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Abstract:
Using two coupled quanic oscillators for illustration, the quantum mechanics of simple systems whose classical analogs
have varying degrees of non-integrability is investigated. By taking advantage of discrete symmetries and dynamical
quasidegeneracies it is shown that Percival’s semiclassical classification scheme, i.e., eigenstates may be separated into a
regular and an irregular group, basically works. This allows us to probe deeply into the workings of semiclassical quantizatlon
in mixed phase space systems. Some observations of intermediate status states are made. The standard modeling of quantum
fluctuation properties exhibited by the irregular states and levels by random matrix ensembles is then put on a physical
footing. Generalized ensembles are constructed incorporating such classical information as fluxes crossing partial barriers and
relative fractions of phase space volume occupied by interesting subregions. The ensembles apply equally well to both spectral
and eigenstate properties. They typically show non-universal, but nevertheless characteristic level fluctuations. In addition,
they predict “semiclassical localization” of eigenfunctions and “quantum suppression of chaos” which are quantitatively
borne out in the quantum systems.
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1. Introduction
Semiclassical mechanics has a long, illustrious history of providing deep physical insight into
a variety of quantum mechanical problems encompassing most fields of physics. Being a wave
mechanics based firmly on classical dynamics, it focuses all the attention on a quantum system’s
classical analog. Just observing a few classical trajectories suffices to begin to develop an intuition
for many quantum behaviors. Though often relied upon in this way, semiclassical mechanics is
much more than a qualitative picture [1—4].As an approximation, it can be surprisingly precise
even in circumstances where the underlying classical dynamics is extremely intricate [5]. In spite
of this possible accuracy, some longstanding, often fundamental, problems still exist in the theory,
which can be traced to the nature of the classical dynamics. Those problems upon which we shall
concentrate arise in the presence of non-integrable dynamics. Our aim here is to address systems
far from integrability. They display widespread chaos in which regions dominated by quasiperiodic
motion are embedded. We shall refer to them as mixed systems, which reflects that they are partly
chaotic and partly regular. Their intimate coexistence of regularity and chaos gives rise to special
difficulties even from a purely classical point of view and will lead to the introduction of important
time scales in the quantum—classical correspondence. Many of the resulting manifestations of those
time scales will be relevant to fully chaotic systems as well.
Our interest in mixed systems is driven by their being in some sense generic. Choose a multidegree of freedom Hamiltonian at “random” and one expects to find such a system. It is simple to
conjure up examples of physical systems that would belong to this class. Of special interest is the
hydrogen atom in a strong magnetic field [6], for which a great deal of experimental data already
exists [7]. Other examples are provided by models of nuclear motion in simple molecules (for a
review, see ref. [8]) and perhaps mesoscopic devices could be constructed with a wide range of
dynamical features (see, for instance, ref. [9]).
The presence of a significant amount of chaotic motion lends itself to various methods of study.
One could take a microscopic viewpoint and attempt to derive detailed quantum properties from
the detailed classical dynamics. This is the philosophy behind much of the periodic orbit theory as
initiated and embodied in Gutzwiller’s papers [10], whereby the density of quantum eigenvalues
is related to a sum over these orbits. This quite active field has recently seen some very beautiful
progress in the investigation of purely chaotic systems [11 ]—mixed phase space systems have
yet to be addressed in this way. A largely complementary avenue on which we shall concentrate
here is motivated by the classical dynamics itself. Indeed, most of the present-day theoretical
analyses of chaotic classical systems are concerned with a probabilistic description of the motion
rather than with the computation of the detailed dynamics. This is exemplified by: (i) the stages
describing the hierarchy of chaotic systems {ergodicity, mixing, K and B properties}, (ii) the study
of transport, and (iii) the study of correlation decays. By adopting this probabilistic viewpoint, we
shall explore new quantum features, such as “semiclassical localization” of wave functions, that are
not as naturally evident in the microscopic viewpoint and whose interpretation will thus be greatly
simplified [12, 13].
In fact, a remarkable property of universality has been established in the last few years for the
spectral fluctuations of quantum systems with classically chaotic analogs [14, 1 5]. More precisely,
it has been shown that the level fluctuations only depend on general space—time symmetry con45
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siderations, and are the same as those of the random matrix ensembles of Wigner and Dyson
[16—18]. Examples belonging to different universality classes have been found [19]. Important
and natural extensions concerning the quasienergy spectra of time-dependent systems (spectra of
the time evolution operator of periodically driven systems), and chaotic scattering, have also been
made [20, 12]. In addition to the strong numerical evidence, there is also the beginning of a theory
of this universality and of its regime of validity given by Berry [21]. It is based on the microscopic
correspondence of the spectrum to periodic orbits and these orbits’ tendency to explore phase space
uniformly (uniformity principle) [22].
In contrast, integrable (regular) systems do not display the same spectral fluctuation behavior
as chaotic systems. Roughly speaking, a universality class also exists for these systems, it being
the Poisson class [23]. Poissonian fluctuations are characterized by a complete absence of level
correlations, whereas random matrix spectra are typically very rigid with strong level correlations
and so the two are easily distinguished. Therefore by studying level fluctuations of a quantum
system we learn about the dynamics of the classical analog or vice versa. In our view, if it were not
for this contrast they provide, the fluctuations of integrable systems would be of very little intrinsic
interest.
The situation concerning fluctuations in mixed systems, which is the generic case, is more complicated and less clear. By varying a parameter in the Hamiltonian which induces a transition from the
regular to the chaotic regime, several authors have investigated the transition properties of classical
systems with few degrees of freedom (see ref. [24] and references therein). The corresponding quantum mechanical problem has also been studied and one observes a transition from the Poissonian
spectral fluctuations characteristic of the regular regime to the random matrix spectral fluctuations
characteristic of the chaotic regime [25]. Some general ideas based on semiclassical considerations
have been put forward by Berry and Robnik, who proposed that the spectral statistics of mixed
systems should be understood as resulting from an uncorrelated superposition of spectra from different universality classes, each spectrum being associated with a different chaotic or regular region
in classical phase space [26]; this is sometimes referred to as the Berry—Robnik surmise. Recent
investigations have shown that this certainly constitutes part of the story. However, the numerical
“experiments” to date have often resulted in fluctuations inconsistent with this simple superposition
prediction. Perhaps the most significant results are those of Zimmermann et a!. [27], who show
real deviations with long high quality spectral sequences. It has remained an open question, which
we shall answer in this paper, why or in what way the superposition hypothesis is inadequate in
these cases.
Needless to say, the richness of behaviors of the quantum system is not exhausted by spectral
properties. An enormous body of information is encoded in the eigenfunctions, which being multidimensional are technically more difficult to study than the spectrum. As well as for spectral
fluctuations, statistical descriptions have been put forward, starting from the most extreme case, for
which the wave functions should behave as random functions, and which should apply for a chaotic
structureless system [28, 29]. However, departures from this extreme case have been exhibited since
the pioneering work of Mc Donald and Kaufman [30], and Heller has shown that semiclassical
structures, dubbed “scarring” of eigenfunctions by periodic orbits [311, exist beyond the statistical
realm. One way to develop insight into the properties of the wave functions and the dynamics,
and to investigate departures from uniformity, consists in following the long time evolution of
initially localized wave packets [32]. Time scales, traps, localization and other phenomena may
then become apparent. In this connection, one should also mention that interesting localization
phenomena have been exhibited when studying time dependent open systems such as the kicked
rotor [33—36](see also Chirikov in ref. [4], and ref. [12]). It is likely that there exist connections
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amongst such different localization phenomena which would be of interest yet continue to remain
unidentified.
In addressing these problems, it will be indispensible to illustrate some of the features with
a concrete example. The system of two coupled quartic oscillators, previously studied by several
authors [25, 27, 37], has been chosen for its simplicity and great variety of dynamical features, rather
than for its relevance to a particular physical application. The hope is that it reflects generically
phenomena occurring in physical systems with underlying mixed classical dynamics or important
time scales. Rather than incorporate the regular classical structure of phase space only in a statistical
way when going to quantum mechanics, we will execute a more ambitious task, namely the one of
identifying explicitly in a quantum spectrum all the states which correspond to the regular part of
classical phase space, i.e. the states which result from quantizing invariant tori. For example, the
semiclassical quantization of Einstein—Brillouin—Keller (EBK) [38], i.e. the corrected version of
the Bohr—Sommerfeld rule, may be applied (which we shall do in a detailed way) to the regular
regions [391.In this way, one really follows the program put forward by Percival almost twenty
years ago [40]. Percival first described a semiclassical classification scheme which as a consequence
leads to the discrete energy levels of a bound quantum system belonging to either a regular or
an irregular class. So far, the attempts to systematically separate the regular and irregular states
have been rather inconclusive because none of the criteria used, such as the behavior under a
slowly changing perturbation, has been well suited. *) That this classification scheme holds and the
separation can actually be performed will be illustrated as a part of our detailed investigation of
the two coupled quartic oscillators system.
This will be made possible with the help of discrete symmetries. It happens that for a large range
of the oscillators’ coupling parameter all the invariant tori possess a distinct duplicate elsewhere
in phase space. The duplicates can be located by application of at least one of the symmetry
operators. The levels associated with quantizing tori appear therefore as quasidegenerate doublets
(which we shall call “dynamical quasidegeneracies”) belonging to different symmetry classes. These
dynamical degeneracies allow one to “filter” the regular spectrum from the total one. These doublets
will be split by the generalization (which has been dubbed “dynamical tunneling” by Davis and
Heller [42]) of the well known tunneling in a one-dimensional symmetric double well potential
(quasidegeneracies of parity doublets). In comparison with nearly integrable systems, the presence
of the surrounding chaos noticeably modifies the behavior of the very small splittings. A new
tunneling mechanism, which has been exhibited in ref. [43], takes place.
After separation, the regular and irregular spectra may be studied independently and they give
rise to different kinds of physics. The regular levels afford a highly detailed examination into the
working of EBK quantization in mixed systems. Our results show how well EBK works, how the
structure interior to the regular regions gets resolved as E increases (/1 decreases), emphasizes the
well known relationship linking resonances and tunneling between “accidental” degeneracies [44],
and gives some indication of how the quantization works in the neighborhood of the regular—chaotic
motion interface.
The chaotic levels here will only be statistically analyzed. One aim of the present paper is to
give conclusive evidence that classical properties which have not been considered so far in this
context have their counterpart in the quantum spectral fluctuations. Specifically, we investigate
the role played by transport properties. If one has, for instance, two chaotic regions which communicate weakly (the rate of communication being characterized by the flux), this information
can be translated in terms of random matrix theory. And, not surprisingly, the model of two (or
*)

There is however an interesting new criterion recently proposed holding some promise, see ref. [41].
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several) independent random matrix ensembles coupled by a random component, whose strength is
determined by the classical flux, plays the crucial role. These ensembles are just as well adapted for
answering questions about wave function behavior as spectral fluctuations. Constraints on the eigenfunction properties and thus on the long time propagation of initially localized states follow from
the ensembles leading to a “semiclassical localization mechanism” and to “quantum suppression of
classical chaos”, respectively.
The material of the paper (partial results can be found in refs. [45,43]) is organized as follows.
In section 2 the classical properties of the coupled quartic oscillators are studied. Scaling and
symmetry properties are examined as well as, through the study of Poincaré surfaces of section,
how the transition from regular to irregular motion takes place when the coupling parameter is
varied. The volume of chaotic and regular regions is evaluated. Special attention is then paid
to transport and finite time properties, as for instance the presence of weakly connected chaotic
regions. In this respect, the effect of breaking rational tori as sources of island chain barriers, is
investigated.
In section 3, after discussing the general properties of the quantum spectrum and the semiclassical
tools which allow the understanding of the smoothed level density, the quantum calculations are
described. A semiclassical argument is used to select a method which is, in a sense to be explained
later, well suited. For the most interesting values of the coupling parameter, we determine the first
20000 to 30000 levels. The precision of the eigenvalues is nearly always better than l0~ (in
units of the mean spacing), and is always < l0~. These very long and accurate spectra will serve
effectively in limiting saturation effects in fluctuation statistics, in lowering the quantum corrections
to the semiclassical theory developed and in providing excellent statistical significance.
In section 4 we review EBK quantization and perform the separation of the regular levels,
of which there are typically several thousand. The quantum number assignments are then made
without specific use of the classical actions, in order to generate independently a “quantum curve”
giving the relationship between the classical actions of the tori contained on one energy surface.
The comparison to the actual classical curve is quite instructive. The difficulties which arise in
making the quantum number assignments with our method are discussed and the existence of
intermediate status levels is noted. The complexities introduced by resonances are treated as well
as how their structure gets resolved as h decreases. Finally a discussion is given on how the chaos
assists the tunneling between states constructed on symmetric tori, and leads to larger and more
erratic tunneling rates than what is observed for integrable systems.
Section 5 is devoted to the fluctuation properties of chaotic levels. Excepting the numerical
comparisons, most of the results we derive here and in the final section are obtained without
explicit reference to the quartic oscillators and should be applicable for a wide range of mixed or
chaotic systems. The section begins by relating the classical transport, semiclassically, to constraints
on the quantum Hamiltonian, which leads to a modeling of the chaotic level fluctuations in a
form for which random matrix theory may be applied. This extends the Berry—Robnik surmise to
include a quantum translation of the classical transport. The modeling contains no free parameters
since all the quantities which enter it can be measured on the classical system. Finally, after the
saturation effects are correctly disposed of, we apply this model to the quartic oscillators. For
a sufficiently simple system (choice of coupling), we work everything out completely and the
statistical fluctuations are correctly reproduced.
Section 6 extends the application of the previous section’s statistical model to the behavior of
wave functions. We describe how “semiclassical localization” of eigenstates can occur if the partial
barriers are effectively limiting the transport. Its implications on the long time dynamics of wave
packets is then treated. Some “non-classical” predictions are made, and verified quantitatively with
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the quantum results. Finally, there are some brief speculations on the relationship existing between
the “semiclassical localization mechanism” we have introduced and the more standard discussion
of localization.
For easier reading, we make a final comment about the paper’s organization. Since it is not
intended as a review, the material of this paper largely contains either new results or applications of
known tools which serve definite purposes. Sections 2 and 3 mainly fall in the latter category, with
the exception of the numerical quantum spectral calculations. They introduce some of the basic
concepts needed in the following sections. The reader less interested in the numerical techniques
and who does not desire an acquaintance with the classical mixed system and transport properties,
nor with the Wigner representation of operators, can proceed directly to section 4 and enter into
the main subject.

