ = T1/T2 as a function of inelas-
ticity, for α11 = α22 = α12 = α, and grains of equal radii
(σ1 = σ2). The curves show the solutions of equation (14)
whereas the symbols display the results of DSMC simulations.
The top three curves correspond to a mass ratio m2/m1 = 2,
the three intermediate ones to m2/m1 = 3 and m2/m1 = 5
for the three bottom curves. For each mass ratio, several den-
sity ratios have been considered: n2/n1 = 3 (squares and
dashed lines), n2/n1 = 1 (pluses and continuous lines), and
n2/n1 = 1/3 (circles and dot-dashed lines)

ment is found between DSMC simulations (symbols) and
the solution of equation (14). It turns out indeed that the
velocity distributions measured in Monte Carlo simula-
tions are very close to Gaussians. As may be expected,
γ is a decreasing function of m2/m1. The density depen-
dence is relatively weak (the temperature ratio slightly
increases when n2/n1 increases by an order of magni-
tude).

We have also considered two types of beads of the
same material, i.e. the same restitution coefficient α11 =
α22 = α12 and same mass density ρ: the ratio of masses
m2/m1 is then equal to (σ2/σ1)3 for three-dimensional
beads. Figure 3 shows a strong influence of the size ratio,
for two experimentally relevant values of α: γ decreases
very strongly as soon as σ2 is two or three times σ1. Once
again, the number density ratio has a relatively small in-
cidence on γ. It is interesting to disentangle the effects
of σ2/σ1 and m2/m1, by varying one parameter alone,
the other being kept constant. It appears that the leading
effect in the decrease of γ observed in Figure 3 is ascrib-
able to a change in mass ratio, and not in size: the results
obtained at σ1 = σ2 varying m2/m1 are close to those
reported in Fig. 3, but surprisingly give a lower γ (e.g.
the results displayed in Figure 3 for α = 0.9 and equal
densities are γ = 0.66 and 0.38 for σ2/σ1 = 2 and 3 re-
spectively, whereas with σ1 = σ2, we obtain γ = 0.59 for
m2/m1 = 23 and γ = 0.29 for m2/m1 = 33).

3.2
Comparison with experiments
For glass spheres with size ratio σ2/σ1 = 1.25, Wild-
man and Parker have measured a temperature ratio
γ = T1/T2 in the range 0.75–0.8 [6], with a weak
dependence on densities (except may be in the limit of
large grains predominance where n2 � n1). Estimating
the relevant restitution coefficient to be α � 0.9 [6], we
obtain from Eq. (14) γ � 0.9 (see also Fig. 3), with also

Fig. 3. Temperature ratio from eq (14) for grains made of the
same material, i.e. for m2/m1 = (σ2/σ1)3, and αij = α. Filled
symbols correspond to α = 0.9, open ones to α = 0.7. The
squares are for n2/n1 = 3, the circles for n2/n1 = 1 and the
diamonds for n2/n1 = 1/3
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Fig. 4. T1/T2 as a function of mass ratio, for αij = 0.85 and
σ1 = σ2, for the stochastic thermostat and for the free cool-
ing regime, together with the experimental data of [7]. Note
that the values αij = 0.85 are only schematic and cannot be
intended as an exact description of the experimental situation

a weak dependence on n2/n1. It is however noteworthy
that this weak dependence is opposite to that observed
experimentally: when the proportion of large grains is in-
creased, we obtain an increase of γ. For comparison, the
temperature ratio obtained for the same parameters in the
homogeneous cooling stage [3] is γ � 0.96 and the authors
of [6] proposed a simplified theory for which γ is in the
range 0.4–0.7.

The results obtained by Feitosa and Menon [7] con-
firm the very weak influence of n2/n1 when the grains (of
equal size) are made of two different materials. For a mix-
ture glass/aluminum with mass ratio m2/m1 = 1.09, γ
is measured very close to 1, whereas for a more asym-
metric mixture of glass and brass with m2/m1 � 3.6,
γ � 0.7. Making use of equation (14) with schematic in-
elasticities α11 = α12 = α22 = 0.85, we obtain γ = 0.98
for m2/m1 = 1.09 and γ = 0.7 for m2/m1 = 3.6. In the
free cooling regime, the corresponding ratios are 0.99 and
0.82. These results are displayed in Fig. 4.

Other results are given in Figures 5 and 6, where the
partial inelasticities are not taken equal, but are given
values that we expect to be of experimental relevance:
the experimental data of [7] are therefore also reported in
Fig. 5(b). In Fig. 5, the sizes of the particles are taken
equal and the mass ratio changes, while Fig. 6 displays
the influence of the size ratio when the density ratios are
fixed.

The situation reported in [7] corresponds to that of the
Figures 5b and 6b, where the heavier grains are also the
more dissipative. As may be observed in Fig. 5b, a vari-
ation of n1/n2 from 1/3 to 3 leaves γ roughly unaffected
for m2/m1 ≤ 3.

It may be noted that γ is not bounded from above
by 1, and values slightly above 1 are obtained even when
m2 > m1 by conveniently choosing the inelasticities (or,
at fixed inelasticities and densities, by conveniently choos-
ing the sizes). γ in nevertheless generically smaller than 1
for m2 > m1: the heavier particles have a larger kinetic
energy.

Fig. 5. a T1/T2 as a function of mass ratio, for α11 = 0.7,
α12 = 0.8, α22 = 0.9 and σ1 = σ2. b same with “reversed”
inelasticities (α11 = 0.9, α12 = 0.8 and α22 = 0.7), together
with the experimental values of [7]

4
Conclusion
We have considered heated binary granular mixtures from
the point of view of kinetic theory. As in the free cooling
case, and in agreement with recent experimental data, the
granular temperatures of the components of the mixture
differ. This finding is not surprising in a non-equilibrium
system, where the“temperature” does not have any ther-
modynamical relevance.

Using a mean-field approach with the assumption of
isotropic Gaussian velocity distributions, we have derived
an equation for the temperature ratio γ that may be
adapted for various kinds of heating mechanisms, and
easily solved once the controlling parameters have been
chosen. In particular, the values obtained within the
stochastic thermostat framework are compatible with
those measured in the experiments reported in [6,7].
Even if a quantitative comparison with experiments is
somehow pointless given the simplicity of our approach,
similar trends are observed. For example, the heavier
particles carry generically more kinetic energy than the
lighter ones, the ratio being insensitive to the relative
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Fig. 6. a γ versus size ratio for an equimolar mixture (n2 =
n1) with α11 = 0.7, α12 = 0.8, α22 = 0.9 and different mass
density ratios ρ2/ρ1. b same with α11 = 0.9, α12 = 0.8, α22 =
0.7 and again n2 = n1

number fraction of both species. It also appears that the
breakdown of energy equipartition is all the more pro-
nounced as the mass ratio is increased, the size ratio play-
ing only a minor role.

Appendix
In this appendix we show how to perform the integrals
over �̂, in order to obtain equation (8). We start from the
identity∫

dvv2Jij [v|fi, fj ] = χijσ
d−1
ij

∫
dv1dv2∫ ′

d�̂(�̂ · v12)fi(v1)fj(v2)
(
v′′2
1 − v2

1
)

, (15)

with v′′
1 = v1 − µji(1 + αij )(�̂ · v12)�̂, i.e. where

v′′2
1 − v2

1 = µ2
ji(1 + αij)2(�̂ · v12)2

−2µji(1 + αij)(�̂ · v12)(�̂ · v1) .

Using the unit vector ĉ12 = v12/v12, and the known inte-
grals βn =

∫ ′
d�̂(�̂ · c12)n (see e.g. [16]), the first term is

readily computed and yields:

β3χijσ
d−1
ij µ2

ji(1 + αij)2
∫

dv1dv2fi(v1)fj(v2)v3
12 . (16)

To compute the term containing (�̂ ·v1), we choose one of
the unit vectors to be along v12, and decompose:

v12 = v12 ê1, v1 =
v1 · v12

v12
ê1 + v⊥

1 ,

�̂ =
�̂ · v12

v12
ê1 + �̂⊥

. (17)

(�̂ · v1) is then written as

(v1 · v12)(�̂ · v12)
v2
12

+ �̂⊥ · v⊥
1 ,

and the term �̂⊥ ·v⊥
1 gives a vanishing contribution in the

integral over �̂ for symmetry reasons. We are therefore left
with∫ ′

d �̂
(v1 · v12)(�̂ · v12)3

v2
12

= v12β3(v1 · v12) .

Rearranging terms and writing v1 = µjiv12 + µijv1 +
µjiv2 = µjiv12 + Vij , one finally obtains equation (8).
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Stability of the AB crystal for asymmetric binary hard sphere
mixtures
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The thermodynamic stability of the AB (rocksalt) structure for binary mixtures of hard
spheres is established by means of Monte Carlo and molecular dynamics simulations.
Constant pressure and constant volume phase diagrams are presented for size ratios Ï 2 - 1
and 0.45. A phase-separation molecular dynamics experiment is described, con® rming the
predictions of the phase diagram.

The ® nding that binary mixtures of hard spheres may
crystallize spontaneously into ordered superlattices has
provoked considerable interest. Crystals of stoichio-
metry AB13 and AB2 (where A is the large particle)
were observed in colloidal suspensions of particles with
steeply repulsive potentials by Bartlett et al. [1]and the
thermodynamic stability of these structures for true hard
spheres was con® rmed in computer simulations by
Eldridge and co-workers [2, 3]. This appears to present
a paradox [4], as the formation of these ordered struc-
tures is caused by the entropy, normally associated with
the driving force for disorder, since the potential energy
in hard-particle systems is zero. Understanding the
factors which control crystal structures in colloids has
become a matter of technical importance, since colloidal
crystals may exhibit potentially useful optical [5] and
acoustic properties. More generally, it has been
suggested that the same packing considerations which
dictate the ordered structures of hard particles may
govern the stoichiometry of the compounds which
form in van der Waals mixtures (e.g., CH4/H2) at very
high pressures [6], though other workers have main-
tained the importance of energetic factors [7] in these
systems. Certainly, the hard sphere model is an impor-
tant reference system for perturbation theories of mix-
tures, which can be applied to alloys or van der Waals
crystals [8].

The entropy p̀aradox’ is resolved by noting that in an
ordered system at high density a particle may explore a
larger volume about its lattice site than is available in a
disordered system at the same density, and that the con-
sequential gain in translational entropy may compensate
for the loss of entropy associated with the formation of

the ordered structure [4]. Murray and Sanders [9] for-
mulated the principle that an ordered compound would
form only if its packing fraction u (the fraction of space
contained in the interior of the particles) when close
packed exceeded that of the one-component crystals
into which it would separate ( u (1)

cp = p Ï 2/6 . 0.7405
for fcc or hcp structures). For a lower packing fraction
the particles in such a compound will have a larger free
volume in which to move, and thus a higher entropy.
This principle accounts for the stability of the AB2
system, for a particle radius ratio a , 0.48 < a <0.62,
which is (roughly) where it is observed. It also predicts
a window of stability for an AB compound, of the
NaCl structure, for a ~ 0.414 . Ï 2 - 1, for which
u cp( a = Ï 2 - 1) = 0.793 comfortably exceeds that of
monodisperse hard spheres. The principle does not,
however, predict the observed stability of the AB13,
system for which the maximum packing fraction
u cp( a = 0.558) = 0.738. Recently, Cottin and Monson
[10]have developed a cell theory of binary hard particle
crystals, which contains a more precise estimate of the
free volume. Their results for the free energies of the
AB2 and AB13 crystals and for the binary phase dia-
grams involving them are in remarkably good agree-
ment with those obtained in the computer simulations.

The purpose of the present work is to report on the
thermodynamic stability of the AB (rocksalt) phase on
the basis of the same free-energy calculations used pre-
viously [2] (we have already reported that AB (CsCl) is
unstable [3]). This phase has not been detected experi-
mentally in colloidal suspensions. The appearance of the
AB phase, expected on packing arguments for a rela-
tively small size ratio ( a < 0.45), would set a lower
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bound in a to the range of observability of the more
exotic AB2 crystal. It was not included in the phase
diagrams reported previously [3] but it has already
been considered in cell theory calculations [10].

Results are reported at a = 0.414, where AB should
be most stable (since the small particles will just ® ll the
octahedral holes in the fcc lattice of large particles) and
at a = 0.45 which might be expected to be close to its
upper limit of stability. The competing phases consid-
ered are the binary ¯ uid (expected at low packing frac-
tions), pure fcc crystal (A and B), and AB2. The data
concerning the AB2 superlattice were taken from [2]; for
the diameter ratios considered ( a < 0.45) AB13 cannot

be found (cf. [2]). The Gibbs free energies of all phases
were determined by thermodynamic integration [11].
For the binary ¯ uid, the semi-empirical equation of
state of Mansoori et al. [12] was used, allowing the
free energy to be known analytically. For the solid
state, the method of Frenkel and Ladd [13]was imple-
mented, taking the reference state, of known free energy,
as the corresponding Einstein crystal, which can be
reached by slowly turning on harmonic springs to bind
the particles to their lattice sites. The method is dis-
cussed in detail in [2], and requires Monte Carlo calcula-
tions. The results were checked by direct integration of
the equation of state between selected state points.
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(a) (b)

Figure 1. (a) P - X phase diagram of a binary mixture of hard spheres with a diameter ratio a = 0.414. (b) Constant volume
diagram: the lines indicate boundaries of two or three phase regions. Note that the ordinate in (a) is x1/3

A . The star marks the
phase point used as the starting point of the MD run.

(a) (b)

Figure 2. Constant P and V phase diagrams for a = 0.45.



We present the pressure± composition phase diagrams,
derived from the classical double-tangent construction
(see [3]), for diameter ratios a = 0.414 in ® gure 1(a) and
a = 0.45 in ® gure 2(a). As anticipated, at a = 0.414 AB
is the dominant compound observed in the solid part of
the phase diagram, and AB2 is no longer observed at
such small diameter ratios. Note that a pure A solid
would crystallize out of an equimolar ¯ uid mixture
(xA = xB = 1/2), rather than AB, in agreement with
Denton and Ashcroft’s theoretical ® nding that the AB
crystal was unstable in such a mixture [14]. For
a = 0.45, the AB structure coexists with the AB2
superlattice, but is observable only at very high press-
ures, showing that it is very close to its upper stability
limit. For intermediate pressures, there is a tendency for
fcc solid A (large spheres) to precipitate, but the
AB + f cc B+ ¯ uid eutectic corresponds to a com-
position xB . 1 so that the B+ ¯ uid coexistence is con-
® ned to a very tiny region. Overall, the calculated phase
diagrams are in good agreement with the cell model
theoretical results [10], although the predicted stability
limits of each phase di� er somewhat.

Pressure± composition phase diagrams are not very
relevant when it comes to comparing the data with
experiments on colloidal suspensions [1]. The total
volume accessible to a colloidal mixture is set by the
suspending ¯ uid. Hence, constant volume phase dia-
grams have been computed [3], using the partial packing

fractions as independent coordinates. in such a diagram,
the lines passing through the origin correspond to a
constant composition and the lines parallel to the
second bisectrix are of equal total packing fraction.
Figures 1(b) and 2(b) show the representations obtained
for a = 0.414 and a = 0.45. Figure 1(b) shows that AB
crystals should be readily preparable in colloidal suspen-
sions of this size ratio, but a large excess of the smaller B
particles is required in the mixture.

As a ® nal step we examine by means of molecular
dynamics simulations whether the system can reach
the predicted equilibrium state. The calculation provides
a check on the accuracy of the thermodynamically
deduced phase diagram and also gives some insight
into the phase kinetics of the hard-particle system. We
consider an MD simulation started from an AB crystal
with a = Ï 2 - 1 and with a packing fraction of 0.6. As
® gure 1 shows (the relevant composition is shown by the
stars in the ® gures) the AB crystal is metastable under
these conditions (at P* = 28 in ® gure 1(a)); the thermo-
dynamic equilibrium state should be coexistence of fcc
A + ¯ uid with x¯ uidB = 0.7. Applying the lever rule to
® gure 1(a) gives the following equilibrium composition
for the system; 71.7% ¯ uid and 28.3% fcc A. Thus,
56.6% of the large spheres should stay on lattice sites
and the remainder should be found in a ¯ uid state with
all the small ones. The evolution of the system can be
followed by saving periodically the di� usion constants
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Figure 3. The left hand panel shows the arrangement of large (yellow) and small (red) spheres in the last con® guration of the
molecular dynamics simulation. For convenience, the radii of each species have been drawn half their actual value. The right
hand panel shows the small spheres full-size and the large spheres are omitted.



of large and small spheres, and a `melting factor’ -
de® ned as the average of (200), (020) and (002) structure
factors of the crystal (N- 1 N

i=1
N
j=1 exp{ik ´rij})

where N is the total number of atoms, 512). For the
perfect AB structure, - = N, whereas in the liquid
state, - . 1. Consistently with the predictions of the
phase diagram, the melting factor after 105 collisions
per particle has converged to a result remarkably close
to the theoretical value - ~ (0.283)2N and the di� u-
sion constants for the small spheres have reached a con-
stant value. Finally, a useful probe is the direct
visualization of the ® nal con® guration of the molecular
dynamics simulations. Figure 3 shows the last con® gura-
tion of the 30 million collision run. A central, crystalline
region of large spheres depleted in small ones is seen to
coexist with a ¯ uid of large and small spheres. For the
central domain, the former fcc structure remains with an
AÐ A separation very similar to that in the parent AB
crystal, indicating that phase separation has occurred in
accordance with the predictions of the phase diagram.
Given the relatively weak thermodynamic driving forces
which one imagines to be associated with the entropy, it
seems remarkable that this mesocopic reorganization is
observed on this timescale.