2. The classical system
It would be good to have concrete examples of the phenomena which we wish to elucidate.
Therefore a good part of our work will consist of studying numerically a model which should be
considered as our “experiment”. For this purpose we would like to select the simplest system which
classically behaves in ways “representative” of the non-integrable conservative systems in which
we are interested. This is well satisfied by the two-dimensional quartic oscillator governed by the
Hamiltonian,
H(~,b) =

~l

2~~2

~

(2.1)

The factor a ~L) (> 0) has no effect on the trajectories since it can be eliminated by rescaling the
time and, for convenience, it has been chosen such that the volume of phase space enclosed by an
arbitrary energy surface E, is given by

f

2E312,

(2.2)

dpdq&(E—H) = (2~t)

where 8(x) is the Heaviside step function [see eqs. (3.18), (3.21)]. The explicit expression for
aC.~.)will be given in section 3. In eq. (2.1), b > 0 and )L > —l insure that H is bounded from
below. Here b ~ 1 is introduced to lower the system’s symmetry and ). determines the desired
coupling of the two modes (see refs. [25,27]).
As we shall see in more detail ahead, this Hamiltonian is in fact quite suitable. First of all,
by varying the parameter )., the system can be changed continuously from an integrable case
toward one regarded as “completely chaotic” in the sense that almost all trajectories explore the
entire energy surface [37] *)• In doing so the system goes through a wide variety of intermediate
behaviors from which one can select depending on the interest. In the neighborhood of a regular
case, the Kolmogorov—Arnol’d—Moser (KAM) and Poincaré—Birkhoff theorems [47] ensure that
regular trajectories alternate densely with chaotic ones, which each explore only a tiny fraction of
the energy surface. These systems are generally named quasi-integrable or “KAM systems”. Further
from integrability, systems become mixed. Regions where invariant tori and weakly chaotic motion
*) In fact very recently Dahlqvist and Russberg [46] have shown that even the pure q~q~
potential contains some stable
periodic orbits, giving rise to tiny regular islands which have not been detected by previous authors.
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alternate densely, called KAM regions, may be thought of as being embedded in an overall chaotic
background.
Secondly, the fact that the potential V (q) is homogeneous implies scaling properties for H and the
classical study is needed only on a single energy surface. This prevents the possibility of confusing
deviations from the semiclassical limit with effects coming from the energy variation of the structure
of phase space. Thirdly, the system has but two degrees of freedom, which is the minimum for
a non-integrable time-independent Hamiltonian. Surfaces of section are two dimensional, which
together with the scaling properties, greatly simplifies the classical numerical study. Finally, we
remark that besides the uncoupled ~ b) = (0, b) or (3, 1) and radial (1,1) integrable cases there
are at least two non-trivial ones, (3/2, 1/4) and (3v~/4,l/2v’~)[481.Together with the essentially
completely chaotic cases, one has a good “control” group on which to verify what is already known.
The only property of this system conceivably undesirable or in a sense non-generic arises from
the fact that Arnol’d diffusion does not exist in systems having less than three degrees of freedom
so that in two dimensions more than one isolated chaotic region may exist. However, diffusion-like
processes still exist across weakly broken barriers (remnants of tori in phase space), which may
have some similar effects on the quantum system as the diffusion of Arnol’d.
This being stated, we proceed with the description of the classical motion. We begin with some
very general and basic comments and end this section with more specific ones concerning the phase
space structure for a few selected cases.
2.1.

General properties

As already stated, one of the most important characteristics of the system is its scaling properties.
One can easily check that for any Hamiltonian of the form
(2.3)
H = p2/2m + V(q),
if the potential V is such that
V(aq) = rt~V(q) (
1u = 4 in our case),

(2.4)

then to each solution
x°(t) = (p°(t),q°(t)) with H(x°) = E°

(2.5)

of Hamilton’s equations, we can associate at each energy E a solution given by
PE(t)

=

(E/E0) ‘pO(yt),

qE(t) = (E/E0) “~q0(yt)

[l/2—l/iil

= (E/E0)

-*

(2.6)

1/4

(E/E0)

(the arrow indicates the result for the quartic oscillator). In particular, this means that to a closed
orbit with period T° there corresponds a closed orbit with period
TE = (l/y)T°

(E/E0)

~ T°

(2.7)

at the energy E. Moreover, each action integral
j0

fp0.dqo

(2.8)
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taken on a path C0 just scales as
[1/2+I/p]
1E

=fP.d~

= (E/E0)

3/4
JO~

(E/E0)

j0

(2.9)

on the corresponding path CE at energy E. For convenience then, in the rest of the paper E°will
be set equal to one and the quantities so defined will be denoted by a superscript zero. It should
also be noticed that in general the Hamiltonian is invariant under the group of transformations,
reflections and time reversal, generated by
P1:q~—.*—q1,p1—÷—p, (i= 1,2),

TR:t—~—t.

(2.10)

This means that starting from a solution
x(t)

= (p1(t),p2(t),q1(t),q2(t))

(2.11)

of Hamilton’s equations, the corresponding motions
(—Pt (t ) ,p2(t), —q1 (t), q2 (t) )
(Pi (t), —p2(t),q1 (t), —q2(t))
(—Pi (—t), —P2 (—t), q1 (—t), q2 (—t) )

(2.12)

as well as those constructed by a composition of such transformations are also solutions. Of course,
the so generated solutions need not correspond to the same trajectory as the original one, although
this may sometimes occur.
In some special cases, the system has a higher symmetry. For instance, when b is taken equal
to one, the symmetry of the rectangle (i.e., P1, P2) is replaced by the symmetry of the square
(i.e., F1, F2, P1.~.2,where P’÷2is particle interchange or equivalently the reflection across the
diagonal q1 + q2). In this particular case, by performing a ir/4 rotation of the coordinate space, the
Hamiltonian just becomes
H= ~2~r

+a(2) (1 +2) ~

(2.13)

[note: a((3—2)/(l +2)) = a(2)(l +1)], which means that the Hamiltonians corresponding to
the parameters 2 and (3 — 2)/ (1 + 2) are equivalent. The range of interest for 2 e [—1, + ~ I can
therefore be reduced to [—1,+ 11. The case 2 = —1 actually corresponds to 2 = + oc,
H

=

2~~2+ q?q~,

(2.14)

which is essentially completely chaotic and is quite interesting, in part because the phase space is
non-compact yet the spectrum is discrete [49].
2.2. Surfaces of section
As shall be implicit in sections 3 to 6, one can simplify the quantum, semiclassical and level
statistic calculations with the symmetry of the rectangle, C2,,,, rather than that of the square, C4,,,.
We have therefore chosen b = ir/4, which is sufficiently far from unity to avoid being disturbed by
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Fig. 1. Poincaré sections corresponding to the Hamiltonian given by eq. (2.1) for b = ~r/4 and ordered by decreasing values
of A (increasing coupling). For A = 0, the location of the two one dimensional motions M
1 and M2 shown in fig. 2 is
indicated. (a) q1 = 0 sections.
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the nearness of the higher symmetry, and sufficiently close to it that the system is not effectively
one dimensional.
For this value of b, although H(2, ir/4) is not actually equivalent to H((3 2)/(l + 2), m/4),
the neighborhood of the b = 1 case makes it reasonable not to expect any substantial differences
between the ranges 2 E [—l,+l] and 2 e [+l,+oo]. Moreover, the case (l,ir/4) being not too
far from rotational invariance, the range 2 E [0, 11 just governs a competition between the order
due to the absence of coupling and that due to the rotational symmetry. Thus, the degree of nonintegrability reached in this range remains at a rather low level. We will therefore only consider the
variation of 2 from 0 to —1, which, as can be seen by analogy with the b = I case, will interpolate
between integrability and (almost) completely chaotic behavior.
In order to organize information about the phase space structures, we shall rely heavily on surfaces
of section. This, as usual, consists of numerically integrating the Hamilton equations with initial
conditions taken from the relevant intersecting plane; for the quartic oscillators, it is convenient
to consider two planes (q1 = 0 and q2 = 0) since there exist trajectories which do not intersect
—

one of them but none which can avoid both. Then each time a trajectory crosses a plane, say
q2 = 0 (or q1 = 0), with a positive momentum P2 (or ~i) the intersection coordinates (q1,p1)
or (q2,p2) are stored. Which means, in practice, that we blacken a pixel corresponding to this
point’s discretized position. For most of our computations, we use a 360 by 360 grid for the (q~,p~)
projection, which is our surface of section; the only exceptions to this concern cases where we have
used significantly larger grids to explore particular regions or to check precisions. When we take
just one initial condition, we call the result after a large number of intersections a Poincaré section
of the trajectory. This may define in the plane either a finite number of points, a closed curve, or
a two-dimensional region depending on whether the initial point lies on a closed trajectory, on an
invariant torus or in a chaotic region. With a proper sampling of Poincaré sections, the structure
of the surface of section (i.e., the way it is filled with invariant tori and chaotic regions) can be
drawn as carefully as one wishes. With our choice of planes we can also take advantage of the
global symmetries of the system which require reflection symmetry with respect to the Pt and q
axes. Had we chosen other q1 = const. or q2 = const. planes, the pictures would have had only
the symmetry of reflection through the origin. These two surfaces of section then give a complete
picture of the classical motion on the entire energy surface.
We may now apply this to understand how the chaos settles in as A goes to —1; see fig. 1.
For A = 0, the motion is simply that of two uncoupled quartic oscillators. The appearance of the
invariant tori in the surfaces of section are just concentric closed curves centered around the origin.
The center of the map and the outer boundary correspond to the two one-dimensional motions M i
and M2 in configuration space shown in fig. 2.
As A starts to decrease toward —1, the equipotential curves in configuration space undergo a
concave deformation which raises a sort of hill on the q1 and q2 axes; we stress though that this
does not create multiple wells and the energy surface remains simply connected. The trajectories
M1 and M2 become hyperbolic closed orbits (here unstable and isolated), surrounded by a chaotic
region which is increasing in size. At the same time, consistent with the KAM and Poincaré—
Birkhoff theorems, the rational tori (i.e., the tori for which the winding number, the ratio of
the frequencies along the two independent directions, is rational) are broken giving rise to island
chains separated by hyperbolic fixed points. Other tori, sufficiently far from the rational ones,
remain intact for a while albeit somewhat distorted. Amongst these islands, those which correspond
to the trajectories oriented along the diagonal axes grow rapidly in size because of the focusing
form of the equipotential corners (and because the rotation number of the original torus is equal to
one) and appear as rather large regions of stability in comparison to the rest of the KAM regions.
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q2

______________

______________

.

Fig. 2. Equipotential contour in configuration space and the two trajectories Mi and M2 along the q1 and q2 axes for
(A,b) = (0,~r/4).

When 2 reaches a certain value 2* (2* slightly below —0.20), the last irrational tori corresponding
to the original structure are destroyed. The remaining tori can be considered as the remnants of the
original KAM island structure. All of these tori have a lower symmetry than that of phase space. As
a consequence, to each invariant torus there corresponds at least one duplicate which is symmetric
by an element of the global symmetry group. This implies that, while the symmetric tori are clearly
distinct and separated from the original one, their structure and classical motion are identical. This
is a very important point to which we shall return in section 4.
As 2 is further decreased from 2* to — 1.0, the proportion of phase space occupied by these regular
regions diminishes continually, and reaches a value lower than 0.5% for A = —0.6. For 2 = —0.7,
no remaining invariant tori can be located within our numerical accuracy. Although some tiny
invariant tori may certainly remain, perhaps even until 2 = —1.0, for all practical purposes systems
possessing a value of A in the range [—1.0,—0.6] can be considered as completely chaotic.
2.3. Phase space volume
Let us now introduce some of the classical quantities which will be linked to the quantum
properties. One of them is the Liouville measure (volume) of some chaotic or KAM region.
Semiclassically, these volumes can be related to the quantum density of levels, and we shall
therefore need to evaluate them numerically. However, due to the finite size of 11, the quantum
system at finite energies will certainly not be sensitive to the finest details of phase space, such as
very small islands or complicated structures at the boundary of KAM regions. Thus, any method
of calculation introducing a coarse graining much smaller than the one due to /1 appears, for our
purposes, as relevant (or more) as one whose aim would be to reach the exact “mathematical”
volume. This allows us to use a very simple method that we shall describe now for the example of
a chaotic region. The adaptation necessary for any other kind of region is immediate.
Let RE be the region explored by a single chaotic trajectory belonging to the energy surface E. *)
Its relative volume is given by the ratio:
((RE)

— f~Edpdq~5(E_H)
—

*)

fdpdq~(E—H)

More properly, RE is the region covered by a coarse grained single chaotic trajectory.

215)
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The first step in calculating eq. (2.15) consists in obtaining a very dense Poincaré section of a
trajectory starting in RE for the two planes (q2 = 0) and (q1 = 0). We thus define two surfaces
R~and R2 in the spaces (q1,p1) and (q2,p2) which represent the intersection of RE with (q2 = 0)
and (q1 = 0). It should be clear that each region RE can be scaled to a corresponding region RE’
on any other energy surface E’. The fraction f(RE’) is thus independent of the energy. Or, in other
words, by separately integrating numerator and denominator over E in eq. (2.15) we find
f(RE)

—
—.

f(1Z)

—
—

f~dpdq8(E-H)
fdpdq6(E—II)

(216)

where 7?. is the four-dimensional region of the phase space obtained as the union of the RE’~s
(0 ~ E’ <~x~).
We therefore simply apply the following Monte-Carlo method. We select a large number of points
~ random (with respect to the measure dp dq) lying interior to some suitable energy surface E.
Whatever the actual energy of the points obtained, they belong to the region 1?. if and only if their
scaled analogs on H(q,p) = E belong to RE. Thus, we start trajectories from these scaled points
and let them evolve until they reach the q1 = 0 or q2 = 0 plane. If the intersecting point belongs to
R1 (or R2), the original point is then considered to be in 1?.. f(R) is simply the number of points
counted divided by the total number. The statistical uncertainty due to the Monte-Carlo method is
=

~f(~)

[1

-f(~)]/N,

(2.17)

where N is the number of initial conditions. Using a value of N = 10000 (which we do) always
leads to ~f(1?.) <0.5%.
Control over the boundaries and coarse graining is implied by the use of the Poincaré section on
a grid (whose size can vary). For example, small islands and fractal boundary structures between
chaotic and regular regions are not taken into account when their size is less than a few pixels (or
we blacken/whiten them). When the volumes of separated chaotic regions are needed, and more
generally of any region defined through its intersection with the Poincaré sections, this method
applies with no essential modifications. ~
2.4.

Hamiltonian transport across barriers

We may think of the phase space volumes just introduced as pertaining to an infinite time
property of the system in the sense that to know the boundaries of a chaotic region perfectly
well essentially requires following a trajectory for an infinite time. It turns out that information
concerning the finite time evolution of the classical system, namely the transport properties, has
a noticeable effect on the quantum spectral and eigenfunction properties. Our interest here lies in
large scale structuring effects deep within the chaotic sea and not in what is happening just exterior
to the KAM islands. The former is more relevant to the chaotic spectrum fluctuations whereas the
latter concerns more the separation of regular and irregular levels.
To make clear what we call transport properties, one may consider the example of a system
constructed with two very chaotic billiards connected by a narrow bottleneck region. For such a
~ Actually, an even simpler method, which does not introduce the Monte-Carlo sampling errors, can be used (see
Delande in ref. [6]). It simply consists in counting pixels in a surface of section with the proper weighting (which, with the
canonical transformation (2.25), is given by the time between two successive hits of the section). Note also that for most
of the KAM islands, eq. (4.23) provides a very good approximation of its volume.
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system, the Lyapunov exponent will be quite large, and two close trajectories will instantaneously
diverge one from each other. However the motion cannot be considered as completely randomized
since, for times not too long, one is almost certain that a trajectory started in one of the billiards
will end in the same one. Thus some very strong local chaos may coexist with certain correlations
on a larger scale.
For mixed systems, the remnants of invariant tori may produce an equivalent effect for the
motion in phase space. As shown by MacKay et a!., both canton [50] (corresponding to irrational
original tori) and stable and unstable manifolds of island chains [51] (for rational ones) may act as
partial barriers. Here, despite the fact that irrational tori resist destruction longer than rational tori
under the influence of a perturbation, we found that in some systems the main role in limiting the
transport is played by certain stable and unstable manifolds. As they give rise to a simpler classical
investigation and quantum interpretation, and are ultimately relevant to the study of chaotic states,
we shall concentrate on them. The simplest example of interest is that of the (2,b) = (—0.35,t/4)
case. We therefore give an exhaustive study for this case.
The rough structure of the phase space consists of one large chaotic region, which represents
about 87% of the phase space volume, and eight main KAM regions [(a), (a’), (b), (b’), (c),
(c’), (d), (d’)], see fig. 1. When a closer look is taken at the large chaotic region, it reveals that
it can be separated into a certain number of weakly connected parts in which trajectories seem to
be trapped for a while. As mentioned above, this structure may be traced back to the breaking of
certain original rational tori. Consider, for instance, the two islands which constitute (a) and (a’).
They correspond to the rational torus with winding number (5 = 1 of the unperturbed system. We
know therefore that they are associated with two hyperbolic (unstable) fixed points (here connected
by time reversal) of order one, Na and 7~1a’~which both represent intersections with the q1 = 0
plane of a hyperbolic closed orbit. Moreover, we know that from both of these closed orbits a stable
and an unstable manifold can be generated.
We shall begin the description of how these manifolds may act as partial barriers, following refs.
[52, 53], working in a Poincaré section. The interpretation for the continuous flow will be given
afterwards. In a two-dimensional Poincaré section, any invariant closed curve forms a complete
barrier. A closed curve which is mainly, but not completely, invariant, will in the same manner
lead to a small but non-zero flux between the interior and exterior regions. Such a curve can be
formed by patching together pieces of stable and unstable (invariant) manifolds.
Let us introduce the area preserving mapping Y which to any point X = (q2,p2) of the Poincaré
section M2 (i.e. q1 = 0) associates X’ = Y(X), where X’ is the next intersection with positive
Pt momentum of a trajectory starting in X, with the q1 = 0 plane. We also denote by W~’,
(i = a, a’) the curves which are the intersections of the unstable and stable manifolds of the ith
periodic orbit with the q1 = 0 plane. We recall that any point X~,of a curve l’V~is such that
lim T”(X51)

= N,

(i =

a,a’),

(2.18)

(n—,00)

whereas a point Xuj of wu satisfies
lim Y°(Xu,)

(n—’oo)

= N

(i

=

a,a’) .

(2.19)

Moreover, the tangent in X~to !4’7 corresponds to a direction where the map T is contracting and
the tangent in Xuj to W” corresponds to a direction where the map Y is stretching. It follows that,
although a stable and. an unstable manifold may cross, two stable or two unstable manifolds do
not since a contraction or dilation in two independent directions contradicts the area preserving
property of Y.

0. Bohigas ci a!., Manifestations of classical phase space structures in quantum mechanics

58

ED

EID

Fig. 3. Intersections of the stable and unstable manifolds
and w” (i = a,a’) starting from the fixed hyperbolic
points Ha, Ha’ and giving rise to a set of bounded regions
B,, (fl = ... , 2, 10, 1,2,...). Ha and Ha~are associated
to
(A, b)
the =islands
(—0.35,
(a) t/4)
and is
(a’)illustrated
displayedoninthe
fig.M1. The case
2 Poincaré
section q1 = 0.

GD

M nt

Fig. 4. Construction of a partial barrier illustrated on the

q

1 = 0 Poincaré section M2 for (A,b) = (—0.35,ir/4).
Starting from the two fixed hyperbolic points Ha, Ha~ one
follows the stable and unstable 4aa’
manifolds
and itsto partner.
the primary
The
homoclinic intersection point ~
shaded flux loop maps in one iteration to the new loop as
indicated. See text and fig. 3 for further explanation.

Consider now, for instance, the parts of J4’~’and J’V~which approach and cross each other. They
define a set of loops that we can number from —cc to + cc, as shown in fig. 3. We thus obtain a set
of regions . . . , B_0, . . . , B0,..., B0,... of M2, with boundaries lJBk = (3B)~)U (~B~)(where OB~
is a portion of !‘Va” and 8B~a portion of ~
As both WaU and Wj~are globally invariant under
T, the image by T of any loop Bk must be some other loop Bk’ [with even (k k’) since IT is an
orientation preserving mapping]. In our case,
—

IT(Bk)

=

Bk+4.

(2.20)

As IT is area preserving, the area of the loop k,
= fP2dq2
~9Bk

= fP.dq

(2.21)

OBk

(since q1 = 0 ~ Pi dq1 = 0), is the same for all the k and k’ such that k k’ = 4n (n =
—1, 0, 1,. ..). Moreover, it can be seen that, in fact, all the ‘k are equal. First of all the figure
is symmetric under the transformation q2 —p —q2, giving Jo = I~and I_i = 12 . Secondly, if we
introduce the mapping T~defined in the same way as IT, but without requiring that Pi has positive
momentum,
IT = (T* to
)2,Bk+2.
it happens
that= (because
of the time reversal invariance of the system),
t (Bk) is symmetric
Thus ‘k
I for all k.
IT We can now use these two manifolds to define a continuous line Caa’ joining Na to Na’ whose
construction can be easily understood by looking at fig. 4. Considering an arbitrary B~,although
—
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the areas of B~+i,~

are constant, the length of 8B~+0increases exponentially with n while
that of aB~÷O
exponentially decreases. In the same way, OB~_0decreases with n while IIB~J_fl
increases. We can therefore define Caa’ as being equal, for all the k, to the shortest among ~9Br
and 8B~ . Thus, starting from Na, Caa’ will follow W~until some point Aaa’ of J’VJ~ fl l4’~.Then
Caa’ switches to ~VJ,, where it remains until Na’ is reached. Caa’ and its symmetric P2(Caa’) [see
eq. (2.10)] form a closed line which divides M2 into an interior2 (X),
part M10~and
an in
exterior
part
and so on,
~
This Mext.
lasts
A
point
X
of
Mint
usually
has
its
successive
images
IT
(X),
IT
until, progressing from loop to 1oop, IT0 (X) enters one of the loops B
1 or B3, which constitute
the exit of the turnstile, or one of their twin brothers on the lower half of the Poincaré section, and
is swept across the barrier. The same image applies to each point of Mext. Thus, at each application
of IT, there is but an area 41 of points of ~
which escape from it. The same area enters from
Mext (which must be the case, since the areas of ~
and Mext must be conserved).
We have therefore obtained, in a simple well defined way, a closed curve of M2 which allows only
a limited flow through it by application of IT. As a limiting case, if we were considering a resonance
in an integrable system, these two manifolds would simply form a separatrix (or equivalently loops
of zero area), thus acting like
a perfect
At theit opposite
sucharea
ioops
may have
an area
4iflt or
~‘4ext ofbarrier.
the regions
connects.extreme
When the
of points
exchanged
of the order
of the ..4jntAext/
areas ~‘ (A~
reaches
the value
4ext), the probability that a point P crosses the barrier is the
.‘
same as if IT(P) was chosen at 01+
random,
making the barrier completely ineffective.
Since there is an infinity of hyperbolic fixed points in M
2, one has to decide “a priori” which
are the ones giving rise to effective barriers. For systems, like the quartic oscillators, which can
be obtained by perturbing a regular system, it is convenient to consider a resonant structure as
a whole: the structure containing the KAM island and the stable and unstable manifolds. Such a
structure may or may not survive when the coupling parameter is varied. For our purpose, only
those resonances whose island is visible play a role in limiting the transport. We have performed
this construction for each of the hyperbolic points which correspond to an island chain remaining
from the original structure; note they belong to some of the shortest periodic orbits. It leads us to
a separation of the chaotic region into eleven more or less connected regions. These regions are
represented in fig. 5. Their area and the transport fluxes connecting them are given in table 1 as
well as the relative volumes f, of the associated regions in the energy surface H = E.
For the motion in phase space, a global image now follows. To begin with, we can associate a
region on the energy surface to each one in the Poincaré section. The former is simply defined as
the set of points on the energy surface such that the next intersection with the Poincaré section
lies in the latter. This definition introduces a negligible arbitrariness (for the points intersecting
the Poincaré section in a turnstile’s loop) since the region defined on the energy surface slightly
depends on the choice of the plane we use as a section. It should be possible to eliminate this
arbitrariness by a more technical definition (for instance by requiring that the diameter of the
turnstile’s loop is minimum). But, since this arbitrariness concerns a region of negligible volume,
we will simply forget about it.
Since the only way to go from one region to a neighboring one consists in crossing the turnstile’s
loops defined above, the flow in a unit of time between two regions is related to the flow across
the turnstile’s loops (which we generically denote by B) by
~bB=7

f

dpdqö(E—H),

(2.22)

RIB,,T]

where R[BXTI is the tube of trajectories which are going to cross the loop in less than the time T.
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Fig. 5. Different regions in phase space separated by partial barriers for the case (A, b) = (—0.35, ir/4) (a) q~= 0 Poincaré
section, and (b) q2 = 0 Poincaré section. The regular islands are also outlined. See text for further explanation.

If

the concerned loop is, for instance, in the q1
V(R[B~T])

f

=

=

0 plane, the volume

dpdqô(E—H)

(2.23)

RIBX Ti

can be calculated with the help of a simple canonical transformation. Namely, in the neighborhood
of the loop and for sufficiently small times the action function

f

q = (~)

S(q1,q2,t,q~) =
qO=

£(t’)dt’

(2.24)

(a?=o)

Table 1
Relative volume .1, of chaotic phase space of the different
regions shown in fig. 5 together with their area in the
Poincaré section and their connecting flux. Area
314.and
fluxes areRelative
calculated
for Ef,= 1 Area
and scaleTotal
as E flux
Region
volume
0.03

0.3

2

0.09

0.8

3

0.13

1.2

4

0.13

1.2

5

0.36

2.6

6

0.21

1.7

7

0.05

0.4

l~—*2

0.05

2—~3

0.07

3*—*4

0.13

4—5

0.21

5~6

0.28

6—7

0.12
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(where £ is the Lagrangian function £ = p q H) taken on a trajectory joining q0 to q in a time
is perfectly defined and single valued. If we change coordinate variables to Q = (t, q 0), S can be
2
used as the generating function of the transformation
.

—

t,

(q,p)

—*

since aS/aq

(Q,P)
= p.

(2.25)

The new momentum coordinates are then given by

as

as

as

as

0

P
1=-.-..~E,
P2=-~-=-~—O=p2.
Thus, V(R[BXT]) can be calculated as
V(R[B~T]) =

(2.26)

T~I,

(2.27)

where I = fOBP dq, and ~bB = I. Once again, it is the size of the ioops formed by the stable and
unstable manifolds that regulates the transport between neighboring regions.
Let us finally note that, when transport takes place very slowly on a scale in which a region is
being mixed, it is possible to think of the transport as a kind of Markovian process where every
interior point has an equal probability of escaping, albeit small, at the next application of the map
IT. This supposes of course that no important structures, such as canton surrounding an island of
stability, remains in the region considered. If there are none and the Markovian image is roughly
valid, then there is an inverse relation predicted to hold between a suitably defined mean escape
time and the relative volume escaping (flux/volume). This relation is confirmed to within 10% or
so in the cases we checked, thus excluding the presence of significant barriers other than those we
identified. When the effects of transport on the quantum system will be treated in section 5, it is
this picture of the diffusion which we will have in mind.
3. The quantum system
We turn now to the quantum quartic oscillators. For quantum Hamiltonians whose potentials have
the homogeneity property expressed in eq. (2.4), some special properties result. The eigenvectors
and eigenvalues associated with
ci

~

+ aV(~)

(3.1)

are simply related by
2R1~2)E
13E,,~,
~‘~(q) cx qj~°(a’R1~2)q) y4~ja~16q),
(3.2)
E~= a
0°—* a’
where again the arrows indicate the results for the quartic oscillators and the superscript zero the
—~

value corresponding to a
± 2~ =

=

1. One also has (virial theorem)
(3.3)

Through arguments similar to those leading to eq. (3.2), it can be shown that here the energy
eigenvalues are simply related to /1 eigenvalues of the Schrödinger equation that are found by fixing
the energy and searching for solutions by varying /i; one has h, = coE1314 for the quartic oscillator,
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where c0 is a constant. This illustrates the equivalence between the h 0 and E cc limit and we
shall use whichever image is more convenient for a particular discussion.
As mentioned in the introduction we will be taking advantage of the discrete symmetries available
to us. Excluding the isolated radial case (A, b) = (1, 1), we may select either the symmetry of the
square C4,,, (b = 1), or of the rectangle, C2~(b ~ 1). C4~has five representations, one of which is
doubly degenerate. These exact degeneracies would complicate the separation of the regular and
irregular levels performed in section 4. To a given energy, the non-degenerate representations each
asymptotically contribute 1/8 ofthe number of states with the remaining halfbelonging to the doubly
degenerate one. To quickly see this, consider the two component reflections and particle exchange.
On the other hand, when b ~ 1 the symmetry group is C2,,,. There are just four representations,
non-degenerate, classifiable by component parity. Each of the parity sequences contributes 1/4 of
the number of states to an energy E (we give a more exact result ahead) and later for the purposes
of statistical measures they can be treated “democratically”. We thus favor b ~ 1.
Our immediate goal is to calculate the spectrum as far and accurately as possible. Interestingly
enough though, even this purely quantum “activity”, matrix diagonalization, requires rudimentary
semiclassical tools. So instead of just describing the quantum calculations made, we first review
certain useful ideas that form the beginning of our comprehension of the spectrum. These are then
applied to understanding the smoothed level density and finally the calculations.
—~

—f

3.1. “Quantum phase space”
We will find it useful, elsewhere in the paper as well as here, to have a direct intuitive link between
classical and quantum systems. It would therefore be good to have the notion of a “quantum phase
space”. Some of the various possibilities along with their most important properties are reviewed
in ref. [541, where these spaces are dubbed “mock phase spaces”. For our purpose we can adopt
the definition of Moyal [55]; he originally introduced it in order to incorporate the statistical
interpretation of quantum mechanics more naturally into its foundations. The basic idea is that the
most natural way to proceed is to consider the characteristic function of an eigenstate and its inverse
Fourier transform. Then since we restrict ourselves to systems which are representable in either a
q or a p representation (no spin for example), wave functions are associated with distributions in
quantum phase space via the Wigner transform [56] and its inverse (given below). We shall not
enter into the details here except to summarize the most interesting properties of which we shall
make use.
First of all, the Wigner transform of an operator A and its inverse are given by
A(q,p)

[A]~(q,p)
(qi

A1q2)

=
=

f~xe~~(q + ~x~A~q—ix),
(2~h)dfd~

~w.(qI_q2)Ih~

( ~(q i

+

q2),p),

(3.4)

where d is the number of degrees of freedom. Note that this is consistent with the Weyl [57]
prescription for constructing the corresponding quantum operator from a classical function in phase
space; he arrived at this result by way of group considerations. In the case that A is a projector
Pkk
t//k)(l//kI, eq. (3.4) gives the Wigner transform and inverse of a wave function. Next we see
that the trace just becomes an integral over the phase space volume element. For systems with d
degrees of freedom,
Tr(A)

= (2~h)d

fd~dP [A]~(q,p).

(3.5)
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Also note that
Tr(AE)

=

1 d

(2,th)

f

(3.6)

dpdq [A]~(q,p)[B]~(q,p),

from which the cyclic invariance of the trace is clear. By combining traces and various combinations
of operators of the form ,blk = Iwi) (Wk I, where the Wk form an orthonormal representation, we have
the following orthogonality and completeness relations [note: Pik (q,p) = Pkl (q,p)],
>p11(q,p)=

1,

~ d [dpdq

(2ir,i)
(27th)d

plk(q,p)= ~lk~

(3.7)

j

f

dpdq p!k(q,p)pl’k’(q,p)=
tk

ólpôkk’

(q’p’) = (

P1k (q,p )Pi

2~)dö

(q

—

q’)ô (p —p’).