Overall, these results provide further con® rmation of
the reliability of the predictions emerging from cell
model theory [10], which are achieved with far less
e� ort. Some quantitative di� erences are seen in the
phase diagrams but, given the sensitivity of these dia-
grams to the thermodynamic properties of the pure
phases, this is unsurprising. Cottin and Monson [10]
have surveyed the possible compounds which might be
found in hard sphere mixtures and concluded that AB13,
AB2 and AB (rocksalt) are the only ones likely to form.

This observation would seem to suggest that energetic
factors play a role in the formation of van der Waals
compounds [6, 7], since other stoichiometries have, so
far, been observed.

This work was sponsored by the Engineering and
Physical Sciences Research Council through grant No.
GR/K14386.
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Compacité et polydispersité optimale
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Optimal packing of polydisperse hard-sphere fluids
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We consider the effect of intermolecular interactions on the optimal size-distribution ofN hard
spheres that occupy a fixed total volume. When we minimize the free-energy of this system, within
the Percus–Yevick approximation, we find that no solution exists beyond a quite low threshold
(h'0.260). Monte Carlo simulations reveal that beyond this density, the size-distribution becomes
bimodal. Such distributions cannot be reproduced within the Percus–Yevick approximation. We
present a theoretical argument that supports the occurrence of a nonmonotonic size-distribution and
emphasize the importance of finite size effects. ©1999 American Institute of Physics.
@S0021-9606~99!50111-6#
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I. INTRODUCTION

Synthetic colloids are never perfectly monodisperse.
ten, this polydispersity is a drawback, for instance, polyd
persity is a problem in the preparation of high-quality collo
dal crystals, that are needed in photonic band gap mater
However, occasionally, polydispersity is desirable, becaus
allows us to achieve material properties that cannot be r
ized with monodisperse colloids. For instance, monodispe
colloidal systems can fill at most 74.05% of space in
crystalline phase~regular close packing! and some 63% in
the liquid/glassy state~random close packing!. In contrast,
colloids with a properly chosen particle-size distribution c
be made essentially space filling, both in the crystalline so
~Appolonian packing! and in the liquid. In practice, perfec
space filling structures are never achieved because this
quires an infinite number of~predominantly small! particles
per unit volume. Here, we consider a somewhat simp
problem, namely the filling of a given volumeV by a fixed
number of particlesN, that occupy a prescribed total volum
fractionh. We assume that the particles are free to excha
volume. As we have fixed both the number and the to
volume of the particles, the average volume per particle
fixed—it defines the natural length-scale in the mod
Clearly, the Helmholtz free energy of the system will depe
on the nonfixed particle-size distribution. The distributio
however, is restricted by the two constraints of fixed num
of particles and fixed total volume. We define the optim
size distribution to be the one that minimizes the Helmho
free energy under both constraints. In the Monte Carlo sim
lations~performed in the isothermal–isobaric ensemble! that
we report in this paper, we study the density dependenc
the particle-size distribution. We compare the simulation

a!Present address: Laboratoire de Physique The´orique et Hautes Energie
~URA D00063 du CNRS!, Bâtiment 211, Universite´ Paris-Sud, 91405 Or-
say Cedex, France.

b!Permanent address: Grupo Interdisciplinar de Sistemas Complic
~GISC!, Departamento de Matema´ticas, Escuela Polite´cnica Superior, Uni-
versidad Carlos III de Madrid, c/Butarque, 15, 28911-Legane´s, Madrid,
Spain.
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sults for the size distribution with an analytical estimate th
is obtained by solving the Percus–Yevick~PY! equation for
an N-component hard-sphere mixture.1 Not surprisingly, the
PY equation works very well at low densities. However, t
theory breaks down at a surprisingly low density~h'0.26!.
Of course, the fact that an approximate theory fails at a gi
density, does not imply that there is anything special go
on in the system at that density. Yet, our simulations indic
that there is—the size distribution that was initially unim
dal, becomes bimodal. We present a theoretical argum
supporting this scenario.

The remainder of this paper is organized as follows:
Sec. II we describe the constant-pressure Monte Carlo si
lations. The Percus–Yevick expression for the free energ
a system of polydisperse hard spheres with variable size
tribution is discussed in Secs. III and IV. Section V is d
voted to the derivation of analytical results turning use
when interpreting the simulation data. The mechanism
hind the transition from unimodal to bimodal size distrib
tion is also discussed.

II. MONTE CARLO SIMULATIONS

Monte Carlo simulations were performed in th
isothermal–isobaric~constantNPT) ensemble.2 This means
that the number of particlesN, the pressureP, and the tem-
peratureT are fixed. We attempt three distinct types of tri
moves. We change the positions of the particles and al
the volume of simulation box to fluctuate, in order to equi
brate with respect to the applied pressure. Since we do
expect any crystalline order at low pressures, a cubic
shape is maintained. The third type of move is the one
lated to sampling the polydispersity of the system. To t
end, we select two particles at random, between which
exchange an amount of volume drawn uniformly from t
interval @2DVmax,DVmax# ~Fig. 1!. The maximum volume
changeDVmax was chosen such that the acceptance of a v
ume exchange move is between 35% and 50%. The rela

os
8 © 1999 American Institute of Physics
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frequency of the three moves is given byN:1:N/2. The ini-
tial configurations are made byN monodisperse spheres on
simple cubic lattice.

Simulations were performed for system sizes ofN
5512 or 1000, and several different reduced pressuresP*
5(kBT)21P^s3&, wheres is the diameter of particles, an
^•& denotes an average over particle-size distribution.
^s3& is fixed, we choosês3&1/3 to define the unit of length
that we will use in the remainder of this paper. We usekBT
as our unit of energy. All other units that we need, follo
from these definitions. The equation of state@P* as a func-
tion of r* ([r^s3&)] and the particle size distribution func
tion were determined in the simulations. The results for
equation of state are shown in Fig. 2. The simulation d
have been collected in Table I. At low pressures the parti
size distribution function is a single-peaked function with
maximum atv50 ~Figs. 3, 4 and 5!. At higher pressures
~typically, P* .2.0), the particle-size distribution develops
second peak. Actually, this second peak is quite small~i.e.,
only a small fraction of all particles becomes ‘‘large’’!.
However, these particles contribute appreciably to the t
volume fraction~Fig. 6!. Depending on the pressure this co
tribution can get as large as 75%.

The formation of big particles in these MC simulatio
is a rather slow ‘‘dynamical’’ process. In order to speed
calculations, we did additional simulations, in which w
started with a bidisperse distribution, with one or several
particles containing 99% of the total volume occupied by

FIG. 1. Schematic drawing of the Monte Carlo trial used to sample
polydispersity. Of two randomly chosen particles the volume of one is
creased, while the other is decreased in volume by the same amount.

FIG. 2. The equation of state of the polydisperse system. The solid lin
the PY prediction, which can not be extended beyond the cross. The ci
correspond to a system initially prepared monodisperse, while the squ
are final values in which we initially started with one big particle. The so
squares and the open symbols are from a 512 and 1000 particle sy
respectively. The dashed line is the upper bound~26! for the pressure.
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spheres, surrounded by a sea of small particles containing
remaining volume. In the 512 particle system, only one
two big particles remain for the lower pressures (P* 52.5
and P* 53.0). For higher pressures the number of big p
ticles can stabilize at higher values as well. For the 10
particle system the maximum number of big particles o
served at the lower pressures is three. In addition, the siz
these big particles is not the same. It is not clear whether
suggests a further possible fractionation or that it is a con
quence of the slow equilibration and that one or more of
big particles are still shrinking.

Below, we discuss these simulation results in the cont
of the relevant theoretical predictions, but first let us stop
make certain considerations on the ideal entropy associ
with this system.

III. IDEAL ENTROPY OF A POLYDISPERSE SYSTEM

Strictly speaking, the ideal entropy of a polydisper
system is infinite.1 In a multicomponent system such an e
tropy is exactly given by

2NkB (
i

wi ln~L i
3rwi !, ~1!

e
-

is
les
res

m,

TABLE I. Equation of state of polydisperse hard spheres, obtained fr
MC simulations with 1000 particles. The estimated error in the last digi
the packing fractionh is indicated in parentheses.

h P*

0.0052~3! 0.01
0.244~1! 1.00
0.314~3! 2.00
0.374~2! 2.50
0.425~4! 3.00
0.484~2! 4.00
0.541~3! 5.00

FIG. 3. The Monte Carlo results for the distribution of particle volume
W(v), as a function ofv, for several reduced pressures for a 1000 parti
system. ForP* .2.0 the distribution develops a second peak~with statistical
noise! at much larger volumes~note the change in scale on the right-han
side of the figure!. Although there are only one or several of these b
particles, they can contribute over 30% of the total volume of all partic
The diameters can get larger than a third of the length of the simulation
P license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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wherewi is the molar fraction of speciesi andL i its thermal
wavelength. The usual path towards the entropy of a po
disperse system1 ~or for that matter, towards the entropy o
continuous signals in Information Theory3! is to classify the
species into ‘‘boxes’’ according to a certain property whi
distinguishes them~diameter, volume, molecular weigh
etc.!. If x denotes such a property speciesi will denote the
box having particles withx betweeniDx and (i 11)Dx, for
a given Dx which defines the boxes. IfW(x) denotes the
probability density of a particle having the valuex for that
property, thenwi5W(xi)Dx wherexi is a typical value of
the i th box. Then Eq.~1! adopts the form

2NkB (
i

W~xi !Dx ln~L i
3rW~xi !/Dx!. ~2!

FIG. 4. Comparison of the numerical results~dashed line! for the particle-
size distributionW(v), with the corresponding prediction of the PY theo
~solid line!. These results were obtained at a relatively low pressureP*
50.5), which corresponds to a volume fractionh50.151. Note that at this
density, simulation and theory are in quite good agreement.

FIG. 5. Snapshot of a typical configuration at reduced pressureP* 51.0 and
volume fractionh50.244.
Downloaded 05 May 2003 to 129.194.8.73. Redistribution subject to AI
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The entropy of the polydisperse system is obtained from
~2! taking the limit D→0, and we can clearly see that, b
sides obtaining the usual expression1,3

Spoly52NKBE dxW~x!ln@L~x!3W~x!#, ~3!

there is also a divergent2 ln Dx, which is simply taken as a
‘‘constant’’ ignorable term.

But expression~3! is not well defined. Suppose we sim
ply change coordinates to label the species fromx to y ~say,
from the diameter to the volume!. Then the probability den-
sity in the new variable will beW̃(y)5W(x)udx/dy u. It is
straightforward to show that in the new labeling the entro
becomes

Spoly52NKBE dyW̃~y!ln@L~x~y!!3W̃~y!#

1NkBE dyW̃~y!lnUdy

dxU, ~4!

which is different of what we would have obtained had w
began with the labelingy.

This is a well known fact in Information Theory.3 In the
study of fluid equilibria ofquenchedpolydisperse system
this fact turns out to be irrelevant because the new te
simply adds the same constant to both sides of the equ
rium equations.4 However when studyingannealedpolydis-
persity this results tells us that the labeling is crucial and
to be dictated by the physical process underlying the po
dispersity. In our case the Monte Carlo movements descri
in Sec. II are a large scale description of a hypothetical
croscopic system of tiny particles of exactly the same s
distributed amongN aggregates of a variable number of pa
ticles. The constant volume constraint would correspond
the conservation of the number of tiny particles, and
natural labeling of the aggregates would be the numbe

FIG. 6. Snapshot of a typical configuration at reduced pressureP* 53.0 and
volume fractionh50.425. In this case there are two big particles.
P license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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tiny particles which form it. As this number is proportion
to the volume of the aggregate, in the continuum descrip
is the volume, instead of the diameter, what turns out to
the natural labeling.

Notice that we could have described another mode
which the tiny particles aggregated into spherical surfaces
that case it would be the total surface what would be p
served and the natural labeling of aggregates would be t
respective surfaces. As we will discuss in the conclusio
the physics of this model would be completely different.

IV. PERCUS–YEVICK THEORY

The Percus–Yevick equation for ann-component hard-
sphere mixture can be solved analytically, to yield the f
lowing equation of state:1

p

6
P* 5

j0

12j3
1

3j1j2

~12j3!2
1

3j2
3

~12j3!3
. ~5!

The jth moment of the particle-size distributionj j is defined
as

j j5
p

6(
i

r i S 6v i

p D j /3

, ~6!

wherer i5Ni /V, the indexi is used to denote the differen
particle species, andv i is the volume of theith species.

Equation~5! is also valid for a continuous size distribu
tion, in which case the sum in Eq.~6! is replaced by an
integral. The corresponding expression for the chemical
tential of a species with radiusR is5

m* 5 ln@rL3W~v !#2 ln~12j3!1
6j2R

~12j3!
1

12j1R2

~12j3!

1
18j2

2R2

~12j3!2
1

4p

3
P* R3, ~7!

where L is the de-Broglie thermal wavelength
Ah2/(2pmkT), andW(v) is the probability density to find a
particle with a volume aroundv5(4p/3)R3. The pressure
P* is given by Eq.~5!.

In an (NPT) description, the Gibbs free energy of th
system fulfilling the constraints, must be at a minimum. T
conservation of the number of particles and of the solid v
ume fraction, imply thatW(v) must be of the form,

W~v !5expH (
i 50

3

a iR
iJ , ~8!

where

a152
6j2

12j3
, ~9!

a25212F j1

12j3
1

3j2
2

2~12j3!2G . ~10!

The coefficientsa0 anda3 are determined by the constrain
that the number of particles and the solid volume fraction
fixed. Note that allj i( i 51,2,3) are positive. Moreover,j3 is
equal to the volume fractionh, and is therefore necessari
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less than one. Hence,a1 and a2 are always negative. The
last coefficient,a3 , should be negative or zero, because o
erwise the particle-size distribution cannot be normaliz
Sincea1 , a2 anda3 are always negative the Percus–Yevi
equation predicts thatW(v) is a monotonically decreasin
function ofv. This implies that the size-distribution given b
Eq. ~8! can never be bimodal.

Note that these conclusions also hold for the more ac
rate equation of state of Mansooriet al.6 This equation adds
an extra term to the pressure given in Eq.~5! depending on
j3 . Thus Eq.~7! is the same with the new expression forP,
which turns out to be irrelevant because theR3 term is con-
trolled by the Lagrange multiplier associated with the co
straint on the total solid particle volume. In other respect,
analysis for the Mansoori equation-of-state is identical
that for PY.

In practice, we solve Eq.~8! numerically. To this end,
we representW(v) as a histogram. Initially, the value o
W(v) in the different bins is assigned an arbitrary no
negative value, compatible with the constraint thatW(v) is
normalized and that̂v& is fixed. We fix the density at the
desired value. We determine the optimalW(v) using the
following scheme: we select a bin~say i ) at random and
change the value ofW(v i) by a random amountDW, dis-
tributed uniformly in the interval@2DWmax,DWmax#. We
first check if the new valueW(v i) is non-negative. If it is, we
satisfy the constraints by scaling the width of all bins and
height of the function by two appropriately chosen facto
We then compute all momentsj j , the pressure and the fre
energy, and we check if the Helmholtz free energy is sma
than the previous one. If it is, we accept the new value
W(v i), otherwise we reject it. We repeat the procedure u
the free energy no longer decreases. We have verified
W(v) is indeed of the form given by Eqs.~8!–~10!. Figure 4
shows a comparison of the PY estimate forW(v), deter-
mined in this way, with the results of the full Monte Car
simulations. We find thata3 is a monotonically increasing
function of density. A comparison between simulation a
PY theory for the equation of state is shown in Fig. 2. No
that, in this figure, the PY solution terminates at press
Pc'1.34 ~the cross in Fig. 2!. This is the point wherea3

becomes zero. Beyond this point we can no longer fin
solution for W(v) that is of the form given by Eq.~8!. In
Appendix A, we consider the breakdown of the PY theory
more detail and obtain the packing fraction beyond which
PY approximation breaks down:hc50.260, the correspond
ing pressure beingPc* 51.343. This breakdown of the PY
equation at a relatively low density is surprising, as the
equation works well up to quite high densities forfixedpar-
ticle size distributions.7–9 That it breaks down regardless th
accuracy of the equation of state can be inferred from
fact that Mansooriet al.’s equation of state undergoes e
actly the same breakdown, though for slightly different v
ues of h and P. Besides, from the analysis that we ha
carried out, it can be seen that a similar breakdown w
appear for any other theory yielding an equation of st
depending only onj i , i 50,1,2,3.
P license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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V. ANALYTICAL RESULTS

In this section, we derive a theoretical bound for t
pressure of the polydisperse system, providing the equa
of state at the packing fraction where the size distribut
becomes bimodal. To this end, we work in the (NVT) en-
semble and take advantage of the extremality of the He
holtz free energy under the constraints of constantN andh;
the ‘‘grand potential’’

R5F$W%2L0E W~v !dv2L1E vW~v !dv, ~11!

whereL0 andL1 are Lagrange multipliers, has to be min
mum for the optimal size distribution. In the above relatio
the free energy functionalF can be cast into the usual ide
and excess contributions

F$W%5NkBTE dvW~v !@ ln~L3rW~v !!21#

1Fexcess$W%. ~12!

We attempt the following change in the system: the v
ume of a given particlev0 is increased by an amountdv0 ,
before a rescaling of all volumes by a factorl ~e.g., v
→lv) such that the overall volume change vanishes. T
imposes

l512
dv0

N^v&
1O~@dv0#2!. ~13!

The effect of the expansion of particlev0 on the size-
distribution can be written

dW~v !5
1

N
@d~v2v02dv0!2d~v2v0!#, ~14!

whered( • • • ) denotes the Dirac distribution. The scalin
procedure affectsW according to

dW~v !5
1

l
WS v

l D2W~v ! ~15!

5
dv0

N^v&

d@vW#

dv
1O~@dv0#2!. ~16!

The corresponding variation of the ideal contribution toF
reads

dFid5E dv
dFid$W%

dW~v !
dW~v !, ~17!

with the functional derivative

dFid$W%

dW~v !
5NkBT ln@L3W~v !#. ~18!

We then get the entropic term

dFid5kBTE dv ln@L3W#

3Fd~v2v02dv0!2d~v2v0!1
dv0

^v&

d@vW#

dv G ~19!

5kBTH W8~v0!

W~v0!
1

1

^v&J dv0 , ~20!
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whereW8 is the derivative ofW.
The variation of the excess free energy reduces to

reversible work needed to perform the transformation, an
derived in Appendix B,

dWrev

dv0
5rkBTE dvW~v !gS s01s

2 D S 11
s

s0
D 2

2
Pexcess

h
,

~21!

whereg(s0/21s/2) denotes the radial distribution functio
evaluated at contact between species of diameterss0 ~having
volume v0) and s ~having volumev). Whens0@^s&, we
can replace the density at the surface of particlev0 by that at
a planar wall, and Eq.~21! becomes

dWrev5FP2
Pexcess

h Gdv0 . ~22!

In this limit v0@^v&

dR
dv0

5
dF
dv0

5kBTH W8~v0!

W~v0!
1

1

^v&J 1P2
Pexcess

h
. ~23!

For the optimal size distribution,dF vanishes so that

kBT
W8~v0!

W~v0!
1

12h

h F2rkBT

12h
2PG50. ~24!

AssumingW(v) to be a normalizable distribution,W8(v)
has to be negative for large arguments, which sets the u
bound,

P,2
rkBT

12h
or P* ,

12h

p~12h!
~25!

for the rescaled pressure. For low packing fractionsh
,hc) where the PY solution is available, the above inequ
ity is fulfilled ~Fig. 2!. At the thresholdh5hc where the
second polydispersity peak appears,W8 changes sign which
means

Pc* 5
12hc

p~12hc!
. ~26!

The above relation is remarkably well obeyed within the P
approximation@see the data of Sec. IV or Fig. 2; the P
expression crosses the line given by Eq.~25! exactly athc].
For h.hc , the upper bound is violated by the simulatio
results reported in Table I and Fig. 2. However, the d
suggest non-negligible finite-size effects; increasingN shifts
the pressure closer to the theoretical bound. Besides, sta
from bidisperse initial conditions~cf. the procedure de-
scribed in Sec. II!, supposed to be closer to the expect
polydispersity, has the same effect. According to express
~23! and ~24!, the violation of Eq.~25! means thatdR
5dF,0 for dv0.0, so that the biggest particle tends
expand. Its growth is however necessarily limited by t
length L of the simulation box. This is supported by th
observation that, even for the largest system investiga
(N5103 particles!, the size of the biggest particle obtained
determined byL (sbiggest.L/3, irrespective of the packing
P license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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fraction, see, for example, Fig. 6!. This suggests that system
sizes that would presumably allow the system to reach t
modynamic equilibrium@and fulfill inequality ~25!# are nu-
merically out of reach. Consequently, the question of
extensivity/intensivity of the number of large particles ca
not be addressed by simulations; a theoretical investiga
seems to require the detailed knowledge of the interfa
free energy between ‘‘large’’ and ‘‘small’’ species. At th
stage, we cannot tell whether a true phase transition is a
ciated with the occurrence of the second peak in the parti
size distribution. The available data certainly do not rule
this possibility.

Finally, the integration of Eq.~24! yields the tail of the
optimal size-distribution

ln W~v !}2v/^v& for v@^v&. ~27!

Equation ~8! obeys this relation, which cannot be test
against simulation results because of the lack of statistics
very large particles~not more than 5 in a typical run!.

VI. CONCLUSION

At this stage, we can only speculate what will happen
larger N and/or larger densities. Conceivably, once t
volume-fraction of the large particles exceeds a cert
threshold, proliferation of still larger particles can occur, a
so on, until eventually an ‘‘Appolonian’’ packing of the liq
uid is achieved. The theoretical analysis of this scenario
nontrivial, as the small particles now induce attractive dep
tion forces between the large particles. Unfortunately,
systems that we can conveniently study by simulation are
small to allow us to investigate this regime.

We stress that the specific model we have chosen
study is somewhat arbitrary. For instance, rather than fix
the number of particles, one might have chosen to fix
total surface area of the particles. The latter constraint wo
be logical if one aims to model the size distribution of dro
lets covered with a fixed amount of surfactant. In additio
we assume that the surface free energy of the sphere
negligible. Again, this constraint can be removed. We ho
that the rather surprising results of the present study
stimulate research into these related models.
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APPENDIX A:

Let us consider the range of densities where a solutio
the Percus–Yevick equation is possible. As stated in Sec
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it is essential thata3 be nonpositive. Hence, the pressure
which a350 defines the end point of the theory. To loca
this point, consider the form of the solution at the po
wherea350. Then the distribution function reduces to

W~v !5expH (
i 50

2

a iR
iJ ,

whereR hereafter denotes a reduced radius measured in u
of ^s3&1/3. Using the two constraints for normalization an
for the average volume of the particles, we can express
coefficientsa0 anda2 in terms ofa1 . If we combine Eqs.
~9! and ~10! to eliminatej3 , we obtain

a252a1

j1

j2
2

1

2
a1

2

5a1

^R&

^R2&
2

1

2
a1

2 , ~A1!

where the ratio of the momentsj1/j2 does not depend ex
plicitly on the densityr or ona0 , but it only depends ona1

itself. In the second line we have used the definition

^Ri&5E
0

`

RiW~v !4pR2dR. ~A2!

But we have another relation between the moments of
particle-size distribution; partial integration of*RnW(v)dv
yields

@Rn11W~v !#0
`5E

0

`

~2a2Rn121a1Rn11

1~n11!Rn!W~v !dR50 ~A3!

for n>0. This leads to the identities

^R3&5
2a1

2a2
^R2&2

4

2a2
^R&, ~A4!

^R2&5
2a1

2a2
^R&2

3

2a2
^R0&. ~A5!

This allows us to writê R& and ^R2& as a function ofa1 ,
a2 , ^R0& and ^R3&; i.e.,

^R&5
23a1^R

0&14a2
2^R3&

a1
228a2

, ~A6!

^R2&5
12̂ R0&22a1a2^R

3&

a1
228a2

. ~A7!

But ^R0&51 and^R3&51/8; hence

^R&

^R2&
5

23a11 ~ 1
2! a2

2

122 ~ 1
4! a1a2

. ~A8!

Substituting this expression in Eq.~A1!, we can eliminate
^R&/^R2& to obtain

a21
1

2
a1

25a1

23a11 ~1/2! a2
2

122 ~1/4! a1a2
. ~A9!
P license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp



ri-

re

c-

lu

k

ra

th
-

ith
um

t

-

e

bal

ute
ers,

f

-

, J.

5324 J. Chem. Phys., Vol. 110, No. 11, 15 March 1999 Zhang et al.
For what follows, it is convenient to introduce two new va
ablesf andc,

a152 f c, ~A10!

a252 f 2;

then

^Ri&5
1

f i 13
^Ri& f 51 . ~A11!

We can use this relation to expressf as function ofc. We use
the fact that the average volume per particle is fixed, to
write

^R3&

^R0&
5

1

8
5

1

f 3

^R3& f 51~c!

^R0& f 51~c!
[

1

f 3
Y~c!, ~A12!

where the second line defines the functionY(c). Hence

f 52Y1/3~c!. ~A13!

As Y(c) can be expressed explicitly in terms of error fun
tions, we now knowf as a function ofc. Equation~A10!
allows us to express botha1 anda2 as explicit functions of
c. We can then use Eq.~A9! to determinec numerically. We
find that this equation has a unique solution. Once the va
of c has been determined, we knowa1 ,a2 anda0 ~from the
normalization condition!. Equation ~9! finally yields the
packing fraction beyond which the PY approximation brea
down, hc50.260198. The corresponding pressure isPc*
51.343442.

APPENDIX B:

We first note that the reversible work done by an ope
tor rescaling both particle volumes (v i→lv i , ; i ) and con-
tainer volume (V→V85lV), is

dW152PidealdV52rkBTdV, where dV5~l21!V.
~B1!

In the transformation, the total volumeVp of the particles
changes according to

dVp

Vp
5

dV

V
⇒dVp5h dV. ~B2!

Keeping the particle volumes fixed and going back to
original container volume (V8→V8/l) requires the revers
ible work

dW252P~V2V8!5PdV. ~B3!

It is then straightforward to obtain the work associated w
a rescaling of particle volumes at constant accessible vol
V,

dWv→lv5dW11dW25
Pexcess

h
dVp , ~B4!

valid for all polydispersitiesW(v).
In the remainder, they shall derive the work needed

grow a particlev0 by an amountdv0 (dv05ps0
2ds0/2). We

assume the normalization*Wdv51 to hold. Consider spe
cies having volumes betweenv and v1dv ~diameters be-
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tween s and s1ds!. They exert a pressure
rkBT W(v)dvg(s0/21s/2) on particlev0 , involving the
radial distribution function at contact between speciess0 and
s. For the above pair (s0 ,s), the excluded volume spher
has diameters01s, and sweeps a volume

dVsweep5p~s01s!2
ds0

2
5S 11

s

s0
D 2

dv0 ~B5!

during the growth of particlev0 . Summing over all species
v, the work performed by the operator takes the form

dWgrowth v0
5rkBTdv0E dvW~v !gS s01s

2 D S 11
s

s0
D 2

.

~B6!

For the size modification considered in Sec. V, the glo
volume change of the particles vanishes, such thatdVp

1dv050. Summing the contributions arising from Eqs.~B4!
and ~B6!, the results of Eq.~21! is recovered,

dWrev

dv0
5rkBTE dvW~v !gS s01s

2 D S 11
s

s0
D 2

2
Pexcess

h
.

~B7!

Note that a similar argument can be invoked to comp
the reversible work needed to rescale all particle diamet
at constantV. After integration of Eq. ~B6! over all
W(v0) dv0 , we obtain

dWv→lv5rkBTE dvdv8W~v !W~v8!gS s1s8

2 D
3~s1s8!2s

dVp

^s&3
. ~B8!

Inserting this result into Eq.~B4! provides the equation o
state for a polydisperse fluid of hard spheres

P

rkBT
511hE dvdv8W~v !W~v8!gS s1s8

2 D
3~s1s8!2

s

^s&3
. ~B9!

For a monodisperse fluid,W(v)5d(v2v0) and we recover
the well known relation

P

rkBT
5114 hg~s0!. ~B10!
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248301-1
We revisit the notion of renormalized charge, which is a concept of central importance in the field of
highly charged colloidal or polyelectrolyte solutions. Working at the level of a linear Debye–Hückel-
like theory only, we propose a versatile method to predict the saturated amount of charge renormal-
ization, which is, however, a nonlinear effect arising at strong electrostatic coupling. The results are
successfully tested against nonlinear Poisson-Boltzmann theory for polyions of various shapes (planar,
cylindrical, and spherical), both in the infinite dilution limit or in confined geometry, with or without
added electrolyte. Our approach, accurate for monovalent microions in solvents such as water, is finally
confronted against experimental results on charged colloids and B-DNA solutions.

DOI: 10.1103/PhysRevLett.89.248301 PACS numbers: 82.70.Dd, 61.20.Gy, 64.70.–p
sions for the effective charges at saturation, which com- to have an electrostatic energy eV0 balancing the thermal
Our present understanding of charged macroion sus-
pensions is essentially based on the DLVO theory, named
after Derjaguin, Landau, Verwey, and Overbeek [1]. This
approach relies on a Poisson-Boltzmann (PB) mean-field
description of the microion clouds. An important predic-
tion of the theory is the effective interaction pair potential
between two macroions (e.g., colloids) in the solvent
which, within a linearization approximation, takes the
well-known Yukawa or Debye-Hückel (DH) form: v�r� �
Z2 exp���r�=r, where Z is the charge of the object and �
denotes the inverse Debye screening length. However, this
approach becomes inadequate to describe highly charged
objects for which the electrostatic energy of a microion
near the macroion surface largely exceeds kBT, the ther-
mal energy, and the linearization of PB equations is a
priori not justified. In this case, however, the electrostatic
potential in exact [2] or mean-field [3–5] theories still
takes a Debye-Hückel form far from the charged bodies,
provided that the source of the potential is renormalized
(Z ! Zeff). The essential idea is that the microions which
suffer a high electrostatic coupling with the macroion
accumulate in its immediate vicinity so that the deco-
rated object (macroion plus captive counterions) may be
considered as a single entity which carries an effective
charge Zeff , much lower (in absolute value) than the
structural one. Within PB theory, Z and Zeff coincide for
low values of the structural charge, but Zeff eventually
reaches a saturation value Zsat independent of Z when the
bare charge increases [5,6].

Of course, the difficulty remains to predict Zsat for a
given suspension of macroions [4–7]. In the absence of
any general analytical framework for the computation of
the effective charge, this quantity is often considered as
an adjustable parameter to fit experimental data [8,9]. In
this Letter, we show that a simple physical argument, at
the level of the DH linearized description only, yields
explicit (and in some favorable cases analytical) expres-
0031-9007=02=89(24)=248301(4)$20.00
pare well with both numerical solutions of nonlinear PB
theory and available experimental data with monovalent
microions.

For simplicity, we start by considering a unique highly
(positively) charged sphere immersed in a symmetric 1:1
electrolyte of bulk ionic strength I0 � �2=8
‘B, where
‘B � e2=4
kBT is the Bjerrum length ( being the
dielectric constant of the solvent): ‘B � 7 A for water
at room temperature. Within PB theory, the dimension-
less electrostatic potential � � eV=kBT obeys the rela-
tion

r2� � �2sinh�: (1)

Far from macroion (where it is understood that � van-
ishes), the solution �PB of Eq. (1) also obeys the linear-
ized Poisson-Boltzmann (LPB) equation r2� � �2�,
and therefore takes the Yukawa form �LPB �
Zeff‘B exp���a� r�	=�r�1
 �a�	, with a the radius of
the sphere. Zeff (in e units) is consequently defined here
without ambiguity from the far field behavior of�PB (see
[4,10,11] for alternative definitions of effective charges).
Accordingly, a ‘‘nonlinear’’ region may be defined (r 2
�a; r�	), corresponding to�PB larger than unity, where by
definition of the cutoff r�, �LPB�r�� is of order 1. In
the limit of large �a, this nonlinear region is, however,
confined to the immediate vicinity of the macroion:
r� ’ a. We consequently have the effective boundary
condition �LPB�a� ’ �PB�r�� � C, where C is a constant
of order 1, which yields immediately Zeff � Ca�1

�a�=‘B. This argument assumes that the bare charge Z
is high enough to have �PB larger than unity close to the
macroion and, therefore, provides the saturation value of
Zeff , denoted hereafter as Zsat [12]. We therefore easily
obtain the nontrivial dependence of this quantity upon
physicochemical parameters.

This picture of a decorated macroion—where the
‘‘bound’’ counterions renormalizing the charge appear
 2002 The American Physical Society 248301-1
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energy kBT—may be rationalized as follows. In the limit
of large �a, we perform an asymptotic matching of the
nonlinear PB planar solution (see [1]) to the linear solu-
tion �LPB in curved geometry. We obtain for high bare
charges the same value of the contact potential
�LPB�a� � 4 (of order 1 as expected) so that Zsat �
4a�1
 �a�=‘B [13]. Such a procedure provides by con-
struction the correct large �a (low curvature) behavior of
Zsat, but we show below that it remains fairly accurate
down to �a of order 1.

Generalizing this approach, we consequently obtain
the leading curvature saturated effective charge from
the following analysis. For an isolated macroion of arbi-
trary shape in an electrolyte: (a) find the electrostatic
potential, �LPB, solution of the linearized PB equations,
supplemented by a fixed potential boundary condition:
�LPB�surface� � C, where C � 4 at leading order in
curvature; (b) deduce Zsat from Gauss theorem at the
surface of the object. In the case of an infinite cylinder
(radius a, bare line charge �), we obtain �sat �
2��a=‘B�K1��a�=K0��a�, where K0 and K1 are the modi-
fied Bessel functions of orders 0 and 1.