This leads to 1the
thatspace.
the Wigner
transform
any normalized
wave function
occupies a
in notion
this phase
Furthermore
these of
volumes
are non-overlapping
for orthonormal
volume
(2ith)’
wave functions in the sense that the third relation of eq. (3.7) holds with k = / and k’ = 1’. In
actual fact they may overlap; however, oscillations (negative densities) offset this to preserve
eq. (3.7).
Finally we have the product rule,
[AB]~(q,p)

= [A]~(q!,pl)ethhhI2[B]

,,~,,(q”,p“)I

,

(3.8)

where i~i~
is the Moyal bracket,
~

=~q~.

v,,~,

—

(3.9)

~q”

To simplify notation, it is customary to insert Moyal brackets between the operators they act on and
drop the primes. They play the role of the classical Poisson brackets. For the equation of motion
for a density in phase space associated with a wave function this leads to
apkk (q,p)/at = (2/1l)H(q,p)

sin(h~/2)pkk(q,p),

(3.10)

which, when higher order terms can be neglected, reduces to the form of the Liouville equation for
densities in classical phase space, so that for times not too long, densities in this quantum phase
space associated with a wave function transform in time exactly as their classical counterparts.
3.2. Level densities

These tools can be easily applied to study the mean level density
1i (E), which will be needed in
section 5 to perform the unfolding necessary for the fluctuation studies [15]. Moreover the first
term of the ft expansion of ji (E) will be used to define a (A) for reasons concerning the spectral
calculations. Here we only consider the quantum spectrum on the roughest scale, that of the “locally
smoothed” level density. By local smoothing we mean that we calculate an average level density,
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p(E), as a function of the energy in intervals which are infinitesimal on the scale in which the
average changes yet large enough that fluctuations disappear (only in the case that this is possible
does it really make sense to discuss level fluctuations). A priori it is not clear such an averaging
exists, yet in general it is found, for simple systems amenable to analytical ~i(E) calculations (it
is necessary to avoid very narrow classically allowed regions, etc.), the first few terms of a formal
expansion in powers of ft works well right to the ground state. In fact a partial understanding of
this problem comes by considering the trace formula over periodic orbits [10, 58] where the longest
length fluctuations about 1i (E) are related to the shortest periodic orbit, so that, if one imagines
smearing the energies such that each level acquires a width which spreads over several of these
characteristic lengths, the fluctuations would disappear.
For simplicity, we present a standard approach, equivalent to using the time-dependent Green
function, where successive terms in ft follow recursively. Contrary to the Gutzwiller trace formula,
this method selects by construction, though for reasons not fully understood,
parts
p(E)
11] locatedthe
at average
the origin
is kept).
of We
the restrict
density ourselves
operator (i.e.,
only the
residueHamiltonians
of the trace, whose
Tr[e~ potentials are differentiable. The
to positive
definite
first step is to consider the level density and its Laplace transform,
p(E)

=

Z(fl)

=

Tr(ô(E—ci))

/

=

e~p(E)dE

=

Tr(e~”) = ~

= (2ith)d

f

(3.11)
dqdp [~_~H]~(q,p),

where the last form comes by simple application of eq. (3.5). For convenience we also introduce
the integrated density (spectral staircase) N(E), which counts the number of levels up to an energy
E and is given by
N(E) =

Tr(t9(E—ci))

= ~~9(E—E
1),

p(E)

= dN(E)/dE,

(3.12)

where 6is the Heaviside step function. The real job now is to calculate the Wigner transform of
exp(—flH). An equation is easily generated by taking a derivative with respect to fi, applying the
product rule in eq. (3.8) and recognizing that H commutes with any function of itself; we have
—0 [e~” ]~(q,p)/af3
0

=

[H]~(q,p) cos(h~/2)[e’°”] ~(q,p),

(3.13)

sin(hA/2) [e~”]w(q,p).

= [H]~(q,p)

We see immediately the absence of any dependence odd in h, which is unlike billiardst). One way
to solve this equation is to assume a solution of the form
[e~3”]w(q,p)

=

e~~]*~~P)
~
‘~

~ _______
2

ft

(2n)!

(3.14)

~ When using the limit n —. c~of the potential V (~)=
as an approximation of the one-dimensional “billiard” with
the wall located at q = +1, one should pay attention to the fact tat the limits n —
and E —
(i.e. 11 — 0) cannot be
interchanged.
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where A0

= 1 so that the classical result is recovered when ft is put to zero. Then by grouping terms
according to their power of ft we find

—

= ~f1i’~,~

(~)
[~-~

(3.15)

i~i2n 2!c e—fl”Ak].

The A,, are calculable recursively. Of course the specific recursion may simplify depending on. the
system as happens for Hamiltonians with low order polynomial potentials. The first correction, A1,
derived by Wigner [56] is given by
A1(q,p,fl)

I Q12v2v(q)

=

-

~_-[mVV(q)

.VV(q) + ~p.V)2V(q)]).

(3.16)

This is not the only way to produce a solution to eq. (3.13). It so happens an exponentiated series
in ft of the form
[efl~~]~(q,p)

=

exp ~

(3.17)

can also be used. In fact, A~ = —flH~ and A1 is identical to the A~. For n ~ 1, however,
the A’~ generated by eq. (3.17) are distinct from the A~obtained through eq. (3.14) since the
exponentiation groups and sums classes of terms.
To calculate the smoothed level density we calculate the number of terms needed in [en” ]~(q,p),
integrate over phase space and perform the inverse Laplace transform. For the quartic oscillators
to two terms, the result for the integrated version is
312
(b’12 + b112)(3 + A) + O(h2E312)
N(E)
= 2K((l 3ir
—A)/2) h2a(A)’/2
mE
24~/2(l+A)
(3.18)
—

K(z)

=

f

dO(l—zsin2O~”2,

0

where K (z) is a complete elliptic integral of the first kind. For our purposes the terms having
an inverse energy dependence are unimportant so that this suffices. However, we are interested in
the parity decomposition. Since the spectra are calculated for each of the four sequences (e
1, 2)
(e, = ±1)denoted by their component parity in (q1, q2), we add a symmetry decomposition to
eq. (3.18). This is easily accomplished by using eq. (3.6) along with the Wigner transform of the
parity operator, which is given by
[P,]~(q,p)

= irh~(q1)ô(p~)

(i =

1,2),

(3.19)

so that the decomposed N(E) is
3!2
F(~)2(
4+
4) m’12E314
N
E) — 1 2K((l —A)/2) mE
1b_u/ 2b”
— 4
3ir
a(A)’/2ft2 +
6m3/2
a(A)’/4ft
-

(b’/2±b’/2)(3+ A) +

12~]

+ O(ftE3/4)
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= —4

i,—i/4
1U

312 +

E

+

t,l/4
~2’-’

2V~mKi/2((l

‘b~/2

b’12’’3
/

—

24~2(l

+2)

—2)/2)

E314

A’

/ + ~i~2

4

+ O(E3/4)

.

(3.20)

In the last equality, energies are measured in units of
3ir

a(2)’12h2 2/3
2K((l—A)/2)
m
which amounts to taking
a(A)’12 —
—
In this way ft,

2K((l

—2)/2)
3~

= El3”4

(321

in

fixing the constant c

0 defined at the beginning of the section and N(E) is
independent of A to leading order*). This simplifies the scaling aspects for the quantum calculations
described in the next subsection. Note that a decomposition for quantum statistics (for example,
fermion statistics) is also easily produced in the same way again since the Wigner transforms of
the permutation group elements by themselves are very simple (ô-functions). It would have been
more difficult to produce the higher symmetry decomposition necessary for the b = 1 case in this
simple way because the Wigner transform of the combined operations of permutation and parity
no longer results in a ô-function form but instead an exponential phase with an ft factor; the series
solution then is insufficient so that a different approach is needed.
3.3. The spectral calculations
To calculate the spectrum we choose a matrix diagonalization technique since it is simple and
works well with low order polynomial potentials.

In general the calculation starts by expressing the matrix element of the Hamiltonian H in a basis
defined as the eigenvectors of some integrable (usually separable) H0. Then, truncating the basis at
the dth vector and diagonalizing the finite matrix correctly gives the energy levels associated with
eigenvalues of H which are almost contained in the truncated space. For anharmonic oscillators,
the harmonic oscillator basis has been the usual choice [25,27]. It is possible, however, to have a
deeper understanding of the convergence by applying some simple semiclassical logic and when so
understood to have a criterion for choosing the best suited basis (or equivalently H0) and how to
truncate it. In this way we will be able to calculate extremely accurate and long sequences of levels.
*)

The constant a (A) diverges logarithmically with A

—, —

1 just as the classical phase space becomes non-compact.

Equation (3.20) is then no longer valid. However, a modified
2/fi4a)’/3E,
approach
N(E)
taking
takesadvantage
on the form
of eq. (3.17) is possible. With
V = aq~q~,
and introducing the scaled energy E = (16m
E3/2l ‘1’
c c3/2
N(E) =
+O(E3121n(E312)),
2izn~ + 03m
where the first term corresponds to Simon’s result ref. [49]. The second term is given in ref. [59], Co
(where y is Euler’s constant).

=

5 ln 2 + 2y

—

4
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Let In) (n e N) denote the eigenvectors of Ro (with e~the corresponding eigenenergy) and ct)
any eigenstate of H of interest (HIa) = E,,Ict)). One may express the overlap (nlct)12 as the trace
over the product of the two density operators, ~3,,,,and ~ Using eq. (3.6) we have

f

I(nIc~)I2= Tr(

2
dpdq [Pnn]w[Paa]w.
(3.22)
13,,~j3~)
= (2ith)
Roughly speaking, it is known that in the semiclassical limit the Wigner transform of an eigenstate
with energy E of some quantum Hamiltonian is localized on the classical energy surface [28].
Thus, at this level of approximation, eq. (3.22) implies that the overlap between In) and let) is null
whenever the two energy surfaces H
2 is not
0 = decreases
e~and H exponentially
= E,, do not intersect.
In practice,
I(nlet)1
strictly zero but, to within fluctuations,
fast with the
separation
distance of
the two energy surfaces measured as some function of ft. cs) and E
0 then converge in a calculation
which includes in its truncated basis set all In) whose H0 = e,, energy surfaces intersect H = Ea.
The best basis set is the one which has the minimum dimensionality required to make a set of cs)
of interest converge.
Now, say one wishes to calculate just a slice of the spectrum, which means finding {E,,} for
Emin <Ea <Emax. For the H treated here, it is always possible to find an energy surface H0 = emax
that circumscribes H = Emax and an energy surface H0 = emjn which inscribes H = Emin. The
basis then should consist of all In)
suchand
thatEr,,emin
~ e,, =
< emax.
As aTosimple
practical
example,
let
2c~2/2,
E [Emin
0,Emax].
determine
which
harmonic
ft
= 13~/2+
~3~/2to+fix
w co), first calculate emax as a function of co. Eliminating p from the
oscillator
basis~, tofto
use= (i.e.,
equation, we find

emax—Emax

=

(3.23)

~w2q2—q4.

For there to be only one intersection point, eq. (3.23) must be a perfect square. Therefore,
emax

= Emax +

w4/16.

(3.24)

To optimize the basis, one minimizes the dimensionality by setting the derivative of NH
0 (em~)

with respect to w to zero. This gives
2...4,’l/2/,,/~
—

max!

,1

an~ emax

-‘

—

~‘

max

(the proportionality between emax and Emax is due to the particular potential we use for
With this scaling the fraction of converged levels tends asymptotically toward

ft

and H0).

2(-~)3/4~
NH(Emax) = T
NH0(emax)

9o%.

6

(3.26)

jr

For the 2-d coupled quartic oscillator usually a good choice of basis is to take Ho as a 2-d
uncoupled quartic oscillator ~o = p2/2 + a0(bô~+ cu/b). For 2 not too close to —1, the H and
H0 energy surfaces will be fairly similar implying good convergence. Furthermore, they have the
same scaling properties making the scaling choice of H0 energy independent. To calculate a slice
of the H spectrum at highly excited energy E it turns out that arranging the two equal-energy
surfaces H = E and H0 = E to enclose equal volumes is best, which in this case equates the level
densities. This explains our form for a (A) because a0 can always be taken as a (A = 0) and thus
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H0 is the same for all
we consider. As a final refinement, we have also taken account of the
perturbation’s diagonal matrix elements (nIH H0 In) before truncating the basis; we order the basis
by the energies (H),,,0 = (nIHIn). Basis states which are built in a highly one-dimensional way are
very costly in energy and therefore moved up
We need to specify how to make use of the quartic oscillator basis, there being no simple closed
form for the energies and matrix elements. First one solves the one-dimensional quartic oscillator
in a harmonic oscillator basis with the frequency w determined above. The fact that the harmonic
oscillator is used disappears from the point of view of the two-dimensional calculations, it being
just a computational aid for the H0 basis. The energies e,, and the matrix elements of {~2,~4}
calculated from the eigenvectors are stored for the two-dimensional calculations; the odd and even
parity cases are calculated separately.
Let us now turn to the diagonalization of the two-dimensional coupled quartic oscillator in the
uncoupled basis. To correctly obtain a slice of eigenvalues of H lying in the interval [Emin,Emax],
one needs to include in the truncated basis all states between the energies emjn and emax of the
inscribing surface emjn = H0 of Emax = H and the circumscribing surface emax = H0 of Emax = H,
which, for A < 0, comes at
a0
a0
emjn =
Emin,
emax =
Emax .
(3. 7)
ft

—

N~~0
(emax) WHO (emjn) then gives the dimensionality of the computed matrix. If dmax is the
maximum dimensionality that can be diagonalized on the available computer, the number ö of
levels that are converged for a slice starting at energy Emin is given (for each symmetry separately)
d =

—

by
ô(Emin,dmax)

NH(Emin)

= NH(Emax)
=

3t2d

[1— (1 +2)3/2]E~.

(3.28)

(a(A)(l+A))

By patching together adjacent slices (with some small overlap; our estimates are optimistic being
only attainable in the semiclassical limit) one may obtain sequences containing more than dmax
levels. The maximum energy attainable is then Eiim = Emin = Emax) for which ö (Eiim, dmax) = 0,
which means that the let) are such that E
0
Elim spread over dmax basis states. More specifically,
for each parity sequence
(

dmax

=

1
~ ((2)~

2))

3/2

[1- (1 + A)3/2]E~,

and therefore the maximum number of levels that can be found using dmax

(3.29)
X

dmax matrices is

(a (1) (1 + 2) ~ 3/2
a(0)
(3.30)
(Of course, before this limit an increase of dmax will cost less than adding new slices.) In practical
computations, we used dmax ~ 5000. The number of levels actually obtained for the different cases
we have treated and the limit given in eq. (3.30) can be found in table 2.
3/2

4dmax

NH(EIjm) = Eiim = 1— (1 + 2)3/2

~

)

*).This results from the fact that the In) are EBK wave functions built on ttori.
At the
level of approximation
volume
surrounding
the tori and, considered
in fact, do
here,cover
not
theirthe
Wigner
energy
transforms
surface uniformly.
may be thought of as concentrated in a (2mhY
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Table 2
Complete list ofcomputed quartic oscillators spectra: number
2D, number
of calculated levels converged to better than 10
of theoretically computable levels NH (Eiim) [eq. (3.30) with
dma,, = 5000] and number of spectral slices used.
A

b

calculated

0.00
—0.25
—0.35
—0.45
—0.60

m/4

100000
28000
22000
15000
9000
8000
6000

ir/4
ir/4
m/4
~r/4

l/2v’~ 3v’~/4
1/4

3/2

NH (Eiim)

45000
29000
21000
12000

# of slices
1
3
3
2
1

To verify the accuracy of the one-dimensional calculation we make two checks against the
asymptotic expansions for the energies Eqo,n of the quartic oscillator given by [60]
1\\4/3

~
/~(

Eqo,n =

2~.n
+ ~.‘
J’11’i2

)

‘4’

~

Ck

[9ir(n
+

1

~)

2 ] —k ,

(3.31)

k=0

where the first four WKB terms are
5

ll(f’(~)2’\4

2~+~~\

4

c
0=l,
c1
By n

=

1,

C3 =

11
~

+

341
~

)

)

(f’(1)2\4
~

.