In order to test the validity of our results, we have
numerically solved the nonlinear PB equation (1) for
high Z values corresponding to the saturation regime
and computed the effective charge from the electrostatic
potential at large distances (i.e., the value required to
match �LPB to the far field �PB obtained numerically).
Figure 1 compares the resulting PB effective charge to our
expressions, for spherical and cylindrical macroions. The
agreement becomes excellent at large �a as it should, and
in the case of cylinders, even holds down to very small �a
(0.01), a point which is not a priori expected. Finally, in
the planar geometry our approach provides by construc-
tion the correct effective charge (compared to PB).
FIG. 1. Effective charge at saturation of an isolated spherical
macroion (radius a) as a function of �a. The continuous line is
the analytical expression given in the text, while the dots are
the results extracted from the far-field behavior of the nonlinear
PB potential. In the inset, the same results for the cylinder
geometry are shown on a log-linear scale.
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For spherical colloids, expressions reminiscent of that
reported above can be found in the literature [4,14,15]. It
seems, however, that the generality of the underlying
method has been overlooked. In particular, our procedure
may be extended to the finite concentration case, using
the concept of Wigner Seitz (WS) cell [5]: the influence of
the other macroions is accounted for by confining the
macroion into a cell, with global electroneutrality. The
size of the cell, RWS, is computed from the density of
macroions, while its geometry is chosen as to mimic the
spatial structure of the macroions in the solution. Suppose
that the system is in equilibrium with a reservoir of salt
defined in terms of its Debye length ��1. We first linea-
rize Eq. (1) around the value of potential at the cell
boundary, �R � ��RWS�, unknown at this point, which
yields

r2�� � �2?��0 
 ���; (2)

where �� � ���R, �2? � �2cosh��R�, and �0 ���������������������������
1� ��=�?�

4
p

. Note that the relevant screening length
��1
? (always smaller than ��1, a general feature for finite

concentration) is not a parameter and should be deter-
mined at the end of the calculation. Equation (2) is
supplemented by two boundary conditions: the consis-
tency constraint [���RWS� � 0] and the global electro-
neutrality (which imposes a vanishing normal electric
field at the WS boundary). To generalize the approach
discussed in the limit of infinite dilution, we propose
the following prescription (providing a third boundary
condition): the difference of potential between the macro-
ion and the WS surface is ���a� � 4. Here again, the
effective charge is obtained from Gauss theorem at the
macroion’s surface.

This generalized procedure is now applied to a solution
of spherical macroions with concentration �. The radius
of the WS spherical cell is given as RWS � �4
�=3��1=3.
In this geometry, the (LPB) solution of Eq. (2) reads

���r� � �0

�
�1
 f


e�?r

r

 f�

e��?r

r

�
; (3)

where f� � ���?RWS � 1�=2�?	 exp���?RWS�. Our pre-
scription allows one to compute �?, such that ���a� � 4.
This equation is solved numerically for �? using a simple
numerical Newton procedure. The effective charge fol-
lows from the gradient of ���r� in Eq. (3) taken at r � a.
The corresponding Zsat as a function of volume fraction
� � 4
�a3=3 is displayed in Fig. 2, with a comparison to
its counterpart deduced from the numerical solution of
PB theory supplemented with the popular procedure pro-
posed by Alexander et al. [5]. In this figure, we have also
plotted the results obtained without added salt [where
the term sinh� on the right-hand side of Eq. (1) is
replaced by �exp��=2, due to the absence of coions].
Our results are fully compatible with those obtained
from Alexander’s method, with a similar agreement for
248301-2



FIG. 3. Liquid-solid transition of charged polystyrene col-
loids: volume fraction for melting �m as a function of salt
ionic strength I0. Dots are experimental points for the melting
line extracted from Ref. [8]. The solid line is the theoretical
prediction for the melting transition using our prescription for
effective charges. The dashed line corresponds to Zeff � 880
(see text).

FIG. 2. Effective saturated charge of spherical macroions
(radius a) as a function of volume fraction � for �a � 2:6.
The continuous line shows the effective charge computed using
the prescription, while the dots are the results of the nonlinear
PB theory, following Ref. [5]. Inset: no-salt situation.
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cylindrical macroions (not shown). It is eventually in-
structive to note that, for a charged plane confined with-
out added salt in a WS slab of width 2h, Alexander’s
saturation surface charge may be computed analyti-
cally with the result [13] �sat � 2

�3=2 sinh�
=
���
2

p
�=‘Bh,

whereas we obtain �sat �
���
6

p
argcosh�5�=
‘Bh following

our prescription. Both expressions agree within 10% and
remarkably exhibit the same functional dependence on ‘B
and density (through h).

That our prescription compares favorably with
Alexander’s procedure for the planar, cylindrical, and
spherical geometries, calls for the more stringent test of
confronting our predictions against experimental data.
We consider two specific situations corresponding to
two different geometries: crystallization of charged
colloidal suspensions and osmotic pressure in B-DNA
solutions.

Crystallization of charged spheres.—Investigation into
the phase diagram of charged polystyrene colloids has
been conducted experimentally by Monovoukas and Gast
[8] and compared to the phase diagram of a system where
particles interact through a Yukawa potential (deduced
from extensive molecular dynamics simulations [16]).
However, this comparison requires an ad hoc choice for
Zeff . We use here the results we found for the effective
charge as a function of ionic strength, which we insert
into the numerical generic phase diagram of Yukawa
systems [16]. We emphasize that there is no adjustable
parameter in our equations since the radius of the poly-
styrene beads, the only parameter entering our descrip-
tion, was independently measured to be a � 667 A. We
only make the (reasonable) assumption that the bare
charge Z of the colloids is large enough to have Zeff ’
Zsat. The results for the melting line using our prescription
for the effective charge are confronted to the experimen-
tal data in Fig. 3. We also plot the result for the melting
248301-3
line for an ad hoc constant effective charge, Zeff � 880,
as was proposed in Ref. [8] (while in our case the latter
varies between 500 and 2000 on the melting curve). The
observed agreement of our results illustrates both the
pertinence of our prescription for Zsat and the relevance
of the PB saturation picture for macroions of large bare
charge, for monovalent microions in water.

Osmotic coefficient of B-DNA.—A similar test of our
method may be performed for the cylindrical geometry
using the experimental results for rigid cylindrical poly-
electrolytes such as B-DNA [17]. We specifically consider
the measurements of the osmotic coefficient � �
 osm= c, defined as the ratio between the osmotic pres-
sure  osm to the pressure  c of releasable counterions
having bare density cc ( c � kBTcc). Within the WS
model, B-DNA macroions are confined into cylindrical
cells, whose radius RWS is related to the bare concentra-
tion of DNA counterions as cc � �‘DNA
R

2
WS�

�1, with
‘DNA � 1:7 A the distance between charges along DNA.
The osmotic pressure is related to the densities of micro-
ions at the cell boundary:  osm � kBT��
 
 �� � 2I0�
[18], which can be recast in the form  osm � kBT��2? �
�2�=4
‘B introducing the screening factor �? defined
previously. This latter quantity is computed from our
prescription, following the same lines as for the spherical
case [see Eq. (3)].

In Fig. 4, the corresponding results for the osmotic
coefficient are confronted against the experimental data
of Ref. [17], showing again a good quantitative agreement.
As in Ref. [18], we report the prediction of classical
Oosawa-Manning condensation theory, for which the
osmotic coefficient is constant [� � ‘DNA=�2‘B�] at com-
plete variance with the experiments. Again we emphasize
that the only quantity introduced in our description is the
248301-3



FIG. 4. Osmotic coefficient of B-DNA vs density of DNA
phosphate ions cc, for I0 � 10, 2, and 0 mM (from bottom to
top). Dots: experiments of Ref. [17]; solid lines: present pre-
scription; dashed line: prediction of Oosawa-Manning conden-
sation theory.
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diameter (a � 10 A) of DNA, known from independent
measurements.

In conclusion, we have put forward a simple method of
asymptotic matching to compute the effective charge at
saturation for isolated macroions. In the situation of finite
density, this method has been translated into a prescrip-
tion, the validity of which has been assessed. This ap-
proach (mostly suited to describe the colloidal limit
�a � 1) amounts to considering the highly charged
macroions as objects with constant electrostatic potential
�4kT=e, independently of shape and physicochemical
parameters (size, added 1:1 electrolyte . . .). As a general
result, we find that the effective charge is an increasing
function of �, which stems from the reduction of the
attraction between the counterions and the macroion.
Addition of salt consequently brings two antagonist ef-
fects on the effective Coulombic interaction between
macroions: the range of the interaction decreases due to
screening, while the amplitude increases due to the effec-
tive charge. The competition between these two effects
might be a key point in the understanding of these
systems.

An important question concerning our approach is that
of the validity of PB theory for highly charged macroions.
Within PB, microion correlations are neglected, but the
approach may still allow one to describe high macro/
microion couplings: in particular, for monovalent micro-
ions in water at room temperature, microion correlations
are negligible for all known macroions. This may no
longer be the case in presence of multivalent microions.
More generally, PB is a reasonable approximation when
the macroion size a is much larger than ‘B [19], and the
248301-4
saturation plateau of Zeff as a function of the bare charge
Z is an important physical phenomenon that our approach
allows one to capture. When a becomes of the same order
as ‘B, the amount of counterion ‘‘condensation’’ found in
molecular dynamics or Monte Carlo simulations is larger
than predicted by PB [19,20]; our method for Zsat there-
fore provides an upper bound for the effective charge. It
is, moreover, noteworthy that for B-DNA where a=‘B ’
1:4, our approach still gives a valuable first approximation
and that omission of charge renormalization leads to
spurious results (such as negative osmotic coefficients
corresponding to an unphysical phase transition at physi-
ological salt concentrations).
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91405 Orsay Cedex, France
2 SI3M, DRFMC, CEA-DSM Grenoble, 17 rue des Martyrs, 38054 Grenoble Cedex 9, France
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Abstract
We propose a simple approximation scheme for computing the effective charges
of highly charged colloids (spherical or cylindrical with infinite length). Within
non-linear Poisson–Boltzmann theory, we start from an expression for the
effective charge in the infinite-dilution limit which is asymptotically valid
for large salt concentrations; this result is then extended to finite colloidal
concentration, approximating the salt partitioning effect which relates the salt
content in the suspension to that of a dialysing reservoir. This leads to an
analytical expression for the effective charge as a function of colloid volume
fraction and salt concentration. These results compare favourably with the
effective charges at saturation (i.e. in the limit of large bare charge) computed
numerically following the standard prescription proposed by Alexander et al
within the cell model.

1. Introduction

In colloidal suspensions, the charge ratio between the poly-ions (colloids) and the counter-
ions or salt ions may be larger than 104. This considerable asymmetry invalidates most
of standard liquid state theories. The concept of charge renormalization, however, allows
one to significantly simplify the description of such systems: the electrostatic coupling
between the poly-ions and oppositely charged micro-species induces a strong accumulation
(or ‘condensation’) near the poly-ion surface. The idea is then to consider a colloid plus its
‘captive’ micro-ions as an entity carrying an effective (or renormalized) charge Zeff , a priori
much smaller than the bare charge Zbare. Consequently, except in the immediate vicinity of the
colloids where linearization schemes fail, the interactions in the suspension are well described
by Debye–Hückel-like linearized theories, provided that the bare charge is replaced by the
renormalized one Zeff . Schematically, the linear effects of screening by an electrolyte induce
a dressing of the bare Coulomb potential (Zbare/r → Zbare exp(−κr)/r where κ−1 is the

0953-8984/03/010291+06$30.00 © 2003 IOP Publishing Ltd Printed in the UK S291
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Debye length; see below), while the non-linear effects of screening imply the identification
Zbare exp(−κr)/r → Zeff exp(−κ ′r)/r (with possibly κ ′ �= κ [1]).

Several reviews discussing the notion of charge renormalization have appeared recently [1–
4]. In the colloid science field this concept has been introduced by Alexander et al [5] in the
context of the Poisson–Boltzmann (PB) cell model, but it had been widely accepted since the
1950s in the field of linear polyelectrolytes [6, 7]. The definition of an effective charge from the
far-field potential created by an isolated macro-ion in an electrolyte is unambiguous [2, 8a, 9a],
at least for the simple cases of spherical or infinitely long cylindrical macro-ions that we
shall consider here, even if the case of less symmetric poly-ions deserves more attention (see
e.g. [10]). Within a cell model, introduced to replace the complicated many-body problem
of colloids in solution by a simpler one-particle system [11–14], the definition of an effective
charge is more elusive, but the celebrated proposal made by Alexander et al amounts to
finding the optimal linearized PB potential matching the non-linear one at the cell boundary.
The cell approach, whose validity has been assessed by several studies [16–21], appears to
provide a reasonable description of solutions containing monovalent counter-ions [22–24].
The effective charge is obtained by integrating the charge density deduced from the linearized
potential over the region accessible to micro-ions, or equivalently from Gauss’s theorem at
the colloid’s surface. Note that a renormalization of Z also implies a renormalization of the
screening constant κ . For low poly-ion bare charges Zbare, linearizing the PB equation is a
valid approximation, so Zeff � Zbare—whereas in the opposite limit of high bare charges, Zeff

was found numerically to saturate to a value independent of Zbare: Zeff � Zsat. The saturation
value Zsat depends on the geometry of the colloid, and the temperature or the quantity of added
salt. Unfortunately, no analytical prediction is available for these dependences.

In this paper, we propose an approximate analytical expression for the effective charge
of spherical or rod-like macro-ions, as a function of macro-ion density or salt content. Our
approach starts with an estimation of the saturation value of the effective charge in the infinite-
dilution limit, as deduced from recent analytical results [25]. In the case of finite colloidal
dilution, the osmotic equilibrium of the suspension with a salt reservoir is modelled using a
Donnan equilibrium approximation. This allows us to derive a simple polynomial equation
of degree 4 fulfilled by the saturation value Zsat of the effective charge Zeff , in the case of a
symmetric 1:1 electrolyte. In the limiting case of no added salt, the above equation is easily
solved analytically and provides results in quantitative agreement with the saturation effective
charges following Alexander’s prescription.

2. General framework and method

We consider first the situation of an isolated macro-ion of given surface charge density in a
electrolyte of bulk density n0 (no confinement). The solvent is considered as a medium of
uniform dielectric (CGS) permittivity ε. Within PB theory, the electrostatic potential, when
assumed to vanish far from the macro-ion, obeys the equation

∇2φ = κ2
0 sinh φ, (1)

where the screening factor κ0 is defined as κ2
0 = 8π�Bn0 and the Bjerrum length quantifies

the strength of electrostatic coupling: �B = e2/(εkT ) (e > 0 denotes the elementary charge
and kT is the thermal energy). A complete asymptotic solution of equation (1) has been
obtained recently by Shkel et al [25] in spherical and cylindrical geometries. From the far-
field behaviour of the corresponding solutions, one obtains after some algebra the effective
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charges at saturation:

Zsat
�B

a
= 4κ0a + 6 + O

(
1

κ0a

)
for spheres (2)

λsat�B = 2κ0a +
3

2
+ O

(
1

κ0a

)
for cylinders. (3)

In these equations, a denotes the radius of the macro-ion under consideration, Ze the total
charge in the case of spheres, and λe the line charge density in the case of cylinders (with
infinite length). Expressions (2) and (3) are the exact expansions of the saturation charges in
the limit of large κ0a but are in practice accurate as soon as κ0a > 1 (not shown).

Our goal is to translate these relations into expressions that would approximate the effective
charges in confined geometry, where the macro-ion is enclosed in a cell [5]. To this end, we first
find an approximation for the relevant screening factor κ� before inserting it into (2) and (3),
making the substitution κ� ↔ κ0. The implicit assumption is that the mean salt density in the
cell is related to the effective charge in a similar manner to in the infinite-dilution limit.

In confined geometry, the PB equation still takes the form (1), where κ0 = (8π�Bn0)
1/2

should now be considered as the inverse screening length in a (neutral) salt reservoir in osmotic
equilibrium with the solution, through a membrane permeable to micro-species (n0 is thus now
the salt density in the reservoir). It may be shown that the relevant screening factor in the cell
is related to the micro-ion density at the cell boundary [8]:

κ2
� = 4π�B [ρ+(RW S) + ρ−(RW S)]. (4)

In this equation RW S is the radius of the Wigner–Seitz (WS) confining cell. We have recently
proposed an efficient prescription for computing κ� without solving the complicated non-
linear problem [8]. It is however impossible to deduce an analytical expression for κ� from
this approach and we resort to the following approximation. We assume that the micro-ion
densities are slowly varying in the WS cell so that the mean densities n± provide a reasonable
estimation of the boundary densities ρ±(RW S). We thus write

κ2
� = 4π�B(n+ + n−) = 4π�B(2n+ + Zsatρ), (5)

where the last equality follows from the electroneutrality constraint (ρ is the density of colloids,
assumed positively charged without loss of generality). Note that at the level of a linear theory,
the effective charge Zsat and not the bare one Zbare enters this expression.

We now need to relate the mean densities n± to n0, the concentration in the reservoir
(the so-called Donnan effect; see e.g. [14, 26]). Chemical equilibrium imposes ρ+ρ− = n2

0
at any point in the cell. We again assume this relation to hold for the mean densities, so that
n+n− = n2

0. This leads to

κ4
� = κ4

0 + (4π�B Zsatρ)2. (6)

Up to now the reasoning has been quite general and independent of the geometry. For spheres
with radius a and packing fraction η = 4πρa3/3 = (a/RW S)

3, and for rods with packing
fraction η = (a/RW S)

2, we obtain

(κ�a)4 =
{

(κ0a)4 + (3ηZsat�B/a)2 (spheres)
(κ0a)4 + (4ηλsat�B)2 (cylinders).

(7)

Supplementing these equations with the κ-dependence of Zsat obtained in equation (2)
for spheres and (3) for cylinders, leads to an equation of degree 4 satisfied by κ� (or
equivalently Zsat).
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Figure 1. Effective charge at saturation Zsat (in units of the radius over the Bjerrum length �B )
as a function of packing fraction for a spherical macro-ion of radius a enclosed in a concentric
spherical cell of radius aη−1/3. The situation is without added salt. The analytical expression (8)
is shown by the continuous curve while the non-linear PB values computed numerically following
Alexander et al [5] are represented with circles. Inset: the same, but with added salt for κ0a = 2.6.
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Figure 2. Effective line charge density at saturation λsat (in units of 1/�B ) as a function of packing
fraction for a cylindrical macro-ion of radius a enclosed in a concentric cylindrical cell of radius
aη−1/2 (no added salt). The analytical expression (9) is shown by the continuous curve while the
non-linear PB values computed numerically following Alexander et al [5] are represented with
circles. The inset shows the same quantity, but with added electrolyte (κ0a = 3.0).

This equation can be solved analytically. We give the general solution in the appendix.
However, without added salt (formally κ0 = 0), the solutions of these equations take a
particularly simple form:

Zsat
�B

a
= 6 + 24η + 12

√
2η + 4η2 (8)

λsat�B = 3
2 + 8η + 2

√
6η + 16η2. (9)

We compare in figures 1 and 2 the results obtained following this route with the full PB
estimate following Alexander’s prescription. The latter involves a numerical resolution of the
PB equation. Both the no-salt and the finite-ionic-strength case are considered. The agreement
is seen to be quite good in view of the minimum number of ingredients involved in the present
approach.
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3. Conclusions

In this contribution, we propose a simple approximation scheme for computing the saturation
value of the effective charge in concentrated suspensions of highly charged colloidal particles.
Our estimation starts with an asymptotic expression of the effective charge in the infinite-
dilution limit, obtained from recent analytical results [25]. The case of finite colloidal dilution
is described using a Donnan equilibrium approximation for the osmotic equilibrium of the
suspension with a salt reservoir. This calculation leads to an analytical estimate of Zsat,
the saturation value of the effective charge, as a function of the density of colloids and salt
concentration. Our starting points (equations (2) and (3)) neglect contributions of order (κ0a)−1

and become inaccurate for κa < 1. This implies that our effective charges at finite density
becomes less reliable in the salt-free case for small packing fractions η. However, this is seen
to occur for very small η only (see e.g. figure 1).

These results are obtained at the level of the mean-field PB theory. We note however that
the existence of a saturation value of the effective charge, Zsat, independent of the bare charge,
is indeed confirmed in more refined approaches in the colloidal limit a � �B , with a the
colloid size and �B the Bjerrum length (see e.g. Groot [22], using the primitive model). These
results show moreover that PB theory becomes successful in the aforementioned colloidal limit,
a � �B [20, 22]. Eventually the saturation picture within PB theory becomes in quantitative
agreement with experimental data for the osmotic pressure [8, 27, 28].

It is finally instructive to reconsider the results reported by Alexander et al [5] in their
original paper. At a packing fraction η = 0.125, they find numerically a saturation value for
Zeff of the order of 15, in units of a/�B (spherical colloid). On the other hand,our expression (8)
for the same η gives Zsat�B/a = 9+3

√
5 � 15.7, i.e. very close to the value found in [5]. Note

that this number, 15, has subsequently been often quoted in the literature as a ‘standard’ value
of the effective charge. The saturation value of the effective charge however crucially depends
on the colloid volume fraction, and the full density dependence of Zsat should be taken into
account in finite-concentration cases.

Acknowledgments

We would like to thank M Deserno and H H von Grünberg for useful discussions.

Appendix. Analytical expression for the effective charge

We give here the explicit expression for the effective charge as a function of the colloid packing
fraction η and salt concentration in the reservoir, n0 = κ2

0 /8π�B .
Inserting equation (2) or (3) into (7), one gets the quartic equation for X = κ�a:

X4 = X4
0 + η2(α + β X)2 (A.1)

with X0 = κ0a. The values for α, β are respectively α = 12 and β = 18 for spheres, and
α = 8 and β = 6 for cylinders.

Let us introduce the following quantities:

� = −12X4
0 − 12β2η2 + α4η4

 = 108α2β2η4 − 2α6η6 − 72α2η2(X4
0 + β2η2)

� = −72X4
0α

2η2 + 36α2β2η4 − 2α6η6

� = 1

3 21/3

(
� +

√
2 − 4�3

)1/3

� = �

9�
+ �.

(A.2)
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The solution X = κ�a is then found as

κ�a = 1

2

√
2α2η2

3
+ � +

1

2

(
4α2η2

3
− � +

4αβη2√
2α2η2

3 + �

)1/2

. (A.3)

The effective charge is then obtained by replacing this value for κ� in equation (2) for
spherical macro-ions, and in equation (3) for rod-like macro-ions.

In the no-added-salt case, these expressions reduce to equations (8) and (9), as indicated
in the text.
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We investigate, within a local density functional theory formalism, the interactions between like-charged
polyions immersed in a confined electrolyte. We obtain a simple condition for a repulsive effective pair
potential, which can be related to the thermodynamic stability criterion of the uncharged counterpart of
microscopic species constituting the electrolyte. Under the same condition, the phenomenon of charge inver-
sion ~over-charging!, where the polyion bare charge is over-screened by its electric double layer, is shown to
be impossible. These results hold beyond standard mean-field theories~such as Poisson-Boltzmann or modified
Poisson-Boltzmann approaches!.
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Electrostatic forces play a key role in determining t
stability, phase, and structural properties of colloids or m
roions suspended in polar solvents~usually aqueous media!.
Such suspensions are ubiquitous in many biological
technologically important systems, from superabsorbant
water-soluble paints to DNA solutions. Their behavior
however, far from being well understood, despite an inte
theoretical effort over the last 50 years.

Upon dispersion in water, mesoscopic colloidal polyio
bearing ionizable groups gain a~large! bare charge, and
strongly attract counterions while repelling coions, thus g
ing rise to electric double layers characterized by strong
homogeneities in the local density of these microions in
vicinity of the polyions. From the electrostatic part of th
traditional Derjaguin-Landau-Verwey-Overbeek~DLVO!
theory @1#, the effective interactions~solvent and microion
mediated! between two like-charged colloidal particles a
expected to be repulsive@2#, whereas experiments@3# and
numerical simulations@4# provide evidence for attraction
particularly within confined geometries~e.g., when the two
macroions are close to a charged wall or between two g
plates!.

We consider a mixture ofN microions, where speciesa
has charge numberza and local densityca(r ). Disregarding
the molecular nature of the solvent, considered to be a c
fined electrolyte of dielectric permittivity«, the effective in-
teractions between two like-charge colloids are then a
lyzed within a generic local density functional theory. W
show that the convexity of the free energy density with
spect to the microions densities is a sufficient condition
having repulsive effective interactions and for prevent
charge inversion. The physical implications of this result
considered in the final discussion~in particular the repulsion
‘‘often’’ follows from the thermodynamic stability criterion
of the corresponding uncharged mixture of micro-specie!.
The proof makes use of the results established in R
@5–7#, and considers a geometry which encompasses m
cases of experimental relevance: the confining regionR is a
cylinder of arbitrary cross section and length 2L ~in the limit
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of large L) while the mediumR8 outsideR is a dielectric
continuum of permittivity«8 with the possibility of a uni-
form density of surface chargess on the boundary]R. The
standard Neuman and Dirichlet boundary conditions~con-
stant normal electric field and constant potential resp
tively! belong to the above class, and the dielectric medi
in R8 may contain an electrolyte solution~this possibility
was not considered in Refs@5,6#!. We assume global elec
troneutrality in bothR and R8 and the two macroions we
shall focus on may be of arbitrary shape provided the e
trostatic potential possesses mirror symmetry with respec
a planeOxy between the macroions. Our approach ho
irrespective of the specific boundary conditions to be app
on the macroions~constant charge or constant potential! and
is independent of the sign of the surface charges.

Omitting, for the sake of simplicity, their temperature d
pendence, the local@8# density free energy functionals@9#
considered here are of the form

F~$ca%!5E
R

f ~$ca~r !%! dr

1 1
2 ER

rc~r ! G~r ,r 8! rc~r 8! dr dr 8, ~1!

where the Helmholtz free energy densityf is a function of all
N microions densities and the local charge density inclu
the contributions from the macroionsqM(r ) as well as from
the microions:

rc~r !5 (
a51

N

za e ca~r !1qM~r !. ~2!

In Eq. ~1!, G(r ,r 8) denotes the Green’s function such th
the electrostatic potentialc(r ), which is a solution of Pois-
son’s equation¹2c52(4p/«)rc(r ) with the required
boundary conditions on the surface]R, can be cast in the
form

c~r !5E
R

rc~r 8!G~r ,r 8! dr 8. ~3!
R1465 ©2000 The American Physical Society
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G reduces to the usual Coulomb potential in the absenc
confinement. The density functional formulation provided
Eq. ~1! encompasses a large class of modelizations, inc
ing ~i! the standard Poisson-Boltzmann theory when the id
gas expressionf 5(akT ca@ ln(caLa

3)21# is chosen for the
free energy density,~ii ! modified Poisson-Boltzmann theo
ries derived to account for steric effects@10# or more general
nonelectrostatic interactions@11#, and ~iii ! recent improve-
ments over standard mean-field approximations incorpo
ing ion-ion correlations in the form of a one compone
plasma correction@12#. This last case involves a free energ
density which does not only depend on the local densitie
microions but also on the elementary chargee, and will be
examined in the concluding discussion. In general,
present analysis allows one to incorporate correlation or n
mean-field contributions, provided these effects translate
a local free energy density.

Minimization of the functional~1! subject to the normal-
ization constraints*Rca(r )dr5Na yields the implicit rela-
tion between the densitiesca(r ) and the electrostatic poten
tial,

] f

]ca
1e zac~r !5ma* , 1<a<N, ~4!

where ma* is the ~electro!chemical potential of speciesa.
The effective force acting on a colloid is obtained from i
tegration of the generalized Maxwell stress tensorP over the
surfaceS of the macroion,

F5 R
S
P•n dS, ~5!

where the unit vectorn points outward from the surface o
integration. The local stress tensor follows from the com
tation of the reversible work required to locally deform t
shape of the confining cylinder, with the result

P52FP1
«

2
“c•“cG I1 « “c ^“c, ~6!

where the osmotic pressureP($ca%), which depends on po
sition via the local densitiesca(r ), is the pressure that woul
be found in the medium in the absence of an electric fie
with the same densities ca(r ) @13#, and can be written as th
Legendre transform of the free energy density,

P~$ca%!52 f ~$ca%!1 (
a51

N

ca

] f

]ca
. ~7!

For any stress tensor of the form~6!, it has been shown in
Refs.@5–7# that the effective forceF given by Eq.~5! has a
componentFz along the axis of the cylinder that can be ca
in the form
of

d-
al

t-
t

of

e
n-
to

-

,

t

Fz5E
Oxy

FP~c!z502P~c!z5L2~cz50

2cz5L!
]P

]c
~cz5L!Gdxdy1

e

2EOxy
~“cz50

2“cz5L!2dxdy, ~8!

wheree denotes« ~respectively«8) for the part of the sym-
metry plane, denotedOxy, belonging toR ~respectively
R8). In Eq. ~8!, it is understood that the pressure depends
the potential via Eqs.~7! and ~4!, the latter giving sense to
the notation]P/]c. The subsequent analysis is devoted
the proof thatP is a convex-up function ofc provided that
the free energy density is itself convex-up with respect to
densities$ca%. Remembering the orientation convention ch
sen in Refs.@5–7#, this in turn establishes the repulsive n
ture of the effective interactions (Fz.0). From the direct
differentiation of Eq.~7! we get

]P

]c
52rc~r !, ~9!

where use was made of the stationary condition~4!. The
relation ~9! can be recovered from the mechanical equil
rium condition of a fluid element of microions: the balan
between the electric force and the osmotic constraint ac
on such a fluid element located at pointr can indeed be
written as

2“P5rc~r ! “c ~10!

⇔F]P

]c
1rcG“c50. ~11!

Equation~9! equivalently implies that the tensorP is diver-
gence free, as already invoked in Ref.@7# to obtain the os-
motic equation of state in the specific case of a modifi
Poisson Boltzmann theory.

The second derivative of the osmotic pressure,

]2P

]c2
52e(

a
za

]ca

]c
, ~12!

involves the quantities]ca /]c which may be determined
from the condition~4!:

(
b51

N
]2f

]ca]cb

]cb

]c
52e za . ~13!

Assuming the free energy density to be a convex-up func
of the $ca% implies that the matrixH with elements

Hab[
]2f

]ca]cb
~14!

is positive definite. Its inverseH21 is consequently positive
definite from which we can invert relation~13!:

]ca

]c
52e (

b51

N

~H21!abzb . ~15!
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Upon substitution of Eq.~15! into ~12! we finally obtain

]2P

]c2
5e2 (

a,b
~H21!abza zb . 0. ~16!

The pressureP is therefore a convex-up function of the ele
trostatic potential, which establishes the aforementioned c
nection between the convexity off and the sign of the
polyion-polyion effective interactions. Note that the nonco
vexity of the free energy density is a necessary though in
ficient condition for the existence of attraction within a loc
density approximation formalism.

We now address the question of charge reversal, wh
the nominal charge of a bare polyion can be over-scree
by its condensed counterions. This interesting phenome
~occurring for instance in DNA salt systems@14#! requires,
from Gauss’s theorem, the vanishing of the normal com
nent of the electric field (2n•“c) on a closed surface with
normaln around the polyion. Taking the gradient of Eq.~4!
then implies, without any symmetry assumption,

(
b51

N
]2f

]ca]cb
@n•“cb#50, ~17!

hence, the existence of a vanishing eigenvalue@with eigen-
vector (n•“cb)b51 . . .N] of the stability matrixH, which is
impossible under the assumption of positive definiteness

Within the framework of Poisson-Boltzmann theory, t
repulsive nature of the effective electrostatic force betw
two similar colloidal bodies@5–7# and the impossibility of
charge reversal immediately follows from the previo
analysis. However, if for the sake of analytical tractabil
and in the spirit of Ref.@15#, the ideal free energy density i
further Taylor expanded up to orderN around the mean den
sities$c̄a%, we obtain

Hab5
dab

c̄a
(
i 50

N22 S 12
ca

c̄a
D i

5F12S 12
ca

c̄a
D N21 Gdab

ca
.

~18!

The truncated HessianH is therefore positive definite an
gives a repulsive force for even values ofN ~as in the non-
linear Poisson-Boltzmann theory!, while it can be nonposi-
tive definite and the force attractive for odd ordersN pro-
vided the local density of one counterion species exce
twice its mean density. This explains the repulsion with
linearized Poisson-Boltzmann theory@16# ~where lineariza-
tion amounts to takingN52 @9#!, and the attraction seen i
Ref. @15# with an expansion pushed one order further a
ld
.

n-

-
f-

l

re
ed
on

-

n

ds

d

truncated after third order to account for the triplet intera
tions between two polyions and a charged wall.

We have shown that effective attractive pair potenti
and over-charging are both ruled out under the assumptio
positive definiteness for the stability matrixH. This is a nec-
essary requirement when the free energy density does
depend on the elementary chargee. The key ingredient here
is the existence of athermodynamically stableneutral mix-
ture of microspecies described by the same densityf $ca% as
its charged counterpart. On the other hand, the inclusion
correlations and/or fluctuations corrections is believed to
essential in order to describe the appearance of attrac
interactions. If their correction to the mean-field electrosta
term *rcGrc on the right-hand side of Eq.~1! is taken into
account, and translated into ane-dependent free energy den
sity @12,18#, the thermodynamic stability condition is now
the positive definiteness of the integral operator whose k
nel is defined by

]2f

]ca]cb
d~r2r 8! 1e2 za zb G~r ,r 8!, ~19!

and it is in general impossible to find alocally neutral mix-
ture described by the same densityf. H need not therefore be
positive definite. However, non-convex-up densitiesf such as
the correction put forward by Stevens and Robbins@17# by
extrapolation of the Monte Carlo data for the homogene
one-component plasma lead to an instability at high dens
~the so-called structuring catastrophe!, and cannot be used in
a thermodynamically stable way within a local density fun
tional theory@12,18#. The recent attempt of Barbosaet al.
@12# to circumvent this instability gives rise to a convex-upf,
with results reproducing satisfactorily the ionic correlatio
present in molecular dynamics simulations. The pres
work indicates that the effective interactions are then nec
sarily repulsive and charge inversion impossible, regard
of the analytical complexity of the formalism.