(3.32)

= 40, with the first four terms of eq. (3.31), the semiclassical energies are converged to better
than 15 decimal places.3 One
check on
the matrix
elements
a special
case of the
virial
= (nI~4In),
which
we again
comparecomes
to thefrom
asymptotic
expansion
for Eqo,n;
theorem,
namely
Eqo,n/
there are also matrix element relations more restrictive than sum rules which also could have been
used [61]. See fig. 6 for the actual errors. If Eqo,,, and the nth diagonal matrix element are good to
14 decimal places or better we assume the eigenstate has converged and the other matrix elements
are also accurate to this level. In this way a basis of 180 harmonic oscillator functions allows
accurate calculation of the first 126 quartic eigenstates (for each parity separately, 252 together).
For the two-dimensional calculation, a str ngent test of the algorithm is to reproduce the (2, b) =
(3, 1) spectrum, which is precisely equal to the H
0 spectrum. We also have methods to numerically
check the convergence of the routine for any value of A. The first arises from the fact that the
neglected states become important exponentially fast. With the levels above (below) missing, the
downward (upward) pressure on the remaining levels is too small so that all of a sudden the
levels deviate from their mean position by distances much larger than the fluctuations. This being
exponentially quick we count back a couple of decades and to high precision we know where we
have 10—2 precision (on the scale of a mean spacing); see fig. 7. In a similar vein, we calculate the
best coefficients in the expansion of N(E) and compare to the exact. They again deviate at the
same places in the spectra, but they give a slightly sharper view. Our second method comes from
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Fig. 6. Comparison of the one-dimensional quartic oscillator energies coming from a diagonalization in a well adapted
harmonic oscillator basis (360 states taken) with the energies deriving from the first four terms in the semiclassical
expansion [eqs.(3.31) and (3.32)]. Between n = 0 and n = 40, one sees the approach of the semiclassics to the actual
energies. From n = 40 to n = 260, the diagonalization is converged to 1 5 decimal places and all states up to here may be

used for the coupled quartic oscillators problem. Beyond n

=

260, the exponentially fast failure to converge is seen.

realizing that the top of one slice gives an upper bound on the spectrum while the bottom of the
next slice gives a lower bound; again see fig. 7. By subtracting the two we can identify the precision
of every level extremely accurately; we also verified that there were essentially no crossings of the
bounds. Oddly enough this is where we saw the first differences between chaotic and regular levels.
In the spectral region between best convergence and nonsense the chaotic levels show a kind of
noisy convergence that fluctuates from level to level superposed on the exponential increase in error.
The regular sequences though, are fluctuation-free and sometimes less well converged than than the
average chaotic level locally, at other times better. On average they are seen to converge about as
well. This leads to our third method, which stems from the fact that the four matrices diagonalized
are quite different; however, we shall see that there are regular levels quasidegenerate to such a
degree (< 1 O~)that it is possible to see precisely how the convergence behaves by looking at the
splitting of the degeneracies. For the most part the convergences are good to iO~to 10—6 (better
for some regular levels) with the exception of levels near where the spectral slices were patched
together, which are good only to < 10—2.
We can envision ways to develop further these methods so as to be able to produce longer or more
highly excited sequences. First of all, we could have, without any problem, approximately doubled
the size of the matrices diagonalized from
5000
10000 since these matrices diagonalized
extremely rapidly (10—15 quadriprocessor CPU minutes/matrix with a Cray-Il). This would have
doubled the number of levels easily attainable. Preliminary ideas indicate that it is quite probable
that a kind of preconditioning of the matrices would have led to better convergence and perhaps
another factor 2 increase in sequence length. So that if motivated to do so sequences of 100000
levels in certain interesting cases could have been obtained. These ideas could conceivably be
applied to other polynomial potentials including perhaps ones of higher degrees of freedom.
—~
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Fig. 7. Oscillatory part ofthe unfolded cumulative density of states,~N= N (E) — N (E), for the case (2, b) = (—0.25, ir/4).
The unfolding was performed with eq. (3.20). (a) The entire spectrum of reflection symmetry (+, +) as patched together
from the three slices that were used; (b) the result for just the uppermost slice of reflection symmetry (+, —).

4. Regular states
We enter with this section into the heart of the matter, that of the relationship between a quantum
system and its classical analog. For integrable systems, this is well understood since a standard EBK
quantization scheme allows one to compute from the classical knowledge both the eigenenergies
and their associated wave functions. This also includes KAM systems (i.e., the chaotic region is not
widespread), for which there exists an extensive chemical physics literature (for a review see ref.
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[8]). For the mixed systems we are interested in, the regular regions of phase space look very much
as if they were part of such a regular system. It should therefore be possible, as Percival pointed out
[40], to use the EBK quantization rules in such regions, and to extract from the global spectrum a
set of levels which he refers to as being regular since they correspond to quantized invariant tori.
We shall then adopt as definition that a regular eigenstate is one which is quantized on a single
invariant torus and we shall continue to leave more vague the definition of a chaotic eigenstate.
This separation of the spectrum into a regular and an irregular part is more difficult to achieve
than would appear at first sight. As is well known, quasi-integrable dynamics, as exemplified by
what is termed KAM islands, has a much more complicated structure than integrable dynamics. For
instance, it is not clear a priori how the quantization applies in places where instead of the expected
invariant tori one finds either a chain of small subislands or canton. Straightforward answers based
on mathematical foundations should not be considered the final word on the subject since previous
work indicates that a semiclassical quantization can often be used with fewer constraints than
needed for the theoretical derivation of the EBK rules [8, 62,631. Our results will shed some light
on these questions.
What we intend to do in this section is to perform this separation for a few cases of the
quartic oscillators in a rather simple manner. The method of separation is not general but rather is
applicable to systems with special symmetry properties. In fact, for certain ranges of the parameter
)~,all invariant tori possess a duplicate somewhere in phase space, to which they are connected by
one of the system’s discrete symmetries. The induced quasidegeneracies will allow us to identify
directly which eigenvalues in the spectrum are related to invariant tori. We will then return to the
questions of resonances, and finally to the tunneling mechanism which causes the small splitting
between quasidegenerate pairs. It will be shown that the presence of the neighboring chaotic sea
noticeably modifies the way tunneling takes place.
We shall begin however with a presentation of a more typical utilization of the EBK quantization
rules. Although this will not lead to the actual separation, we find it interesting to present it for
two reasons. First of all, it will form the theoretical basis needed to understand what specific
complications the KAM structure of the regular islands introduces in the EBK quantization scheme.
Secondly, we shall use this standard EBK quantization as a reference to what is usually to be
expected. The comparison between the results obtained in this first part and the final separation
will give some insight into what distinguishes regular levels from chaotic ones.
4.1. EBK

quantization

In a system with two degrees of freedom, as in our numerical example, the number of mutually
independent closed curves which can be drawn on one invariant torus is two; see fig. 8. To each of
these paths, C1 and C2, which are generally not trajectories, corresponds an action integral:
Jiy~p.dq

(i=

1,2).

(4.1)

Then, in the semiclassical limit, if there are two integers n1 and n2 such that

(

~J2)

=

(

2~h ni + 1~/4~
~n2+12/4)

(4.2)
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Fig. 8. A visualization of a two-torus and its two irreducible paths C

1 and C2.

where l~and 12 are the Maslov indices of C1 and C2, respectively (i.e. integer which counts the
number of focal points through which C1 or C2 pass), the energy of the torus is an eigenvalue of
the quantum Hamiltonian.
For a mixed system, invariant tori may be regarded as belonging to some KAM island. One of
the paths on which the actions are calculated (say (‘2) may be chosen along the general direction
of the central periodic orbit C~.At fixed energy, the corresponding action J2 has thus a value close
to
dq (which is independent of the size of the island) for the whole island. The other path
C1 can be chosen transverse to the central orbit. J1 thus varies from 0 (for the central orbit) to
some maximum, which remains small if the island occupies a small proportion of the phase space.
When looking at a Poincaré section, it is most probable that one intersects a torus transversally.
In all the cases we shall consider below, C1 can be chosen as one of the curves which constitute the
intersection of the torus with one of the planes qj = 0 (i = 1 or 2). If, for instance, C1 is included
in the q2 = 0 plane, the integral J1 can just be written as
.

~j1 =~fPidqi

(4.3)

since dq2 = 0. J1 is then the area, in the Poincaré section, inside the trace of the torus. As C1 is
included in one of the planes qj = 0 (i = 1 or 2), its Maslov index 1~ = 2, as any simple closed
curve in a one-dimensional system. Thus, regular islands in Poincaré sections with area smaller
than ith at the maximum energy considered will not support even a single regular level. For the
quantum system, they will behave somewhat as if they were chaotic (or simply not there), assuming
they are not surrounded by canton that effectively enlarge them quantum mechanically.
To obtain all the regular levels, one has to compute the value of the actions J1 and J2 for
each of the invariant tori and retain those which ful{’ill the quantization conditions. To make our
presentation clearer, we shall begin with a simplified picture of the regular regions, in which we
will consider them as containing only regular trajectories. We will thus forget, for a moment, all
the complex inner structure due to the alternation of undestroyed and broken tori. Moreover we
shall consider that in a Poincaré section in a particular energy surface, each island appears as a set
of concentric curves, which means that it contains nothing resembling resonances or separatrices.
In this approximate image, each point of a regular region lies in a torus defined by its two action
integrals J1 and J2. We can thus perform a local canonical transformation from the (q,p) variables
to the action—angle ones (0, J) [with J = (J1, J2)] in each regular island. This transformation
cannot be made global for two immediate reasons. First of all, the action—angle variables are not
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defined in the chaotic regions. Moreover two tori belonging to two different islands may correspond
to the same value of J1 and J2. The transformation (q,p)
(9,/) is thus one to one for a single
island, but not throughout all regular regions. We shall therefore focus on one particular regular
island at a time, allowing us to uniquely define a torus by the values of its actions (J1, J2).
One now has to obtain the function H(J1,J2) which leads to the eigenenergies E~1,~2with
quantum numbers (n1, n2) through eq. (4.2). This, strictly speaking, is equivalent to the knowledge
of a one-parameter family of curves gE defined in the (J1, J~)plane by the implicit relation
—*

H(J1,J2

=

gE(J1))

=

E

(4.4)

.

Each time a curve gE lies on a point of the grid defined by eq. (4.2) (n1, n2 = 0,1,2,.. .),E = E~1,~2
is an eigenvalue of the quantum system. It remains to obtain the curves gE. Practically, this would
consist of measuring J1 and J2 for a large number of sampled tori on the E energy surface. As Ji is
actually the area inside a curve in the Poincaré section, it could be measured by a simple counting
of pixels but this would be far too inaccurate. Also there is no direct way to numerically calculate
J2. It is thus convenient to introduce another set of variables describing a torus, namely (a, J),
where a is the winding number of the torus and
J=J2+aJi.

(4.5)

In a Poincaré section 02 = const., J appears as the action integral along a trajectory between two
successive intersections with the section. One can also introduce the one-parameter family fE such
that J = fE(a) for any torus (a,J) lying in theE energy surface.
Differentiating eq. (4.4) gives
~H/0J~ +

(gE)I8H/0J2

=

0,

(4.6)

which means that
(gE)~ dJ2/dJ1

=

~°l/°2

=

—a

(4.7)

.

The transformation from gE to fE (as well as the reverse one) is thus a Legendre transformation.
It is now quite easy to compute to a very good precision the couple (a, J) associated with a
particular torus. This is accomplished by starting a trajectory from some point X of the torus
lying in a Poincaré section, and by performing N iterations of the mapping T. If s is such that
ys (X) corresponds to the closest approach to X after the N first iterations and r is the number
of turns ~TT~
(X) has made around the center of the island during the s iterations, then r/s is the
best rational approximation to a with denominator < N. Other than a few exceptional
near
2). regions
(Our choice
nationals
withgives
smalladenominators,
this will generally lead to a precision of O(N
of
N = 1000
within
l0~.)
At the same time, the action

f

T’ (X)

S=

p.dq

(4.8)

taken along the trajectory connecting X and ~TS(X) can be measured with a precision equal to that
of our Runge—Kutta method. This can be done directly, by adding p dq at each step of integration.
For a scaling Hamiltonian, whose potential fulfills eq. (2.4), S is given by S = Et/(1/2 + l/du)
.
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Fig. 9. Configuration space drawing of representative tori, one each coming from the islands (a), (b), (c), (d), (e), respectively, for the case (2,b) = (—0.25,,r/4). Their symmetric partners in (a’), (b’), (c’), (d’), (e’) are easily visualized (see
also fig. 1).
(—* 4Et/3, for the quartic oscillators) since IiS/IJE = t and S scales as E~”~”~
t is the time
needed to go from X to TS(X).
From the curves J = fE (a), which are easily obtained with a good precision, one can construct
gE by repeated use of eq. (4.5) together with dJ/da = Ji. There is of course some loss of precision
öJ1, during the first step, as for any numerical calculation of a derivative. This will however be

somewhat compensated because one has the correct tangent to gE~Thus, if J and a are accurate,
the error comes from the second-order curvature term ~ (of1 )2 (gE)/~.
When considering scaling systems, such as the quartic oscillator,
the computation of the curves
1) through
gE is greatly simplified since all gE are related to g°( = g~
gE(J~) = ~
E3/4g°(E3/4J
1)
(4.9)
—~

.

Recalling the grid defined by eq. (4.2) in the space (J1, J2), a point of the grid
belongsthat
to
0, actually
which means
the regular island if it is the image, by a dilatation, of a point (J~,
of g

4)
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Fig. 10. Expanded view of island (a’) showing some of its structure; (a) q

2

and (b) q1

=

0 section for the case (2,b)

=

=

0 section for the case (2, b)

=

(—0.25, iz/4),

(—0.35,t/4).

the line going through the origin and the point of the grid intersects this curve. The quantization
condition can be rewritten as

g(f~(ni,n2))

=

J~°(n~,n2)= 2th(n~+ ~
0(n
J2 1,n2) = 2,rh(n2 +

(410)

We shall thus, loosely speaking, refer to the torus (J1°(n1, n2), f2°(n1, n2)) as a quantized torus,
meaning here that one or more of its scaled analogs is an element of the grid. In fact a point of g°
which quantizes for a given (n1, n2)
will in
general
the same relation for an infinite number
0 must
satisfy
the satisfy
relation
of couples since such a point of g
J 0/J~°
= g°(J~)/J~
= (fl2 + ~1
2
2)/(n1 + ~).
(4.11)
The fact that energy levels in very different places of the spectrum can correspond to exactly the
same torus can be used to observe how the semiclassical limit is attained (we can equivalently
think of this as fixing the energy E = 1 and finding
therelated
quantized
values
of /1). transformation.
0) are
through
a Legendre
As just shown,
variables
(J1, J2) and
Depending
on thethe
physical
circumstances
one(a,orJ the other of these pairs may enter more naturally.
For completeness we reexpress the quantization conditions for scaling systems eq. (4.10) with the
help of eq. (4.5) in terms of (a,J0). This gives
E~’(~E~
2)

=

~[(n2 + ~12) ±a(n~
+ ~)1.

(4.12)
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Fig. 11. Comparison of the classical and semiclassically derived actions of island (a). The unprimed figures are for
the case (A,b) = (—0.35,~/4)and the primed for (—0.25,ir/4). (a) (~,J°)which are obtained directly from the
numerical integration of the classical equations of motion. (b) The derived actions
J
2°)related to (a, J°)by Legendre
transformation. (c) The semiclassically derived actions via EBK and the quantum number assignments.
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Let us now specialize to the quartic oscillator for the examples of (—0.25, ir/4) and (—0.35, ‘t/4).
For (—0.25, ir/4), four sets of islands [labeled as (a), (b), (c) and (d) on fig. 1] are large enough
to support regular states below E = 930 (‘~28 000th level). Trajectories started from these islands
are shown on fig. 9. For (—0.35,r/4) only three islands [(a), (b) and (c)] sustain regular levels.
The corresponding trajectories show no essential differences with (—0.25, m/4). In both cases, all
Maslov indices /~associated to the paths C~are equal to 2 and the Maslov indices 12 are equal to
4 for tori belonging to the islands (a), (c) and (e), and 2 for those belonging to islands (b) and
(d).

We have constructed the curves g°and f0 for the main island [island (a)] for these two values
of ).. Some remarks are in order: we know (Poincaré—Birkhoff theorem) that the simplified picture
used until now for the the regular islands applies only for tori whose winding number a is sufficiently
far from a rational. As a consequence, the curves g°and f°are only defined for a Cantor-like set
of J
1~points, which are the only ones for which the EBK quantization rules hold rigorously; the
remaining points originate either from small chaotic regions or from subisland chains (see fig. 10).
However, depending on the density of initial conditions0used,
ourasnumerical
coarse
appear
continuousmethod
curves gives
wherea merely
grained
equivalent.
With
our
sampling
choice,
g°and
f
the largest resonances in fig. 10 are seen as gaps in fig. 11.
Ahead we shall first identify the regular levels and then assign the quantum numbers (ni,n
2)

through the EBK conditions. In so doing, a quantum curve, g~, will be constructed for the various
regular islands allowing a fine comparison to be0,made
classically of
constructed
g°.The problems
and to
thethecomplexity
the regular—chaotic
region
of
the resonances,
appear
as gapsthese
in gtwo curves illustrating various effects due to the finite
interface,
will show which
differences
between
size of ~l.
4.2. Dynamical quasidegeneracies

The actual separation of the regular levels from the nest of the spectrum is made possible here
because of the discrete symmetry properties of the quartic oscillators. We have already mentioned in
section 2 that for ~ [—1,2’], all the tori which correspond to the original structure are destroyed.
The remaining invariant tori have a lower symmetry than the global one. They all thus have at
least one exact replica which is its image by an element of the global symmetry group ~. As a
consequence [64,42] all the associated EBK wave functions and thus all the regular levels come
in degenerate pairs (or perhaps higher degeneracy). When the exact eigenvalues are calculated,
these degeneracies are slightly broken because of tunneling between tori (see section 4.5). As such
effects are exponentially small, these levels remain remarkably close to each other, and we shall
refer to them as quasidegenerate levels.
In practice, for all the cases we have treated, the resealed tori large enough to quantize under our
maximum energy have only one duplicate; one element of {P
1,P2,P1F2}, which we generically
1P, among call
the
P.
leaves
them
invariant.
Thus,
for
a
given
torus
t
associated
with
a
wave
function
four functions
,~

‘~

=

~(1 +eiP
(4.13)

1)(1 +~2P2)!P

which belong to the sequences (e~= ±1,e2 = ±1)two are non-zero and associated with quasidegenerate levels and the two remaining ones are null.
‘)

On the contrary, since all the significant chaotic regions are invariant under

the chaotic states [65].

~,

no quasidegeneracies are expected for
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To know in which sequences the degenerate levels are to be found, we shall once again follow
ref. [64]. Denoting, as usual, by C1 and C2 the two independent paths on which the quantization
conditions are written, and by n1 and n2 the associated quantum numbers, we must first determine
whether P(~P(n1,n2))is equal to !P(n~,n2)or to —~P(n1,n2).
For any point r0 of the torus, the phase difference between the contribution to !P (n1, n2) of r0
and P(r0) is
~q5=~1fP.dq_~ind(C),

(&l4)

where C is any path on ~ joining r0 to P(r0). As P is a canonical transformation, the phase A~’
calculated on the symmetric path P(C) to C is equal to i~q5also. And thus

f

2~= ~

p.dq—~ind(C+P(C)).

(4.15)

C+P(C)

Then, as (C + P (C)) is a closed path, it can be decomposed on C~and C2 as
C + P(C)

=

alCl + a2C2,

(4.16)

where a1 and a2 are integers, which leads, using the quantization conditions, to
L\4

=

(4.17)

ir(a1ni + a2n2).

Thus, exp(ii~qS) is equal to +1 or —l depending on whether (a1n1 + a2n2) is even or odd. For
all the tori we will consider, however, it happens that the path (C + P (C)) can be chosen equal
to C2, thus
L\4i 1~
= irn2,

P(9

(4.18)
(4.19)

82~I~,I,fl

1,~2)
= (—1

)

2.

The sequences in which the degenerate levels must be found then depend on P. In island (a) of
the 2 = —0.25 or —0.35 cases, for instance, P stands for P1P2. Thus for even n2
P(~1’n1,n2)

~~n1,n2,

~

~(l+ e1P1)(l +

and the two eigenfunctions must belong to the (+, +) and (—,
being equal to 0. For odd n2,
P(Y~,1~2)=~

~

(4.20)

fi62)~1’ni,n2,
—)

~i + e1P1)(l —e1e2)!P21,~2,

sequences to avoid (1 + ~
(4.21)

and the two eigenfunctions must belong to the (+, —) and (—, +) sequences. The same considerations can be used for any other regular region. For the main KAM islands of the A. = —0.25 and
—0.35 cases, we summarize the results obtained in this way in table 3.
4.3. Separation of regular levels and quantum number assignments
To proceed further one compares two parity sequences, and one can indeed see at first glance
that a large number of nearly degenerate levels occur. However, sometimes two unrelated levels are
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Table 3
Symmetry of quasidoublets of the main KAM islands of the
(2,b) = (—0.25,m/4) and (—0.35,~/4)cases (see fig. 1).
Island #
(a), (a’)
(b), (b’)
(d),(d’)

n

}

2 even

n2 odd

symmetry

(++), (——)
(++), (+-)

(+—), (—+)
(-+), (--)

PiP2
P~

~

(+-),(--)

P2

very close to each other just by statistical accident; our criterion for determining what is paired is
that the spacing be < 10% of the mean level spacing, which implies, using a random superposition
argument, that close to 15% of the spectrum could appear as fake pairs. One must therefore have
a further way to filter the regular levels. This comes by realizing that the sequences {E,~2}, where
n1 is constant and n2 varies, are easily recognizable.
Locally the curve g°is well approximated by its tangent line and therefore, using eq. (4.12), the
spacing
0(ni,n
~
—E,~{’~,2 2ir/J°(J1
2))
(4.22)
remains nearly constant locally in the sequence. These sequences are easily associated with a
particular KAM island via the spacing and f°, although here the symmetry considerations alone
usually suffice. Since the rescaled torus ~1,n2+l lies interior, in the Poincaré section, to r~~02,
the
sequences continue to infinite energy as the tori approach the center of the KAM islands. Once
the beginning of a sequence is found it can be followed right up through the entire spectrum,
its degeneracy splittings tending to zero. Another way to produce a sequence, n2 constant and n1
varying leads to finite sequences (since one leaves the islands as n1 increases) and the corresponding
approximation of the type of eq. (4.22) works less well since typically a>> J1°/J2°.
A third possibility,
that of following the states all quantizing on a particular scaled torus, leads to infinite sequences,
but it is too complicated to be of much help for making quantum number assignments; it is useful
for studying the pure effects of decreasing h.
Our filter of the regular levels is now so precise it will leave ambiguous no more than a few pairs
per thousand levels. (There were some minor complications to resolve such as occasionally finding
3 or 4 levels nearly degenerate; these events were resolved by comparing the spacings pairwise
and were flagged as special cases.) It is worth mentioning though that the filter can be made
even more selective by using a very characteristic property of the quasidoublets, namely the real
quasidegeneracies remain so for relatively large variation of the coupling A. (a quantum consequence
of the KAM theorem). This is totally unlike the behavior of “statistical accidents”, which will only
be nearly degenerate (or degenerate) for one value of A. at the nearest approach. Thus the motion
of the pair as a function of A. also exhibits a tell-tale sign. In fact, starting at A. = 0, two originally
non-degenerate levels approach as A. is decreased to form a pair typically near A. —0.05. With rare
exception, they remain paired until A. has decreased so much (perhaps A. —0.40) that the torus is
completely broken; sometimes they remain paired beyond, long after the torus is gone. Obviously
this in part depends on the torus. The maximum number of quasidegeneracies occurs near A. = A.’.
So we extract the quasidegeneracy sequences from the full spectrum, and now wish to identify
the quantum numbers for each of the regular levels. Again this is done without any need of the
eigenfunctions; if b = 1, this would not be true for the one doubly degenerate sequence. It is easy to
see that the sequence starting lowest in energy must be the n1 = 0 one; the point at which irh just
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Fig. 12. Expanded view of two portions of figs. 1 lb’ and c’ superposed, each one corresponding roughly to a J

1° interval

containing two successive points of the n1 = 0 sequence; (a) at the interior of the classical island; (b) outside the classical
island. The agreement between the classical line and quantum points is very precise when the first is defined. The points
furthest from the classical line in (a), and from its extrapolation in (b) are in the n1 = 0 sequence, where the semiclassics
should and do work worst.

fits inside the KAM island area in a Poincaré map occurs at lower energy than ~ith,
etc. The order
of the appearance, in the spectrum, of the sequences easily determines n1. To assign n2, we recall
eq. (4.12). ~
and n1 are known very precisely and J°is approximately given by eq. (4.22). a
is always close to ~ in our mixed systems but it is not very crucial since n2 is restricted to being
odd or even depending on the symmetry considerations. Usually only one integer for n2 comes
close to satisfying eq. (4.12). The n2 values for the rest of the members just come by counting up
the sequence starting with the lowest n2 value.
Once the quantum numbers { (n1, n2 ) } of {E~,,,,2} are known, one obtains through eq. (4.10) a set
of couples { (J1°(n1, n2), 4 (n1, n2) ) } which in the semiclassical approximation satisfy H (~j1°
(n1, n2),
4(ni, n2)) = 1. By this means one constructs a curve ~
(which, loosely speaking, we shall refer
to as a “quantum curve” since it is constructed from the quantum data) equivalent to the g°
introduced in section 4.1. The resulting curves are shown on fig. 11 for the main island [island
(a)] of the A. = —0.25 and A. = —0.35 cases. As expected, g~mprecisely corresponds to g°wherever
both are defined. An enlarged view of two small portions of a g°curve is given in fig. 12, in order
to illustrate the quality of the correspondence. However, all missing segments due to resonances
are interpolated, and the quantization seems to work well even for J1°larger than the total area of
the island. Visually, it seems that the quantum system has analytically continued g°along the most
natural path through all the gaps and up to a J1°that can be 2 or 3 times the classical maximum.
We shall consider that quantization occurring beyond the maximum j? to be cantorus quantization
[66]. However, we did not attempt to construct classically the canton outside the island to confirm
that they would lead to an extended g°curve similar to the quantum continuation. It would be
an interesting, stringent quantitative test of these ideas to do so. It should be mentioned that the
mechanism responsible for quantization above the maximum J1° is most probably also responsible
for the possibility of approximating the classical motion near “adiabatically stable” closed orbits by
the motion of an integrable Hamiltonian, as done in ref. [67].
The quality (degree of splitting) of the quasidoublet sequences is however quite different depending on whether J1~is inside (or close to) the regular region or distant from it This is partially
illustrated in fig. 13, where [continuing on with island (a)] the points of the grid (n1 + ~l~,n2 + ~ 12)
‘~

.

‘~ For 2 = —0.25, the maximum
found was 1.20 despite the total area of the island being 0.66. For 2 = —0.35, a J1~
equal to 0.9 was reached but little quantization occurred beyond 0.6, which is to compare with a total area of 0.37.
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Fig. 1 3. Quantum numbers (ni, n2) of the regular states identified in and around island (a) as quasidoublets (each dash
corresponds to a single doublet). The straight line locates the classical border of the KAM island and the lower right
represents the exterior. (a) From the first 28000 eigenvalues of the case (2, b) = (—0.25, ir/4). (b) From the first 22000
eigenvalues of the case (2,b) = (—0.35,ir/4); the straight line corresponds to J~°
=
0.37 and the straight dotted line to
J1°= 0.40. See text for further explanation.

in the plane (f1/2mh, f2/2ith) are shown for which a regular level has actually been found. On this
picture, it is clearly seen that, with very rare exceptions, the sequences are nearly complete for the
region of the plane (Ji/2ith, J2/2ir1~)corresponding to the interior of the classical island. Moreover,
the sequences tend to remain complete to some distance beyond the classical boundary. However,
further out, sequences start to break and become more and more fractured until they disappear.
For island (a) of the A. = —0.35 case, very few levels are missing for 4 < 0.4 (see fig. l3b),
whereas beyond this value, namely in the interval 0.4 < .J~°
< 0.5, about half of the levels are.
This is reflected in 4D—lO—7D
the splitting or
of less,
the corresponding
quasidoublets.
the splittings
of
those of boundary
levels are Typically,
102D—104D
and beyond
interior
levels
are
l0
.110 = 0.40 they are l0’D—l03D. The splittings do not, in most cases, increase smoothly from
l07D to 10’D as one goes from the center of the island to the maximum quantized 4. Actually,
fluctuations of several orders of magnitude exist between doublets for neighboring 4. We shall
return to this point at the end of this section.
The levels exterior to J
1° = 0.40 (i.e. 2% of the total number of levels) should therefore be
regarded as being of intermediate status rather than being purely regular. When studying the
statistical behavior of chaotic levels in the next section, we therefore only consider “regular” those
levels with J1° < 0.40. Note we have checked that the fluctuation measures to be discussed in
the next section are by no means sensitive to this precise choice. The volume of the island is
approximately
V