To conclude, repulsive effective pair potentials seem
neric within local density approximations. The description
attraction and over-charging thus requires involved den
functional theories, and it is not sufficient to incorporate c
relation effects in a local formulation. Our analysis points
the importance of nonlocal effects, which can be accoun
for by weighted density functionals@17,18#, or simpler ap-
proaches relying on nonelectrostatic depletion interacti
@19#.
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We study theoretically the bulk modulus~inverse of the compressibility! of a suspension of charged
objects~macroions!, making use of a cell model to account for the finite density of macroions. The
diffuse layer of charged microspecies around a macroion is described by a generic local density
functional theory. Within this general framework, we obtain the condition for a positive bulk
modulus, which is fulfilled by several proposals made in the literature and rules out the possibility
of a critical point. We show that a sufficient condition for a positive compressibility also ensures that
the same theory produces repulsive effective pair potentials. ©2003 American Institute of Physics.
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I. INTRODUCTION

Macromolecules soluble in aqueous suspensions usu
acquire an electric charge. Such systems are of conside
theoretical and experimental interest. Examples include p
teins in living cells, dispersion paints, or superabsorba
Their theoretical description is however a tremendous ta
and operational approximate treatments are needed.

In this work, we consider a cell model to account for t
macroions correlations,1 in conjunction with a local density
functional theory to describe the inhomogeneous elec
double layer around a macroion.2,3 This framework encom-
passes the standard mean-field Poisson–Boltzmann~PB!
theory, but also more recent approaches proposed to acc
for microions excluded volume,4 more general nonelectro
static effects,5 or to incorporate correlations between t
screening microions,6,7 that are neglected within PB theor
The cell model description may be considered as one of
simplest starting points, and provides an important ben
mark against which experiments and more refined theo
are tested. The resulting differential equations are howe
highly nonlinear, and even with the simplest of the a
proaches under consideration here~PB!, can only be solved
analytically in 1 or 2 dimensions without added salt~i.e., for
the situation of a flat double layer in a confining slab, or
that of a rod-like macroion of infinite length enclosed in
concentric confining cylinder8!. The linearized version of the
above problem has therefore always been an important a
native, but is not free of internal inconsistencies. In parti
lar, the linearized PB theory may lead to negative osmo
pressures9,10 and negative bulk modulus~inverse of the
compressibility!,10 whereas within the original nonlinear P
theory, it is straightforward to show that the osmotic press
is necessarily positive. For the bulk modulus, the situation

a!Electronic mail: gtellez@uniandes.edu.co
b!Electronic mail: emmanuel.trizac@th.u-psud.fr
3360021-9606/2003/118(7)/3362/6/$20.00
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less clear: although this quantity is found positive in t
numerical solution of PB equation, it seems that no form
proof exists concerning its sign. In this article, we deri
such a proof and obtain the conditions under which a gen
local density functional theory leads to a positive compre
ibility within the cell model.

The article is organized as follows. The density fun
tional theory formalism is presented in Sec. II, where a f
useful identities are derived. The bulk modulus is then co
puted in Sec. III and cast in a form where a sufficient co
dition for its positivity clearly appears. Conclusions a
drawn in the the final section.

II. GENERAL FORMALISM

A. Density functional theory

We consider an-dimensional colloid with spherical sym
metry confined in its~concentric! Wigner–Seitz cell (n52
for a cylindrical colloid,n53 for a colloidal sphere!. The
cell is a spherical regionR of radius R and volumeV
5SnRn/n (Sn is the area of the unit radiusn-dimensional
sphere,S252p, S354p). The colloid~of fixed uniform sur-
face charge density! is immersed in an electrolyte solutio
with several different species of ions with charges$qa%, and
the local density of the speciesa is denotedna(r ). The
system inside the cell is globally neutral. In what follows, w
explicitly consider the semi-grand-canonical situation wh
the macroion’s suspension is in osmotic equilibrium with
salt reservoir through a semipermeable membrane~perme-
able to microspecies only!. We therefore consider the gran
potentialV$na%, which is a functional of microion densitie
that we write

V$na%5E
R

v~$na~r !%!dr1 1
2ER

r~r !c~r !dr

1lE
R

r~r !dr , ~2.1!
2 © 2003 American Institute of Physics

IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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where

r~r !5(
a

qana~r !1rcol~r ! ~2.2!

is the total charge density including that of the colloid~de-
notedrcol), l is a Lagrange multiplier to ensure global ele
troneutrality (]V/]l5*r50), andc(r ) is the electrostatic
potential. Within PB theory, the local part of the function
~2.1! embodied inv is entirely of entropic origin. In other
words, electrostatic interactions are taken into accoun
mean-field level only, through the term*rc/2. This feature
is shared by the theories of Refs. 4 and 5, but is not the c
of the formalism put forward by Barbosaet al.,6,7 where the
term v contains electrostatic corrections to the mean-fi
Coulomb contribution. By comparison with the results
molecular dynamics simulations, this framework was sho
to capture important correlations missed by the mean-fi
Poisson–Boltzmann.6

Within the standard Poisson–Boltzmann theory,
microions are treated as an ideal gas of charged part
reacting to the mean electrostatic potential. The fr
energy density therefore readsf ($na%)5 f id($na%)
5b21(ana$ ln@L3na#21%, where L is an irrelevant length
scale andb51/(kBT) the inverse temperature. The gran
potential functional describing the osmotic equilibrium wi
a salt reservoir is thusV5* f 2(ama

b*na1*rc/21l*r,
where the chemical potentialsma

b5] f id($na
b%)/]na

b

5b21 ln(L3na
b) are defined from the bulk densitiesna

b of
microspecies in the reservoir. The local grand potential d
sity finally takes the form

v~$na~r !%!5 f ~$na~r !%!2(
a

ma
bna~r !

5b21(
a

na~r !S ln
na~r !

na
b 21D . ~2.3!

As mentioned in the Introduction, other theories may be
scribed by our formalism, such as those proposed to acc
for steric effects,4 more general nonelectrostat
interactions,5 or to go beyond mean field and includ
correlations.6,7

The mean-field Coulomb term1
2*r(r )c(r )dr in Eq.

~2.1! is actually quadratic in the densities if one writes t
potential in term of the set$na%. Introducing the proper
Green’s functionG(r ,r 8) for the electrostatic problem in th
regionR, it is always possible to write the electrostatic p
tential in the form~see the Appendix!

c~r !5E
R

r~r 8!G~r ,r 8!dr 8, ~2.4!

with the cell boundary chosen as the potential referen
c(R)50.

The variational problem defined by the functional~2.1!
leads to the stationary condition

]v~$na~r !%!

]na
1qa~c~r !1l!50, ~2.5!

which, in the Poisson–Boltzmann theory, reduces to
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na~r !5na
be2bqa[c(r )1l] . ~2.6!

Since the potential vanishes at the boundary of the cell, it
be seen in this equation that the Lagrange multiplierl coin-
cides with the so-called Donnan potential~potential drop
across the interface of the cell and the bulk reservoir, wh
is formally at a potential2l).

Finally, discriminating between the optimal density pr
files fulfilling Eq. ~2.5! and the generic arguments of th
grand potential functional leads to unnecessary heavy n
tions and will not be useful for the subsequent analysis.

B. A few useful identities

Consider a functionalQ of the density profilesna(r )
having an explicit dependence on the volumeV of the cell
and the potential dropl ~later, we shall be interested inQ
5V). The total derivativedQ/dV of Q when the volume of
the cell varies is10

dQ
dV

5
]Q
]V

1E
R(

a

dQ
dna~r !

dna~r !

dV
dr1

]Q
]l

dl

dV
, ~2.7!

where the first term is the variation due to the explicit d
pendence ofQ on V, the second is due to the variation of th
density profiles when the volume changes, and the last is
to the variation of the potential drop with the volume. Com
puting dna(r )/dV and dl/dV would require to solve the
variational problem~2.5! subject to the neutrality condition
for a cell of volumeV1dV and for a cell of volumeV,
before computing the difference of the two solutions. Ho
ever, this will not be necessary for our purposes.

We will be interested most of the time in quantities d
fined by a local density. In general, the partial derivative w
respect to the volume~explicit dependence! of such a quan-
tity may be computed by means of the dilatation method

]

]V F ER
g~r !dr G5

]

]V FVE
R̃

g~V1/n r̃ !dr̃ G
5

1

V E
R

g~r !dr1
1

Vn ER
r•

]g~r !

]r
dr

5
1

V E
R

g~r !dr1
1

Vn E]R
g~r !r•dS

2
1

Vn ER
ng~r !dr ~2.8!

5
1

Vn E]R
g~r !r•dS. ~2.9!

We first made a change of variabler5V1/n r̃ to show explic-
itly the volume dependence of the integral. After computi
the derivatives and returning to the unscaled variabler we
made an integration by parts~n is the dimensionality of the
cell n52,3). For the spherical isotropic geometry we a
interested in, this result reduces to

]

]V F ER
g~r !dr G5g~R!. ~2.10!
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp



m
a

e
t

s
se
na

es
-
e

.
l

nd

ec
ld

se

ed-

3364 J. Chem. Phys., Vol. 118, No. 7, 15 February 2003 G. Téllez and E. Trizac
We will need also to compute the derivative of some ter
given by a double integral. Following the same steps
above, this derivative is given by

]

]V F ER
g~r ,r 8!dr dr 8G

5E
R

g~R,r 8!dr 81E
R

g~r ,R!dr . ~2.11!

The key assumption here is that both quantities*g(r ,R)dr
and *g(R,r )dr only depend on the modulusR5uRu. An-
other important point to notice is that the volume total d
rivative is taken at constant total electric charge because
system is neutral. Applying Eq.~2.7! to (aqaNa

5*(aqana(r )dr then gives

(
a

qa

dNa

dV
505r~R!1E

R(
a

qa

dna~r !

dV
dr . ~2.12!

III. THE COMPRESSIBILITY

A. Derivation from the grand potential

Applying formula~2.7! to the grand potential once give
minus the pressure. However, as noticed in Ref. 10, the
ond and third terms vanish at the solution of the variatio
problem. Making use of Eqs.~2.10! and ~2.11!, we conse-
quently have

]V

]V
5v~$na~R!%!1r~R!@c~R!1l# ~3.1a!

5v~$na~R!%!1lr~R!. ~3.1b!

The last equality follows fromc(R)50 @see the property
~A10!# and is valid in general for arbitrary isotropic densiti
evenif they differ from the optimal ones solving the varia
tional problem. This will be used later. Note that the symm
try property of the Green’s function@G(r ,r 8)5G(r 8,r )# is
an important ingredient in obtaining the above equations12

Using the stationary condition~2.5! one finds the usua
result1,3,10

p5(
a

na~R!
]v

]na~R!
2v~$na~R!%!, ~3.2!

which reduces top5kBT(ana(R) within PB theory ~see
Ref. 13 for a general derivation of this result, valid beyo
PB!.

When computing the second total derivative with resp
to the volume ofV to obtain the bulk modulus, one shou
not disregard the second and third terms of Eq.~2.7! too
early.
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d2V

dV2 5
]2V

]V2 ~3.3a!

12E
R(

a

d

dna~r ! F]V

]V G dna~r !

dV
dr ~3.3b!

12
]2V

]V]l

dl

dV
~3.3c!

1E
R 2(ag

d2V

dna~r !dng~r 8!

dna~r !

dV

dng~r 8!

dV
dr dr 8

~3.3d!

12E
R(

a

d

dna~r ! F]V

]l G dna~r !

dV

dl

dV
dr ~3.3e!

1
]2V

]l2 Fdl

dVG2

. ~3.3f!

At the solution of the variational problem most of the
terms vanish, as it will be shown below. The first term~3.3a!
is obtained taking the partial derivative of~3.1b! with respect
to V

]

]V
@v~$na~R!%!1lr~R!#

5
1

SnRn21 H(
a

]na~R!

]R F ]v

]na~R!
1qalG J 50. ~3.4!

We have used the variational equation~2.5! at r5RP]R
and the fact thatc(R)50. The second term~3.3b! is ob-
tained replacing the expression~3.1b! for ]V/]V into ~3.3b!

2(
a

F ]v

]na~R!
1qalG dna~R!

dV
50, ~3.5!

where we have once more used Eq.~2.5! at r5RP]R.
The third term~3.3c! is equal to

2r~R!
dl

dV
, ~3.6!

and with the fifth term~3.3e!

2
]

]l E
R(

a
F ]v

]na
1qa~c~r !1l!G dna~r !

dV

dl

dV
dr

52E
R(

a
qa

dna~r !

dV

dl

dV
dr522r~R!

dl

dV
, ~3.7!

gives a vanishing contribution. We have used in the prec
ing equation the relation~2.12!. The last term~3.3f! is zero
sinceV in linear onl. Finally, the inverse compressibility
may be cast in the form
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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x2152VS ]p

]VD
T,m i

5V
d2V

dV2

5VE
R 2(ag

d2V

dna~r !dng~r 8!

dna~r !

dV

dng~r 8!

dV
dr dr 8.

~3.8!

From Eq.~2.1! we have

d2V

dna~r !dng~r 8!
5

]v~$nd~r !%!

]na]ng
d~r2r 8!

1qaqbG~r ,r 8!. ~3.9!

The second term, the Coulomb contribution, when repla
into Eq. ~3.8!, gives

E
R 2(ag

qaqgG~r ,r 8!
dna~r !

dV

dng~r 8!

dV
dr dr 8

52
1

Sn
E

R
f~r !Df~r !dr ~3.10a!

52Rn21f~R!]nf~R!1
1

Sn
E

R
u¹f~r !u2 dr , ~3.10b!

where we have defined the ‘‘electric potential’’ created by
charge variation

f~r !5E
R

G~r ,r 8!(
a

qa

dna~r 8!

dV
dr 8, ~3.11!

and performed an integration by parts. The boundary term
~3.10b! vanishes because, from Eq.~A10!, one has

f~R!5E (
a

qa

dna~r 8!

dV
G~R,r 8!dr 850, ~3.12!

thus showing that the Coulomb contribution term is alwa
positive, and

x215VE
R(

ag

]2v

]na]ng

dna~r !

dV

dng~r !

dV

1
V

Sn
E

RU¹rF ER
G~r ,r 8!(

a
qa

dna~r 8!

dV
dr 8GU2

dr .

~3.13!

B. Discussion

From Eq.~3.13!, the positive definiteness of the integr
operator whose kernel is defined by

]2v~$nd~r !%!

]na]ng
d~r2r 8! ~3.14!

ensures that the compressibility is positive~this is a sufficient
but not necessary condition!. This is the case for Poisson
Boltzmann theory, wherev is simply the ideal gas gran
potential density, and it may be checked that it also holds
the theories presented in Refs. 4–6.
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More generally, in any well-constructed approxima
theory for the colloid based on density functionals for t
grand potential of the form~2.1! ~that is, a local density term
plus an ‘‘interaction term’’ given by the mean-field Coulom
electrostatic energy!, the solution of the variational problem
should be a minimum, i.e., the quadratic form

d2V

dna~r !dng~r 8!
, ~3.15!

should be positive definite to ensure thermodynamic stabi
From expression~3.8!, it then follows that the compressibil
ity will always be positive in such a theory.

Equation~3.8! for the compressibility can be seen as
generalization for nonuniform fluids of the compressibili
sum rule for uniform fluids13,14

b~nx!21512nE c(2)~r !dr , ~3.16!

written here for a one-component system. In this relati
c(2)(r ) is the direct correlation function defined, in the mo
general situation of a mixture, from

d2V

dna~r !dng~r 8!
5

d2Fid

dna~r !dng~r 8!
2kBTcag

(2)~r ,r 8!,

~3.17!

where Fid is the ideal gas contribution to the free-ener
functional. When one replaces~3.17! into ~3.8! for a uniform
fluid @cag

(2)(r ,r 8)5cag
(2)(ur2r 8u)#, and knowing that for a uni-

form fluid dna(r )/dV52Na /V252na /V, one recovers
the compressibility sum rule

bx215(
a

na2E
R(

ag
nangcag

(2)~r !dr . ~3.18!

Although Eq. ~3.8! is a natural generalization of the com
pressibility sum rule and similar expressions exist in the
erature ~see, for instance, Ref. 14!, we included here the
derivation of this result in the context of the Poisson
Boltzmann and other generic local density functional the
ries because these theories are approximate~nonexact! and
nothing guarantees in advance the validity of Eq.~3.8! for
nonexact theories.

IV. CONCLUSION

Within the cell model and a generic local density fun
tional theory, we have considered a suspension of cha
spherical macromolecules of arbitrary dimension. We ha
cast the corresponding compressibility in a form where
sign of this quantity is positive under a~weak! sufficient
condition: the grand potentialv appearing in Eq.~2.1!
should be a convex-up function on densities$na%. This
proves that the stability requirement of a positive compre
ibility is fulfilled by Poisson–Boltzmann theory as well a
several improvements upon this mean-field approach.4–7 Our
results show that such theories yield stable suspensions,
cannot exhibit a critical point associated with a gas–liqu
phase separation.

This result should be put in perspective with the rec
proofs that within PB theory, the effective interactions b
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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tween two identical colloids confined in a cylinder of infini
length is necessarily positive.15,16 This proof has been ex
tended to the more general family of local density functio
theories~2.1! in Refs. 3 and 17. It was shown that the po
tive definiteness of the local free-energy density~or equiva-
lently of the grand potential density in the semi-gran
canonical situation! was a sufficient condition for repulsiv
interactions. The results derived in this article show that
der the same circumstances exactly, the bulk modulus wi
a cell model is also a positive quantity.