=

f

dp.dq9(Eo—H)~ ~J~°(max)4(max),

(4.23)

island

where

4 (max)

corresponds to the size of the island and

4 (max)

to the action of the periodic
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trajectory at the center of the island [4(max) = 10.01]. Extending the value of J?(max) from its
classical value (0.37) to 0.40 increases the fraction of levels f 2V/(2x)2 from 9% to 10%.
Thus island (a) appears quantum mechanically as enlarged by 10—20% (for the A. = —0.35 case
considered here and also for A. = —0.25) compared to its classical size. We would like to stress
however that this is not always the case. The small islands behave in a significantly different
way compared to the big ones. For islands (b), (c) and (d) for A. = —0.25 and (b) and (d) for
A. = —0.35 there still exist a few levels which probably correspond to canton just outside the classical
islands. However, for both the quantizing tori not too deeply inside the islands and the canton,
the splittings are large and on average quite close to our maximum acceptable limit. In addition
the sequences show some spacing irregularities as compared with the EBK expectation. In fact the
quantum number assignments are, in some cases, more reliable outside of the big islands than inside
the small ones. We strongly suspect that the small islands are providing another example of states
of intermediate nature. They are either (de)localized on two or more quantizing tori and/or partly
living in the chaotic region of the phase space. Moreover, a certain number of levels corresponding
to tori interior to the classical small islands may be missing.’) Figure 14 illustrates one of the
clearest cases, for which nearly half of the expected levels is lacking.’’) At least for some small
quantum numbers, there appear to be quantizing tori that do not give rise to a regular state. This is
different from what happens for the big islands, for which the smallness of the quantum numbers
is reflected simply by small displacements in energy compared to the EBK prediction (see again
fig. 12 and caption). The image is thus that the small islands at our /1 are reduced in size quantum
mechanically as opposed to being enlarged. In particular for island (c) of the A. = —0.35 case no
quasidoublet has been identified although one expects some of them to be present. We believe
that the nature of the regular—chaotic interface as described by classical dynamics (i.e. fast mixing
beyond the border or, on the opposite extreme, presence of partial barriers) plays an important
role in determining which of these possibilities occurs fOr a particular K.AM island. Qualitatively,
this argument is consistent with our experience in the quartic oscillators. As a consequence, the
insistence on a strict correspondence between the definition of a regular state and an invariant
torus is somewhat naïve. Presumably then, it is proper in some cases to associate regular states with
other classical objects such as canton while in other cases, even the existence of a torus satisfying
the EBK conditions does not guarantee the existence of the corresponding regular state.
Let us now return to some of the difficulties encountered while doing the actual separation and
quantum number assignments. A first delicate point consists of choosing properly the practical
upper limit for the largest acceptable quasidegeneracy splitting. One would both like to get all
actual quasidoublets (and thus increase the criterion), but yet not include so many fakes that their
elimination is not feasible (which induces one to reduce the criterion). Our choice, 10%D, is a
good compromise since increasing it adds a negligible number of true quasidoublets and yet the
construction of the sequence can still be carried out easily. From the selected doublets, all sequences
of length 3 or larger were extracted [J° in the proper range via eq. (4.22)]; small gaps in sequences
were easy to adjust for.
At this point the quantum number assignments were usually straightforward, but some interrelated
problems were encountered which depended on the KAM island under study, namely sequence
crossings or “accidental degeneracies” and missing segments of sequences. First we discuss the
sequence crossings. Consider two overlapping sequences of {E
01,02} (n1 fixed). They necessarily
‘)
Note that there is not necessarily a sharp distinction between those possible quasidoublet pairs which just fulfill our
maximum splitting criterion and some which have been rejected.
‘‘)
Lack of levels from islands other than island (a) in the 1 = —0.35 case compensates for the excess levels of island
(a) in such a way that the total proportion of regular levels, -..~ 12%, is the same as the classical expectation.
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Fig. 14. Quantum numbers (n1, n2) of the regular states identified in and around island (b) as quasidoublets from the first
22000 eigenvalues of the case (1, b) = (—0.35, r/4). The straight line locates the classical border of the KAM island and
the lower right represents the exterior.

come from different regions of the curve g°, so to speak, since their n1 values are different. All of
the curves g°from the various KAM islands have a gentle curvature so that the two sequences must
have somewhat different spacings (though locally each sequence has nearly constant spacings). For
certain pairs of n1 values the sequences are close by somewhere in the spectrum and as one climbs
(or descends) the sequences, the levels of the one with the slightly larger spacing overtake and pass
the levels of the other sequence. This is what we call a sequence crossing. The crossing point is
usually an accidental degeneracy in that two different quantizations accidentally lead to the same
energy (therefore one finds four levels nearly degenerate); if the spacings are too different then it
is possible to cross sequences without having a near-degeneracy (on the scale of a mean spacing).
The accidental degeneracy splittings are much larger than the quasidegeneracy splittings.
In a sense accidental degeneracies are not really accidental in that with the knowledge of g°they
are predictable. Starting with eq. (4.2), two different quantizations giving the same energy E satisfy
3/4/2irh,
(4.24)
t~n1/LxJ1°
= i~n2/z~4
= E
where ~ indicates differences. This implies
EJ 0/AJ
2
1°,
(4.25)
which means that the line connecting the two points on g°has a rational slope. Since n1 at our
energies never exceeds the low twenties, the differences i~5J~
cannot be infinitesimal. The curvature
of g°, then, is important. However, if making a limited expansion of AJ2°/~~\J1°
around the point
centered halfway between ~j? and 4 + ~
we find
2,
(4.26)
=

—a

—

~a”(L\J~)
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where the second term can usually be ignored. The centered point on g° has the same rational
slope as the connecting line. Therefore two points equally spaced +A4/2 from J1° such that
a = r/s = —An2/An1 along with eq. (4.2) approximately give the sequence crossing point energy.
Since ~~1°
(a = r/s) ±AJ?/2 do not necessarily quantize, the actual accidental degenerate energy
occurs at the level in the n1 sequence closest to that energy. In fact, for the quartic oscillators (and
most other scaling systems), as n1 —~ ~, the curvature can be ignored and the scaling is such that
accidental degeneracies of infinite order coalesce slowly where a is rational. At a given energy, the
smaller s, the higher order accidental degeneracy is possible.
There are now two possibilities. The first is that both sequences belong to a part of the classical
curve or, otherwise said, are interior to the KAM island. Usually in this case the quasidegeneracies
are excellent, giving no problem there. However, tunneling splits the two sequences near the
accidental degeneracy if An2 is even’~in such a way that, if one blindly (locally in the sequence,
without knowledge of g°) assigns n2 quantum numbers, the tendency is to switch sequences at
the crossing point and to start assigning false quantum numbers. This is easily seen after the fact
when drawing the quantum curve ~ 0 assuming
There willallappear
a kink in are
the assigned
sequencequantum
of pointsnumbers,
(~j1°,
4)
the sequences
and
it
will
slowly
veer
away
from
g
actually two of them will veer away from g° (one above g°,the other below) at points separated
by AJ
1°on g°. This can be easily corrected if the curvature is not too weak. Also note that the
quantum number assignments for the accidental degeneracies are dubious in that there are really
two non-congruent quantized tori significantly contributing to each state there.
The second possibility, namely one sequence inside the KAM island and the other outside it,
which here is the more frequent situation, arises because certain KAM islands quantize well beyond
their chaotic boundaries when n1 is not too large. This situation is complicated by the fact that the
exterior sequences tend to be almost evanescent, disappearing and reappearing almost randomly as
though they had a partial memory of a “nearby” more regular system. Of course the further to the
exterior, the more tenuous, on average, the sequence. When both sequences seem well defined in that
the quasidegeneracies are good and there are few missing levels, the tendency to switch sequences
exists, as above, but is generally stronger. Still the quantum number assignments are fairly sensible
once corrected. Sometimes the exterior sequence is more or less invisible, though predictable in
that another sequence has extended g°to that region. Then one sees near the foreseen crossing
point one of three cases: (i) no effect, (ii) for the exterior sequence a few isolated quasidegenerate
pairs appearing like nearby “shadows” through the crossing region, or (iii) for the interior sequence
a gap created where there should be none. We believe that cases (ii) and (iii) are examples of
effects coming from levels that are of intermediate status being neither fully regular nor completely
chaotic and not easily detectable by our method. Their relative abundance seems to tend to zero
with increasing energy but they are always there to some extent in our spectra. We should remark
that sometimes the quantum number assignments of parts of the exterior regions can be difficult.
This is not only due to the gaps but g~ can get a little fuzzy there. For KAM island (a) for
A. = —0.25, this was not a problem but for island (a) for A. = —0.35 it was.
The second problem, that of sequence gaps, also adds to the difficulty of assigning quantum
numbers since n1 can no longer be so easily determined for each subsequence. Usually this problem
is solvable with some tedious work. They arise because within one sequence the quasidegeneracy
splittings can vary locally by, say, three orders of magnitude; this was not true of all the KAM
*) If M2 is odd, the n1-fixed sequence crossing occurs such that the accidental degeneracy contains one level from each
of the four {e1, ~2} representations; see discussion leading to eq. (4.21). If ~tn2is even there are two levels each from two
representations at the accidental degeneracy.
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islands. This leads to occasional gaps in some sequences until splittings smaller than 0(1 O~)
(unit mean spacing) were attained. This tiny splitting comes well inside the KAM region. Some of
these gaps can be associated with sequence crossing effects, but not all of them. Section 4.5 will
show that this may be traced back to the way the chaos modifies the tunneling process between
quasidegenerate states.
4.4. Resonances
Up to this point, it seems that the complexity of the motion inside the quantizing islands is
completely ignored by the quantum system. The chaotic motion is so narrowly confined as to be
effectively regular and even the largest resonances cause no difficulties. The ~ curves simply
interpolate the missing gaps in g°, and almost all the possible quasidegeneracy pairs (n1, n2) are
found (at least for the largest islands). At first glance the results are therefore quite satisfying.
There remains however one puzzling feature. In island (a) (—0.35, m/4), there is an r/s = 2/3
resonance which has an area such that it should, at least in principle, quantize directly somewhere
beyond the 14 000th level in the spectrum (see fig. 10). Why no problems were encountered when
quantum numbers were assigned in that region and what sense these quantum numbers have should
be clarified.
Let us introduce {J1,I2,~,I},where 11,12 are the action variables of tori belonging to some r/s
resonance, ~ the associated winding number and I = ‘2 + Eu1. One knows that at sufficiently high
energy quantum states will be labeled by quantum numbers (m1, m2) related via EBK to the actions
(Il, ‘2). Quantum mechanically one expects some kind of smooth transition between the range of
energy where the (ni, n2) we have been using are good quantum numbers and beyond, where the
(mi, m2) are. However, it is not obvious, a priori, how the quantum system accomplishes this. The
answer involves tunneling (uniformizations) such as the treatment by Ozorio de Almeida [68],
which has as a consequence the well known relationship [44] between certain avoided crossings
and resonances. Here, we forego any study of a uniformized semiclassical procedure and content
ourselves with understanding how, at least from the point of view that we use to assign quantum
numbers, a soft transition between the two families of quantum numbers is made possible by
forming new sequences of states from the ones found ignoring the resonant structure. Including the
tunneling, this transition will diminish the size of h for which a clear signal of the existence of the
resonance will be seen as compared to the naive value expected from the size of the island.
Locating the (n1, n2) levels which may be reassigned (mi, m2) values follows easily by considering
the grid of points (ni, n2) in the (J1, J2) plane. Those points included in the region bounded by
two lines emanating from (0,0) and passing through the points of g°at either edge of the gap
due to the resonance in question form the pooi of candidate levels. To begin with, we shall use a
simplified image in which inside the resonance both the curve g°and its analog ‘2~= ,~0(I?) are
approximated by their tangent in the center of the resonance (i.e. at the origin for ~
In this
approximation, both J° and jo are everywhere equal to J°’ and Io~ respectively, and thus the
spacing of the n1 -fixed and m1 -fixed sequences are constant with
0*
10*

=

=

~

(4.27)

5J

where the integral is taken over the resonance’s closed orbit. This means [see eq. (4.22)] that the
spacing of the m
1 -fixed sequences are s times smaller than those of the n1 -fixed ones. However,
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r/s, eq. (4.12) implies that
E,~(~flIfl

2+Afl2—

E~(~2

(4.28)

is precisely the spacing of the m1-fixed sequence if
sAn2 + rAn1

=

1

.

(4.29)

One may thus pool s neighboring n1 -fixed sequences (n1, n1 + 1,. . . , n1 + s — 1) to construct an
mi-fixed one. Moreover, in this simplified image, all levels ~
appear “accidentally” degenerate
with all ~
when sAn2 + rAn1 = 0. There is thus an intrinsic ambiguity in the quantum
number assignments and, in particular, in the choice between (n1, n2) and (m1, m2).
Let us now turn to a more realistic description with the help of fig. 15. In practice, because neither
g° nor
can be identified with their tangent in the center of the resonance, only a few levels,
corresponding to the sequence crossings discussed in section 4.3, are actually nearly degenerate. As
already stated [see eqs. (4.26) and (4.25)], ~
= E~1
+~1,n2+i~2 not only requires that An2/An1 =
—r/s but also that the midpoint between (ni, n2) and (n1 + An1, n2 + An2) [in the (Ji/2mh, J2/2ith)
plane] is as close as possible to the line £~corresponding to the center of the resonance. This
can be visualized by drawing in the resonance’s zone of the (J1/2ith, J2/2irh) plane the lines £k
translated from £o by k times the vector (—s/2, r/2), where k = . .. , —1, 0, 1
The ~
such
that (n1, n2) lies on £k will be0 “accidentally”
degenerate
with
Eni_kr,n2+ks
[(n1
—
kr,
n2
+
ks)
lying
strictly speaking are not constant but remain very close to j0* and
on
Moreover,
and J by eq. (4.28) is again the correct spacing for an m
f~ £~].
Therefore
AE3/4 j0defined
1-fixed sequence
under the condition eq. (4.29) provided one remains as close as possible to the center of the
resonance and An1,An2 remain small.
Focusing now on the r/s = 2/3 case, the m~ = 0 sequence is constructed starting from the lowest
energy ~
here around the 14 000th level, such that the resonance should quantize directly and
such that (n1,n2) lies in the resonance zone. The three n1 = const. sequences which are closest
to £r~ are the three lying between £_ i and £ l• In practice, it happens that at the bottom of the
m1 = 0 sequence they have n1 = 0, 1,2. Thus moving up in the m1 = 0 sequence corresponds to
(An1,An2) = (—1,1) when n1 = 1 or 2, and to (An1,An2) = (2,—l) when n1 = 0. This lasts until
the n1 = 0 sequence goes beyond the line £i (which corresponds to a sequence crossing between the
n1 = 0 and n1 = 3 sequences), after which the same pattern is continued with the nl = 1,2 and 3
sequences, and so on.
The m~ = 1 sequence can then be constructed in essentially the same way by reassigning the
levels corresponding to (n1, n2) lying between £2 and £_ 1 and between £i and £2. The main
difference is that from time to time one has to hop from £_ i to £ i, since the levels lying in between
are already reassigned to the m1 = 0 sequence. The ~uccession of (An1, An2) when moving up in
the m1 = 1 sequence is thus a little more complicated. Starting from a (n1, n2) close to £....2 one
has (i) zero or one steps of (—1, 1), (ii) a step of (—4, 3) to pass over the levels already reassigned
to m1 = 0, (iii) one or zero steps of (—1,1) and (iv) a step of (5, —3) to go from £+2 back to
near £2. The question arises now whether the spacings corresponding to the many different kinds
of steps, especially the large ones, will be roughly equal, since we know that there is some curvature
to g°. However, this will not be the case. We recall that the lines £k have been constructed so that
they correspond to accidentally degenerate levels. Since all the large steps occur in the neighborhood
‘~

‘~ The degeneracies we are discussing now should not be confused with the quasidegeneracies existing for all regular
levels here.
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Fig. 15. Illustration in the (Ji/2irh,J2/2irh) plane of the reassignment from the (nI,n2) to the (m1,m2) quantum numbers
for the r/s = 2/3 resonance in island (a) for the case (A,b) = (—0.35, it/4) (see also fig. lOb). The thick, almost (on this
scale) horizontal line represents the curve gE at the energy E where the resonance starts to quantize directly. The thick
straight lines represent the border of the resonance and the thick dashed line its center. The m~= 0 (m1 = I) sequence
lies in the horizontally (vertically) dashed region. See text for further explanation.

of some £k , one can regard them as being obtained from a small step from the almost degenerate
partner near the line £k. The curvature of g°therefore should only affect weakly the spacings.
Practically here it is not possible to see even the beginning of the m1 = 1 sequence without
going to much higher energies and even at the top of our spectra the sequences are better organized
around the (n1, n2) quantum numbers. Except for tunneling effects at sequence crossings seen very
low in the spectra, the spacings of the n1-fixed sequence remain extremely steady. This implies
small but noticeable irregularities in the spacings of the m1 = 0 sequence. These irregularities are
understandable because the tori on which this sequence is built are barely inside the islands of the
resonance and tunneling effects will be strong. From what we have done it is then easily seen why
the n~-fixed sequence can be reobtained. Since only tiny energy displacements are actually required
to make the (n1, n2) to (m1, m2) transition, they can be caused by very small matrix elements such
as those provided by tunneling effects.
4.5. Chaos assisted tunneling