We explicitly considered the semi-grand-canonical si
ation where the macroions suspension is dialyzed agains
electrolyte reservoir. Our results may, however, be exten
to other electrostatic situations, such as the canonical
where the mean salt content in the suspension is fixed, o
the situation where the macroions are held at constant po
tial rather than constant charge.

APPENDIX: ON THE CHOICE OF THE GREEN’S
FUNCTION

We consider the Green’s functionG(r ,r 8) satisfying

¹ r
2G~r ,r 8!52Snd~r2r 8!, ~A1!

with yet unspecified boundary conditions. From a stand
identity ~Green second identity!, the solution of Poisson’s
equation¹ r

2c52Snr(r ) obeys the relation11

c~r !5E
R

r~r 8!G~r ,r 8!dr 8

1
1

Sn
E

]R

]c~r 8!

]n8
G~r ,r 8!dS8

2
1

Sn
E

]R
c~r 8!

]G

]n8
~r ,r 8!dS8, ~A2!

where]n[]/]n denotes the normal derivative and]R is the
surface delimiting the regionR.

The Dirichlet GD and NeumannGN Green’s function
satisfy the boundary conditions

GD~r ,r 8!50 and ]n8GN~r ,r 8!521/Rn21

for r 8P]R. ~A3!

For Dirichlet boundary conditions, we therefore have

c~r !5E
R

r~r 8!GD~r ,r 8!dr 8

2
1

Sn
E

]R
c~r 8!

]GD

]n8
~r ,r 8!dS8. ~A4!

For the isotropic situation considered here and fr
Gauss law, the last term in Eq.~A4! may be written as

2c~R!
1

Sn
E

]R

]GD

]n8
~r ,r 8!dS85c~R!. ~A5!

So far, the choiceGD(r ,r 8)50 for r 8P]R does not ensure
thatc(R)50. We chose to fix the zero of the electric pote
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tial at the boundary of the cellc(R)50 so that we recover
Eq. ~2.4!.

For Neumann boundary conditions

c~r !5^c&S1E
R

r~r 8!GN~r ,r 8!dr 8

1
1

Sn
E

]R

]c~r 8!

]n8
GN~r ,r 8!dS8, ~A6!

where the first term̂c&S5c(R) is the average of the electri
potential on the surface of the cell and we chose it to van
The last term in Eq.~A6! is

1

Sn
]nc~R!E

]R
GN~r ,r 8!dS852

1

Rn21 ER
r~r 8!dr 8

3E
]R

GN~r ,r 9!dS9. ~A7!

We have used Gauss law:2]nc(R)5*r(r 8)dr 8/Rn21. A
proper choice of the Green’s function ensures that the sur
integral on the right-hand side of~A7! is independent ofr ,
and vanishes~one can shiftGN by an arbitrary constant!.
Explicitly, in the three-dimensional case, the choice

GN~r ,r 8!52
1

R
1

1

r .
1 (

,51

` F r ,
,

r .
,11 1

,11

,

~rr 8!,

R2,11G
3P,~cosu!, ~A8!

with r .5max(r,r8) andr ,5min(r,r8), u the angle betweenr
and r 8 and P, the Legendre polynomial of order,, makes
the term ~A7! vanish. Finally, with this choice for the
Green’s function and for the reference potential, we have
both cases of boundary conditions

c~r !5E
R

r~r 8!G~r ,r 8!dr 8 and c~R!50. ~A9!

A useful property that follows from these considerations
that for any isotropic charge distributionr(r ) ~eventually
nonglobally neutral! we have in both cases of boundary co
ditions

E
R

r~r 8!G~R,r 8!dr 850, ~A10!

whereRP]R. This follows directly in the Dirichlet bound-
ary conditions case fromG(R,r 8)50 and in the Neumann
boundary conditions case form the particular choice~A8!.
Finally, we emphasize that the symmetry propertyG(r ,r 8)
5G(r 8,r ) is not necessarily fulfilled by a generic Green
function,12 but may be imposed as a separate requirem
and holds for the functions considered here.
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Abstract
Since the early observation of nematic phases of disc-like clay colloids by
Langmuir in 1938, the phase behaviour of such systems has resisted theoretical
understanding. The main reason is that there is no satisfactory generalization
for charged discs of the isotropic DLVO (Derjaguin, Landau, Verwey and
Overbeek) potential describing the effective interactions between a pair of
spherical colloids in an electrolyte. In this paper, we show how to construct
such a pair potential, incorporating approximately both the non-linear effects
of counter-ion condensation (charge renormalization) and the anisotropy of the
charged platelets. We discuss the consequences for the phase behaviour of
laponite dispersions (thin discs of 30 nm diameter and 1 nm thickness), and we
present an investigation into the mesostructure via Monte Carlo simulations.

1. Introduction

With the possibility of forming an orientational ordering, the phase behaviour of anisotropic
colloids is richer than its counterpart for spherical particles. Surprisingly, the isotropic–nematic
transition expected on purely entropic grounds (excluded volume effects) has been extensively
reported for rod-like colloids in the last 60 years [1]. However, it could only be observed
recently for discotic particles in apolar media [2]. This experimental work directly points to
the subtle effect of electrostatic interactions, given that in the widely studied model system of
colloidal platelets, namely aqueous clay dispersions, the isotropic/nematic phase separation is
hindered by a ubiquitous ‘fluid–solid’ transition.

In spite of an important experimental and theoretical effort in the last ten years, triggered
by the emergence of laponite as a model system for disc-like colloidal suspensions4, the above

4 Laponite particles may be considered as approximately monodisperse charged discs with a radius of 150 Å and a
thickness of 10 Å.

0953-8984/02/409339+14$30.00 © 2002 IOP Publishing Ltd Printed in the UK 9339
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transition is far from being well understood [3–30]. In particular, the precise nature of the
phases observed experimentally is debated [3, 13, 23], so that the relevance of the traditional
terminology ‘sol–gel’ to describe the transition is somewhat controversial.

On the other hand, theoretical approaches to describe the phase behaviour of charged
disc-like particles in an electrolyte are in their infancy [4, 8, 16, 21], essentially because there
is no satisfactory generalization for discs of the isotropic DLVO (Derjaguin, Landau, Verwey
and Overbeek) potential [31] describing the effective interactions between a pair of spherical
colloids. In the simplest situation of two coaxial and parallel uniformly charged platelets, the
effective Coulomb force has been computed within linear [10] and non-linear [20] Poisson–
Boltzmann (PB) theory. A screened electrostatic pair potential has been worked out [32],
allowing us to compute analytically the interaction energy for discs of arbitrary orientation;
this approach holds at the level of linearized PB theory (weak electrostatic coupling), and is
expressed as a perturbative expansion in the parameter κr0, r0 being the disc radius and κ

the inverse Debye length in the electrolyte. It consequently becomes less reliable when κr0

becomes of the order of one or larger (the typical situation for laponite solutions), or when
the charge on the platelets becomes too large (high electrostatic coupling, also typical of clay
systems). The latter limitation may be circumvented by introducing the concept of charge
renormalization [31, 33–35], while the former requires the re-summation of all the powers of
κr0 involved in the ‘multi-polar’ expansion propounded in [32]. In this paper, we discuss how
to take both aspects into account and investigate the consequences on the phase behaviour.
Our goal is to understand the effect of colloid anisotropy on a possible phase transition. We
show that considering electrostatic effects only and discarding van der Waals interactions
yields qualitative differences between spherical and discotic colloids. We also show that the
equivalent of the fluid–solid transition for spheres is nevertheless reminiscent of the ‘sol–gel’
transition reported in [3].

The paper is organized as follows. In section 2, we obtain a pair potential for discs
valid at large distances within linearized PB theory. We show that, at asymptotically large
separations, this potential remains strongly anisotropic, unlike its counterpart in vacuum or in
a plain dielectric medium (no salt). The approach is generalized in section 3 to an arbitrary
‘one-dimensional’ or ‘two-dimensional’ colloid (i.e. with vanishing internal volume). The
non-linear phenomenon of counter-ion ‘condensation’ leading to a renormalization of the bare
platelet charge is then considered in section 4, and the resulting effective charge successfully
tested against ‘exact’ numerical simulations reported in the literature. In section 5, we
propose a first and simplified investigation into the phase behaviour by mapping the interaction
energy on to an isotropic Yukawa potential. Finally, the full anisotropic potential, including
charge renormalization, is used to investigate the mesostructure of an assembly of interacting
discs by means of Monte Carlo computer simulations (section 6). Conclusions are drawn in
section 7.

2. Large distance screened electrostatic potential

We consider first a unique platelet P of radius r0 and surface charge σ in a 1:1 electrolyte of
bulk density n (infinite dilution limit). The solvent is assumed to be a dielectric continuum
of permittivity ε. Within linearized Poisson–Boltzmann (LPB) theory, the dimensionless
electrostatic potential obeys the following Poisson equation

∇2φ = κ2φ, (1)

where κ2 = 8π�Bn is the inverse Debye length squared and �B = e2/(kT ε) denotes the
Bjerrum length corresponding to the distance where the bare Coulomb potential felt by two
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elementary point charges becomes equal to the thermal energy kT (�B � 7 Å in water at room
temperature). The potential is chosen to vanish at infinity and e denotes the elementary charge.

We are interested in the behaviour of φ at large distances, which is relevant to describe
the interactions in dilute suspensions. The solution of equation (1) has been worked out in
the form of an integral representation in [10, 36], or as a multi-polar-like expansion [32]. It
is however more convenient to obtain an explicit expression, which is a good starting point to
derive the pair interaction. This can be achieved by writing the solution as a convolution of
the surface charge of the platelets with the screened Coulomb potential:

φ(r) = �B

∫
P

σ

e

exp(−κ |r − s|)
|r − s| d2s. (2)

It is important to realize that such a convolution procedure would give incorrect results for
polyions of non-vanishing excluded volume (e.g. spheres or rods of non-zero radii, see the
appendix). Introducing the unit vector n̂ normal to the disc surface, and the angle θ ∈ [0, π/2]
between the corresponding direction and the position vector r with the origin at the platelet
centre, we obtain the leading contribution

φ(r)
κr�1∼ �B Zbare2

I1(κr0 sin θ)

κr0 sin θ

e−κr

r
with Zbaree = πr2

0 σ, (3)

where I1 denotes the modified Bessel function of the first kind, such that I1(x) ∼ x/2 for
|x | � 1. A peculiarity of the screened Coulomb potential appears at this point: whereas the
large r potential becomes isotropic and behaves as Zbare/r in vacuum (a situation correspond-
ing to the limit κ → 0), the anisotropy is present at all distances in an electrolyte (κ �= 0); the
θ and r dependences factorize in equation (3). In practice, the anisotropy of the potential is
generically significant when the size of the object under consideration is larger than the Debye
length (i.e. κr0 > 1 here). For laponite discs of radius 150 Å this crossover corresponds to an
ionic strength I ∗ = 10−4 M. As noted in [17], I ∗ corresponds experimentally to a threshold
value delimiting qualitatively different phase behaviours. At fixed distance r , the potential (3)
is minimum for θ = 0 which corresponds to the configuration where the ‘average’ distance
between the point where φ is computed and the platelet is maximal. On the other hand, the
potential is maximum for θ = π/2. From equation (3) the ratio between these extremal values
is r -independent, and reads 2I1(κr0)/(κr0) which can be as large as 10 for κr0 = 5 (important
anisotropy).

This result may be used to compute the potential energy of interactions between two
platelets A and B with arbitrary relative orientations, as shown in figure 1. This energy is
obtained by integrating the screened potential created by disc A defined by equation (3) over
the surface charge distribution of the second disc (B)

VAB(r, θA, θB) =
∫

B

σ

e
φA(r + s) d2s, (4)

where VAB is the dimensionless potential expressed in kT units. Again, such a procedure
would not give the proper interactions in the case of polyions with internal volume. At large
distances, we obtain

VAB(r, θA, θB) ∼ Z 2
bare�B4

I1(κr0 sin θA)

κr0 sin θA

I1(κr0 sin θB)

κr0 sin θB

e−κr

r
. (5)

Clearly, the relative orientation of the platelets is not completely specified by the three
parameters r , θA and θB , but the omitted Euler angles only appear in higher-order terms,
such as exp(−κr)/r2, exp(−κr)/r3 . . .. In particular, the energy (5) appears insensitive to a
precession of the discs around their centre-to-centre direction.
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Figure 1. Definition of the coordinates used in the two-body problem.

Figure 2. Geometry used to compute the force between two discs in section 4.

At fixed centre-to-centre distance, the above energy (always repulsive [37]) is maximized
for co-planar discs (θA = θB = π/2, which corresponds to the maximum overlap of electric
double layers) and minimized when the discs are co-axial and parallel (θA = θB = 0, see
the configuration represented in figure 2). A situation of intermediate electrostatic energy is
that of T-shape perpendicular discs (θA = 0 and θB = π/2). These results are consistent
with the numerical LPB pair potential reported in [36], where it was also shown that the
interactions between platelets at constant surface charge or constant potential were qualitatively
very similar.

In [32], the potential energy VAB was obtained in the form of a multi-polar expansion.
Unlike its unscreened counterpart where the multipole of order l has a 1/r l+1 large distance
contribution to the potential, this expansion is such that the multipole of order l contributes to
orders exp(−κr)/r, exp(−κr)/r2 . . . exp(−κr)/r l+1. The large r potential can, in principle, be
obtained by re-summation of all multi-polar contributions, which should lead to expression (5).
Alternatively, truncating the multi-polar expansion at a given order amounts to expanding (5)
in powers of κr0. Including monopole–monopole, monopole–quadrupole and quadrupole–
quadrupole interactions, the following expression was obtained in [32]:

VAB(r, θA, θB) = Z 2
bare�B

[
1 +

κ2r2
0

8
(sin2 θA + sin2 θB) +

κ4r4
0

64
(sin2 θA sin2 θB)

]
e−κr

r
. (6)

From equation (5), we obtain
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VAB(r, θA, θB) = Z 2
bare�B

[
1 +

κ2r2
0

8
(sin2 θA + sin2 θB)

+
κ4r4

0

64

(
sin2 θA sin2 θB +

1

3
sin4 θA sin4 θB

)
+ O(κ6r6

0 )

]
e−κr

r
. (7)

Both expressions agree at order (κr0)
2, and the difference at order (κr0)

4 is the monopole–
hexadecapole contribution which has not been included in equation (6). This comparison
illustrates the perturbative nature of the potential derived in [32], and the fact that the
corresponding multi-polar contributions are implicitly re-summed in expression (5).

3. Generalization to a polyion of arbitrary shape

The method used in the previous section may be generalized to find the far-field electrostatic
potential of an arbitrary polyion with vanishing internal volume and bare charge Z =∫

polyion σ(s) d2s. In general, the convolution solution (2) admits the large distance behaviour:

φ(r) ∼ Z�B f (r̂, κ)
e−κr

r
+ O

(
e−κr

r2

)
for κr � 1. (8)

In this expression, the anisotropic part of the potential again factorizes from the r -dependence
and is given by

f (r̂, κ) =
∫

polyion

σ(s)

Ze
exp(−κ r̂ · s) d2s, (9)

where r̂ denotes a unit vector in the direction of the position r where the potential is computed,
and σ(s) is the surface charge density at point s on the colloid. As expected, the isotropic bare
Coulomb potential is recovered in the limit of low electrolyte density

lim
κ→0

f (r̂, κ) = 1, (10)

where Z is the bare charge.
For a circle of radius r0 and uniform line charge, we find

f (θ, κr0) = I0(κr0 sin θ), (11)

where θ is the angle between r and the normal to the plane containing the circle. Finally, for
a uniformly charged rod of vanishing radius and length 2l

f (θ, κl) = sinh(κl cos θ)

κl cos θ
, (12)

where θ is now the angle between r and the rod direction.

4. Towards charge renormalization for platelets

The bare charge of laponite platelets can be considered to be of the order of Zbare = 700–1000
negative elementary charges [22, 23]. At the level of the PB approximation, this corresponds to
a high electrostatic coupling (φ larger than unity [12, 20]), where the linearization procedure
underlying equation (1) fails. However, a few Debye lengths away from the colloid, the
potential has sufficiently decreased so that equation (1) is recovered and the one-body potential
takes the form

φ(r, θ) = Zef f f (θ, κr0)
e−κr

r
.
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The effective charge Zef f is (in absolute value) smaller than the bare one [33–35]. Within
PB theory, it saturates to a value independent of Zbare if the latter quantity is large enough.
The contribution embodied in f (θ, κr0) results from the anisotropy of the colloid, and is
a priori an unknown function. In the limit of small electrostatic coupling (small Zbare)
where Zef f /Zbare → 1 by definition, the results of section 2 show that f (θ, X) =
2I1(X sin θ)/(X sin θ). On the other hand, at higher Zbare corresponding to the saturation
regime, the functional form of f (θ, X) is the signature of the effective charge distribution on
the platelet and is related to possible differences in counter-ion condensation around the centre
of the discs or in the vicinity of the edges.

It has been shown within PB theory that, in the colloidal limit κr0 > 1, highly charged
colloids behave, as far as their far field is concerned, as constant potential particles whose value
is close to 4kT/e (i.e. φ = 4), irrespective of shape (planar, cylindrical, spherical) [38]. This
prescription may be applied to the present case, with the restriction that, to our knowledge,
the LPB problem cannot be solved analytically with the boundary condition of constant
surface potential. However, the potential associated with the constant surface charge boundary
condition provides a reasonable first approximation providing the correct qualitative variation
of the effective charge with physico–chemical parameters. The corresponding anisotropic
contribution to the large distance field is that computed in section 2 and the calculation of Zef f

follows from the knowledge of φ(r = 0). From the analytical expression reported in [10], we
obtain the saturation value of Zef f

Z saturation
e f f = Zsat = r0

�B

2κr0

1 − exp(−κr0)
. (13)

It is worth noting that for a typical salt concentration corresponding to κr0 = 1, Zsat � 100,
which is an order of magnitude smaller than the bare charge. This asymmetry guarantees that
the effective charge is in the saturation regime where it no longer depends on the value of
Zbare [33, 38] (the precise experimental determination of Zbare is therefore not required).
This saturation picture is expected to be reliable in a 1:1 electrolyte (the PB mean-field
approximation generally fails in electrolytes of higher valence), when there is a clear scale
separation between the Bjerrum length and the size of the charged object (this constraint being
fulfilled for laponite) [39].

The above prediction may be checked by inserting Zsat into the analytical expression
giving the LPB force between two parallel platelets [10] (configuration depicted in figure 2)

r0 Fz

kT
= 4π�B

r0
Z 2

sat

∫ ∞

0
J 2

1 (x)
1

x
exp

{
−(h/r0)

√
x2 + κ2r2

0

}
dx (14)

and by comparing the results with the Monte Carlo simulations of Meyer et al [22], who
considered the situation of vanishing salt. In this limit, where the quality of our prescription
for Zef f is expected to deteriorate, we obtain from equation (13) Zsat → 2r0/�B � 42.
The comparison is displayed in figure 3 which shows good agreement. Neglect of charge
renormalization effects leads to an overestimation of the force by more than two orders of
magnitude (more precisely,by a factor of (Zbare/Zsat)

2—see the difference between the dashed
and dotted curves in figure 3), which points to the prime importance of such a phenomenon.

5. Tentative investigation into the phase behaviour

At this point, it is interesting to investigate at least qualitatively the difference in the phase
behaviour between spherical and disc-like charge stabilized colloids. For spheres, the fluid–
solid transition driven by repulsive electrostatic interactions favours the isotropic fluid upon
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Figure 3. Comparison of the effective force between two parallel and coaxial platelets obtained
by (N, V, T ) Monte Carlo simulations in [22], with the general expression for the LPB force
supplemented with the effective charge given by equation (13). h is the distance between the two
plates (see figure 2). The same results are shown neglecting charge renormalization, which amounts
to considering Zef f = Zbare (upper dashed curve).

addition of salt in the solution [40]. The opposite is observed for laponite dispersions, where an
increase of the ionic strength lowers the density where the ‘solid’ phase appears [3, 11]. Given
that van der Waals interactions are believed to be irrelevant in the corresponding parameter
range [11], this effect (illustrated in figure 4) appears at first to contradict standard DLVO
phenomenology, where a screening of electrostatic repulsion (decrease of Debye length κ−1)
is expected to promote the simple fluid phase (sol),as occurs for spheres. However, the effective
charge of an arbitrary charged object is generically a growing function of salt concentration (see,
for instance, expression (13), which increases with κ), as a result of an enhanced screening
of colloid/micro-ion attraction which diminishes the amount of counter-ion ‘condensation’.
This increase of the effective charge favours the solid phase and is thus antagonistic to the
above-mentioned decrease of the range of electrostatic repulsion driven by the decrease of
κ−1. The competition between the increase of the amplitude of repulsion and the decrease
of its range upon adding salt is a possible scenario to interpret the phase behaviour of discs,
within the DLVO picture and without any attractive interactions. More quantitative results are
given below.

In the following analysis, we treat spheres and discs on an equal footing (both are
considered to have the same radius r0). From the above analysis, we consider the following
pair potential for discs

VAB(r, θA, θB) = Z 2
sat�B4

I1(κr0 sin θA)

κr0 sin θA

I1(κr0 sin θB)

κr0 sin θB

e−κr

r
, (15)

where Zsat is given by equation (13). Its counterpart for charged spheres is the standard
isotropic DLVO expression [31, 35]

VAB(r) = Z 2
sat�B

(
eκr0

1 + κr0

)2 e−κr

r
, (16)
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Figure 4. Schematic phase diagram of laponite suspensions, reproduced from [3], where the
fluid–solid transition was referred to as a sol–gel transition. The salt concentration on the y-axis
is expressed in mol (dm)−3, and the scale for laponite concentrations on the x-axis is in g l−1.
The solid under consideration is isotropic but, at higher clay densities, a nematic solid may be
formed [6]. The corresponding diagram for spherical colloids would exhibit a fluid/solid line of
opposite (positive) slope [40].

where the saturation value of the effective charge has been derived analytically in [38] as a
function of salt concentration (we again consider colloids with a high bare charge such that
Zef f coincides with its saturation value).

Given that the phase behaviour of particles interacting through Yukawa-like potentials
has been extensively explored by computer simulations [41–43], we can readily obtain the
melting density corresponding to a given salt concentration for the potential (16). The results
(corresponding to spherical colloids) are shown in figure 5. A related procedure may be used
to estimate qualitatively the position of the melting or freezing line for discs by assuming
that, at low clay density (typically where the fluid/solid transition takes place for laponite
suspensions), the rotational motion of the platelets occurs on a shorter timescale than the
translational motion. Thus, these objects feel an effective potential resulting from the angular
average of the expression given in equation (15), namely

V average
AB (r) = 〈VAB(r, θA, θB)〉θA,θB = 1

4

∫ π

0
sin θA dθA

∫ π

0
sin θB dθB VAB(r, θA, θB)

= Z 2
sat�B4

(
cosh(κr0) − 1

κ2r2
0

)2 e−κr

r
. (17)

In doing so, we obtain an isotropic Yukawa potential where the energy scale—the term in
parentheses in equation (17)—reflects the original anisotropy of the pair potential. In the
standard DLVO potential (16) for spheres, the energy scale (the term exp(κr0)/(1 + κr0))
also depends on Debye length, but has a different physical origin and results from the
exclusion of micro-ions from the interior of the spheres. Making use of the numerical
Yukawa phase diagram [41–43], we obtain the melting line represented in figure 5 for the
averaged potential (17), where the threshold density decreases when the salt concentration (or
equivalently κ) increases, at least for κd < 4. At the same level of description, spherical
colloids show the opposite behaviour, for all values of κd . (We also emphasize that, for
the spherical colloids used in the experiments of Monovoukas and Gast [40], the equivalent
of the melting line reported in figure 5 is in excellent agreement with its experimental
counterpart [38].)
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Figure 5. Tentative phase diagram of highly charged colloids in a 1:1 electrolyte, as obtained
for particles interacting through a Yukawa potential in [41–43]. The equivalent of the fluid–
solid transition for spheres is shown for discs (i.e. the underlying Yukawa potential is given by
equation (16) for spheres and by equation (17) for discs). Discs and spheres have the same radius
r0 = 150 Å (reasonable for laponite clays), and d = 2r0 denotes the diameter. The bottom x-label
corresponds to the dimensionless number density, while the upper x-scale converts this quantity in
terms of the ratio of clay mass over solvent mass for laponite platelets (this scale is consequently
irrelevant for spherical colloids). In both cases, the line shown is the melting curve delimiting a
solid at high density and a fluid for more dilute suspensions.

For both spheres and discs, the pre-factor of the Yukawa term exp(−κr)/r is an increasing
function of κ (see equations (16) and (17)). The subtle interplay between this increase and the
decrease of Debye length is nevertheless able to produce a ‘re-entrant’ melting line for discs
only. In the limit of low κr0, both expressions (16) and (17) become �B Z 2

sat exp(−κr)/r ; the
melting lines for spheres and discs however do not merge in this limit in figure 5, due to the
difference in the limiting values of Zsat for both geometries.

This approach, which consists of averaging the two-body platelet potential over angular
degrees of freedom, predicts a qualitative change in the phase behaviour of platelet systems
for a reduced density ρ∗ = ρd3 of the order of one, which corresponds to a clay mass fraction
of 8% for laponite with diameter d = 300 Å; see the upper x-label of figure 5. This density
is approximately four times higher than the maximum density delimiting the fluid and solid
regions in the phase diagram of laponite suspensions (see figure 4 and [3, 11]). So the present
approach does not allow a quantitative comparison with experiments. It is however worth
noting that a density ρ∗ � 1 is much smaller than the isotropic/nematic coexistence density
for uncharged plates (ρ∗ � 4, [44, 45]). At this stage, it is impossible to be more specific
concerning the nature of the ‘solid’ phase supplementing the fluid phase at high densities. This
question is addressed in the following section using computer simulations.

6. Mesostructure: Monte Carlo simulations

We have implemented standard Monte Carlo simulations with typically N = 500 platelets
interacting through the potential (15) where Zsat is given by equation (13). This allows us to
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Figure 6. Centre-to-centre pair correlation function as a function of distance for κd = 1.

Figure 7. Same as figure 6 for a higher salt concentration (κd = 3). The structureless orientational
distribution is shown for completeness in the graph on the right.

test the validity of the approach proposed in section 5, where the initial anisotropic potential
was mapped on to the isotropic Yukawa function (17). A typical run consisted of 105 cycles
(both random displacement and rotation of the N particles).

For different values of salt concentration and platelet density, two diagnostics were used
to characterize the simulated samples. Firstly, the centre-to-centre pair distribution function
g(r) was computed. Secondly, the orientational ordering was quantified through the statistical
average of (twice) the second Legendre polynomial P(ψ) = 3 cos2 ψ − 1 at a given centre-to-
centre distance r , where ψ is the angle formed by the normals to the two discs. The orientational
pair correlation function denoted gor(r) follows from averaging over all pairs of platelets.

The corresponding information on the mesostructure is displayed in figures 6 and 7 for
different densities and two values of κ . A striking observation is that a slight increase of the
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Figure 8. Pair distribution function for ρ∗ = 1.1. The reduced charges defined as q∗ = Zsat
√

�B/d
have been computed from equation (13) and are given for completeness for every κ . Also shown
is g(r) for an uncharged platelet system at the same density (only excluded volume effects).

density induces an important increase of the structure (see the differences between the curves at
ρ∗ = 0.82 and 0.85 in figure 6; the same is seen at κd = 3 in figure 7 when the reduced density
changes from 1.07 to 1.10). Such values of ρ∗ lie close to the threshold ρ∗ = 1 estimated
in section 5. The associated orientational distributions (not shown) are structureless for the
densities considered here. These results indicate a qualitative change in the structure of the
fluid phase upon increasing the density, but it is still difficult to characterize the new ‘phase’
emerging without a thermodynamical study.

We have tested the relevance of the scenario propounded at the beginning of section 5
(competition between an increase of the amplitude and a decrease of the range of the pair
potential when κ—or equivalently nsalt —increases). For a given density (ρ∗ = 1.1), the
pair correlation functions are monitored for various values of κ . The corresponding charges
change with κ , according to equation (13). Figure 8 shows an interesting feature. As expected,
the structure is most pronounced for the lowest κ , and decreases when κ increases (see the
difference between the curves for κd = 1 and 2). However, when salt concentration is further
raised to κd = 3, the maximum of g(r) and the whole structure are enhanced,before decreasing
again when κd = 4. The effect evidenced in figure 8 is reminiscent of the ‘anomalous’ slope
of the phase diagram reproduced in figure 4, and is in qualitative agreement with the simplified
phase diagram drawn in figure 5.

Finally, we have performed exploratory runs at higher densities where a nematic phase
would be observed in the uncharged system. The results of figure 9 for a high density ρ∗ = 5.0
show a rich local structure both for the g(r) and the orientational gor(r), very different from that
observed at lower densities. The reference uncharged system (q∗ = 0) with its strong nematic
plateau is displayed for comparison. The inclusion of electrostatic interactions preserves
the long-range nematic order, but decreases its strength (the height of the plateau). Such a
nematic order was clearly absent at lower densities (see figure 7). The peaks of g(r) appear
correlated to those of gor(r), which points to the existence of oriented micro-domains with
parallel platelets, and a higher nematic order than the mean one. The complex behaviour of
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Figure 9. Effect of charge on the distributions g(r) and gor (r), for ρ∗ = 5.0 and a fixed screening
length κd = 8.

the distribution functions of figure 9 calls for more thorough investigations at high densities.
In particular, the validity of the large distance expansion (15) may be questionable at high ρ∗.

7. Conclusion

In this paper, we have devised an electrostatic pair potential for both highly anisotropic and
highly charged objects (of vanishing internal volume) based on LPB theory. For the example of
infinitely thin platelets, we show that the anisotropic shape of the object results in an anisotropic
Yukawa potential even at large distances. The anisotropy is an increasing function of κr0 and
becomes very marked in the colloidal limit κr0 > 1. To account for the non-linearities in
the PB theory, when the bare charge of the platelets is large, we introduce an effective or
renormalized charge. This approximation yields an effective pair potential for highly charged
platelets.

The addition of salt generically results in two antagonistic effects, irrespective of colloid
geometry: the range of the effective potential decreases, but its amplitude increases. This
interplay appears to be quite subtle, and is able to discriminate between spherical and disc-
like colloids by producing a re-entrant melting line for discs. This phenomenon appears at
first incompatible with the naive DLVO expectation. Moreover, the corresponding threshold
density for discs is smaller than the isotropic/nematic coexistence for uncharged plates, but
still higher than its experimental ‘fluid/solid’ counterpart.

Preliminary results of Monte Carlo simulations for particles interacting through an
anisotropic potential provide information on the mesoscopic structure of the dense phase.
In particular, we show that the resulting structure is very sensitive upon increasing the density.
We have also observed a ‘re-entrant’ melting curve. These effects are in qualitative agreement
with the experimental phase diagram of laponite suspensions found in the literature, even if
this topic is still under debate.

Our approach suffers from several weaknesses:

(a) the non-linearities in the PB theory are accounted for at the level of charge renormalization;
(b) in this framework, we expect the effective charge to be better approximated with an anzatz

where the particle effectively behaves as a constant electrostatic potential object [38],
whereas we considered the platelets to be of constant surface charge;

(c) we work at the level of pair potential, and correlation effects beyond the mean-field PB
approach might play a role;
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(d) the precise role of van der Waals forces has not been assessed, and remains obscure for
clay platelets.

Further theoretical and numerical work is needed, but we hope that the arguments presented
here provide a first hint at the full problem. At least, our results strongly suggest that the
combined effect of anisotropy and charge condensation have a significant and non-trivial
qualitative influence on the phase diagram of highly charged colloids. These features could
well be of prime importance in our understanding of the thermodynamics of clay suspensions.
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Appendix

In this appendix, we show that the solution of equation (1) is not given by convolution
product (2) for polyions having a non-zero internal volume. For simplicity, we consider a
charged hard sphere of radius r0 (which consequently excludes micro-ions from its interior),
with a uniform surface charge σ . The solution of equation (1) takes the well-known DLVO
form

φ(r) = Z�B
eκr0

1 + κr0

e−κr

r
, (A.1)

where Ze = 4πr2
0 σ denotes the total bare charge. Alternatively, the convolution route of

equation (2) yields

φconvol(r) = �B

∫
P

σ

e

exp(−κ |r − s|)
|r − s| d2s (A.2)

= Z�B
sinh(κr0)

κr0

e−κr

r
for r � r0. (A.3)

The origin of this discrepancy comes from the fact that upon summing up the elementary surface
contributions in equation (A.2), the micro-ions are allowed to enter the ‘interior’ region r � r0.
The field created is thus that of the shell with charge Z (the colloid) plus that of the ‘plasma’
inside. The corresponding interior charge Zin is easily computed from the expression of the
electrostatic potential for r � r0, which follows from a simple permutation of r and r0 in
expression (A.3)

φinside
convol(r) = Z�B

sinh(κr)

κr

e−κr0

r0
. (A.4)

We obtain

Zin = − κ2

4π�B

∫ r0

0
φinside

convol(r) d3r (A.5)

= − Ze−κr0

[
cosh(κr0) − sinh(κr0)

κr0

]
. (A.6)

Gathering results, a straightforward calculation allows us to rewrite equation (A.3) in the form

φconvol(r) = Z�B
sinh(κr0)

κr0

e−κr

r
= (Z + Zin)�B

eκr0

1 + κr0

e−κr

r
, (A.7)

so that the DLVO structure of expression (A.1) is recovered.



9352 E Trizac et al

The argument given here bears some similarities with the proof of the equivalence between
two charged hard spheres models with a uniform background [46] (note that the equivalent
of the background, the micro-ion density, is not uniform in the present situation). Finally, a
related remark is that application of expression (4) for spheres does not give the DLVO pair
potential (16) even if the correct one body potential (A.1) is used (use of expression (A.2) is
equally incorrect). A simple way to recover (16) is through the stress tensor [31].
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