We now briefly discuss the behavior of the tunneling splittings of the quasidegenerate doublets.
In doing so we closely follow the work of Tomsovic and Ullmo published elsewhere [43]. It has
already been noted that the splittings were erratic and that their order of magnitude was not simply
interpretable. This is the first clue that perhaps the chaotic region is playing a role in the tunneling
that occurs between two islands. In this subsection, we shall follow up on this clue and expose the
essential mechanism induced by the presence of chaos. The tunneling behavior will be shown to be
drastically modified from the integrable or quasi-integrable case and to become extremely sensitive
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to the variation of an external parameter.
In a standard treatment of a tunneling process, the only levels which enter are those which are
nearly degenerate. For each doublet here, one is led to a two-level problem. For illustration, consider
some particular doublet. One starts with two EBK wave functions ~Pjand ~, constructed on a torus
T1 and its symmetric partner T2. The quantized energy is denoted by E. The ~ (i = 1,2) obey
SchrOdinger’s equation asymptotically in h, so that
2).
(4.30)
H~ = EW~+ 0(h
In principle, it is possible to improve on this approximation to any order in h (see Maslov and
Fedoriuk [69]) with only small modifications of the ~. However, the Hamiltonian projected on
the space generated by the ~ may still take on the form

E

~

~/2

r/2~(~~~

(4.31)

E

as long as the admixing matrix element

,

which in this case is equal to the splitting AE, vanishes

to any power in h. This, for instance, is the case when
AE

=

Ae~/h,

(4.32)

in which A and S are algebraic in h. The usual treatment of tunneling, which has proven to apply for
systems near integrability, always amounts in some sense to evaluating e/2 = (~PjIH~W
2).
This can
be done in several ways for one-dimensional systems. For more degrees of freedom very few results
exist, but the work of Wilkinson [70] gives a satisfactory image, which, although it is rigorously
derived only for a limited class of Hamiltonians, should be relevant on a general footing. The main
point we shall retain is that, to leading order, the splitting AE is given by an expression such as
eq. (4.32), where S is the imaginary part of an action integral taken on a complex path. In other
words, S is a purely classical quantity, and if one is able to tune 11 and to observe the splitting
between states constructed on exactly the same tori, the data should gently fall on a line of slope
—1 in a log AE versus 1/h plot. This has been done explicitly, and checked to be true, by Wilkinson
for some nearly integrable systems [71].
With the quartic oscillators, one can in the same manner take advantage of the homogeneity of
the potential to obtain a tuning of h. As already pointed out, the quantizing tori indeed quantize
for an infinite set of quantum numbers (assuming one rescales the energy). One may thus observe
how the splitting changes keeping the classical mechanics strictly identical but for different values
of n1 + 1/2, which plays the role of 1/h. Figure 16 shows the results obtained for a set of three
tori from the (—0.25, ir/4) case. For each of them’there exist fluctuations of several orders of
magnitude. A simple h dependence such as eq. (4.32) is excluded. Nor does any obvious indication
of a predictable dependence on h exist. This behavior cannot be interpreted in terms of a two-level
mechanism if A and S are to have a classical significance.
It is possible to obtain a clearer understanding of the tunneling by observing the variations of the
splittings when an external parameter, here the coupling A., is varied. In fig. 17, the splittings are
shown for three tunneling pairs [associated with islands (a)] as a function of A. from before the
islands’ creation (A. = 0) to well beyond their destruction (A. = —0.60). In so doing, the quantum
numbers (n1, n2) are fixed for each level thus defining via eq. (4.2) a one-parameter family of tori.
As desired, with the variation of A., h changes little for a given level; in the figure the three levels
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Fig. 17. Logarithm of the quasidegeneracy splittings for
three cases of fixed quantum numbers (ni 02) versus 1.
/1 changes by a factor of three between figures (a) and
(C). The arrows indicate the avoided level crossings, (+)
occurring between the symmetry (~1,~) = (+, +) levels
and (—) between the (—, —) ones. The (ni,n2) values are
(a) (0,14), (b) (0,24), and (C) (1,44).

shown are given in the order of decreasing h so to speak. At A. = 0, there are no resonances and
no quasidegeneracies. As A. increases initially, resonances appear, some growing quite large. Yet the
system remains quasi-integrable in the sense that the chaotic motion occupies a small fraction of
phase space and is very much contained in narrow regions. In this regime, the splittings behave
smoothly and they have no relation to the proximity of other levels. No visible effect occurs when
a third regular state crosses the path of one of the states in the doublet. A quasidegenerate pair
is rightfully considered as an isolated two-level tunneling system. Not surprisingly, we find that
the exponential h’ dependence given in eq. (4.32) is loosely satisfied. For example, compare
figs. 1 7a and 1 7c, which were selected since they derive from exactly the same family of tori. Their
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approximate factor 3 difference in the slopes of the initial roughly linear portion of the curves
matches the factor 3 difference in h between their quantizations at any given value of 2.
Beyond the quasi-integrable regime (which effectively shrinks with /1), where one has a mixed
system, the tunneling becomes affected by the non-integrability of the system. In distinction with
the regular regime the splittings become extremely sensitive to the motion of the nearest chaotic
levels. It is indeed quite instructive to.compare the position of the extrema of AE with the places
where the doublet’s energy crosses that of the chaotic states. The number of crossings grows faster
than the level density as h —* 0 and they could only be marked on figs. l7a and l7b. Clearly,
the peaks seen in the figure can mostly be associated with such a crossing. Near their tops, the
difference in energy between a regular level and a chaotic crossing one dominates the splitting. This
is a clear signature that in the vicinity of the peaks, the tunneling problem in its simplest form
requires an extra level and is actually a three-level problem. Moreover, if one roughly evaluates the
effect of the direct contribution, which would be found in the two-level scheme described above, by
extrapolating the first part of the curve, the order of magnitude would be far too low to be of any
relevance. Even the ranges of A. where the problem cannot be reduced to a three-level mechanism
are presumably governed by a multi-level one.
The dynamical interpretation as exemplified in a three-level model is quite interesting. At first
glance, it might have been anticipated that the effect of chaos would be to draw into the chaotic
region a state initially localized in a KAM island. Instead, the major consequence of chaos is
enhanced tunneling between islands by allowing transport across regions in phase space. Let the
two EBK states be provided by some quantized torus in island (a) giving W~,and its symmetric
partner in island (a’) giving ~ Let us moreover specify the global phase of W2 by requiring that
= P1 ~
The initial state ~P1,even in the absence of direct coupling, will evolve into 9~.
It is more convenient to work in the symmetric basis giving

(l/V’~)(W~
—W).
(4.33)
~ and W thus belong to the (+, +) and (—,—) sequences, respectively, if n2 is even, and to
the (+, —) and (—, +) sequences if n2 is odd. We shall neglect the direct coupling between !P1 and
W~,which amounts to considering that the diagonal Hamiltonian matrix elements (W + HI W ~) and
(WIHIW) are both equal to E (r = 0). Then, if for instance the chaotic state ~ belongs to the
same symmetry class as W+, the three-level Hamiltonian appears in the simple form
WI

=

(l/~’~)(W~
+ W),

E0

H

W~

=

W.~=

0

0

E

0

v

V

E~

,

(4.34)

çI~

where the only admixing occurs between the chaotic and the regular symmetric (under F1) state
through the tunneling matrix element v. Obtaining the time evolution of ~ is immediate—under the
action of U(t) = exp(—iHt/h), the antisymmetnic component just picks up a phase exp(—iEt/h)
and the propagation of the symmetric, regular component follows from the standard treatment of the
two-level problem. Assuming, for convenience, that lvi <<IE~— El, there will be a weak oscillation
of probability amplitude transfer from W~to ~ and back of magnitude b (~=~
2Iv/(E~— E)i) and
period t~(s~2irh/IE~— El). At the end of each period, U(t0)W~results in nothing more than an
acquired overall
phase
exp[—i(E
— y)to/h],
where, relative to U(t0)W, there is an extra phase
2/(E~
— E).
Thus after
n periods,
fixed by y v
U(nto)~P~= e EntoIh(W + e1t~W+).
(4.35)
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As the relative dephasing of W~and W increases with time, the initial state is resonantly tunneling
back and forth between ~P1and W2 without ever fully appearing in the chaotic region. The image is
that during each time step t0, a small piece of a state on one torus breaks off and appears in the
chaotic zone. By the end of the period t0, that small piece has moved onto the 2,
symmetric
which ispartner
just a
torus.
The
total
time
to
tunnel
completely
from
one
island
to
another
is
2t0/b
simple combination of the squared amplitude and oscillation period.
In the more general situation, that is, if one does not select a value of the coupling such that one
chaotic state plays a predominant role, the tunneling mechanism will involve many chaotic states.
We strongly suspect that a detailed description of the individual splittings will be difficult to obtain.
As suggested in the introduction as concerns chaotic motion, the statistical features may contain
some very interesting properties. Although it is the next section that discusses in depth the ideas
behind statistical modeling, we write down a zeroth order model which could be generalized or made
clearer taking into account those aspects. The basic idea is that each regular state is independently,
randomly, and weakly coupled to independent matrix ensembles modeling the chaotic states of the
same symmetry. The model Hamiltonian would look like’)
E

H

{v}

{v} GOE

0

0

0

0

E

{v’}

=

,

0

0

0

0

(4.36)

{v’} GOE’

where ( and ~ represent the quantum Hilbert spaces of chaotic states with the same symmetry
as W and W+, GOE denotes a Gaussian Orthogonal Ensemble of random matrices, which will
be thoroughly discussed in section 5, and {v}, {v’} a random coupling with independent matrix
elements (zero centered, normally distributed, and with equal variance .~,2) The primes emphasize
the independent nature of the ensembles and couplings. A very attractive problem would be to
determine semiclassically the different parameters describing the model, particularly the behavior
of the v, v’, which correspond to classically forbidden transport processes, and to deduce from it
definite quantitative predictions on the tunneling behavior. This we think is non-trivial but feasible,
and we plan to look into it in the near future. In any case, the main qualitative features should
remain the same as for the three-level problem. Namely, this should lead to enhanced tunneling
with a great sensitivity to the variation of an external parameter, and without dissolution of a wave
packet started in a regular region into the chaotic one.
The observed fluctuations of the quartic oscillators doublets’ splitting thus find a natural interpretation in the multi-level mechanism we have introduced. Our discussion and results also are
consistent with, and shed some light on the recent observations of Lin and Ballentine [72] for
driven, double well oscillators. The scope of this new tunneling mechanism goes beyond the range
of simple numerical experiments. Dynamical tunneling between symmetric regular states takes place
in several simple molecular systems [73, 32,6], and the characteristic features of the chaos assisted
tunneling, such as the sensitivity to the variation of an external parameter, should allow one to
detect it experimentally when the underlying classical motion is mixed. Additionally, it seems that
some problems in condensed matter physics offer a good opportunity, perhaps the best one at
the present time, to observe tunneling properties experimentally. The recent progress in molecular
beam epitaxy allows one to design multilayer semiconductors with a high degree of control on their
‘~)

We neglect here the inner structure of the chaotic region, which will be discussed in the next section.
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specifications [74]. In particular they can be designed such that the vertical motion of the electrons
takes place in wells. Experimental techniques probing the tunneling properties for such systems are
already well developed (see, for instance, ref. [75]). If one is able to induce some chaos, by an
intense laser pulse for instance as proposed by Lin and Ballentine, the tunneling properties should
be drastically modified, in an experimentally observable manner.

5. Chaotic spectrum
We shall now concentrate on the part of the spectrum remaining after the removal of the regular
levels. This shall be considered the “chaotic” spectrum. As discussed by Percival [40], these chaotic
states are, in some sense, related to the classical chaotic phase space. There is no equivalent of EBK
quantization there just as it fails in fully chaotic systems. As mentioned in the introduction, in such
chaotic systems statistical characterizations ofthe spectra have been successful. By focusing attention
on fluctuation properties new universal behavior has come to light. In 1983 Bohigas, Giannoni,
and Schmit [14] conjectured that sufficiently chaotic systems had the fluctuation properties of the
random matrix ensembles of Wigner and Dyson [16, 17]. For time reversal invariant systems such
as the quartic oscillators the Gaussian or Circular Orthogonal Ensembles (GOE, COE) apply. Their
spectra are remarkable in that they are very rigid implying a great deal of level repulsion. It is
natural to apply the same random matrix ideas and the classification scheme of Percival to the
chaotic parts of mixed systems. This along with the result that regular levels are Poisson distributed
led to the Berry—Robnik surmise.
In fact, we are less concerned about the statistical properties of the regular levels for a large part
because the classical knowledge may be used in a fairly complete way to give detailed information
about the correspondence as we have just done in section 4. In cases such as ours, where the regular
part of the spectrum may be removed, and where only one large chaotic region exists, the previous
way of thinking is reduced to that of its essential postulate: the chaotic spectrum should have GOE
fluctuations. It turns out that for the system we have studied this is not the case. Neither can the
obtained fluctuations be mimicked by any independent superposition of spectra.
The GOE is basically constructed in such a way that it contains no information other than that
time reversal invariance holds. In a sense, using a simple GOE to interpret the chaotic spectrum
fluctuations amounts to considering the chaotic part of the classical phase space as a homogeneous,
featureless object. However, we have seen, for the quartic oscillators with A. = —0.35 coupling,
that an inner structure exists due to partial barriers. Moreover, similar behaviors, although perhaps
even more complicated, should be found for most mixed systems; they may be missed if not
explicitly searched for. We shall see that the classical information, concerning transport properties,
can be translated into constraints on the matrix elements of the quantum evolution operator
U(t) = exp[—(i/h)Ht], and then from U(t) to the Hamiltonian itself. Once these constraints are
expressed, a modeling using generalized random matrix ensembles will provide a prediction which
agrees quite well in our test case.
5.1. Association of a quantum subspace to a classical region

Implicit in the classification scheme of Percival is that, if properly expressed, the Hamiltonian
H or time evolution operator U (t) should appear in the semiclassical approximation as a block
diagonal matrix, each block being associated with an isolated region of the classical phase space. In
cases where a chaotic region of the phase space can be decomposed in nearly, but not completely,
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isolated subregions, it is in the same way natural to consider that in some proper basis, H or U (t)
for not too long, should appear as a block diagonal matrix whose blocks are connected through
small, but non-zero, matrix elements. The average size of these matrix elements, i.e. the quantum
constraints, will be related to the flux connecting different subregions, i.e. to classical information.
However, if those operators are expressed in no particular basis this peculiar form will not hold
any more, although the corresponding information will still exist in a hidden way through matrix
element correlations. In the following, we shall always assume that we are working in what we may
call a relevant basis, that is any basis in which the constraints on the operators H or U (t) appear
in a natural way. For instance, if the considered information were time reversal invariance (TRI)
of systems without spin, the relevant bases are simply those in which all TRI Hamiltonians are
simultaneously expressed as real sylnmetnic matrices (in an arbitrary basis there is no reason why
TRI Hamiltonians should be real). In the same way, when the system has some exact or model
symmetry, relevant bases will be those corresponding to the appropriate irreducible representations.
For our purposes, the relevant bases are those for which each vector will be unambiguously attached
to a distinct region of the phase space. The set of vectors associated to one region will define a
vector subspace which is more important physically than the bases themselves (as for TRI, there is
an infinity of relevant bases, and physical results do not depend on the precise basis used).
When considering completely separated regions, it is sufficient to postulate explicitly or implicitly
the existence of such relevant bases. Here, since we would like to actually relate the size of
connecting matrix elements to classical flux, it is worthwhile to proceed a little further, and at
least to characterize them in some way. Notice, however, that in no case will we need to explicitly
construct a relevant basis. For this purpose, we shall introduce two different images, the first one
based on the Weyl—Wigner calculus presented in section 3, the second on time-dependent EBK
theory. Both images allow us to relate the admixing matrix elements of U (t) to the classical flux,
although here we shall only present the derivation based on the first image, which is simpler. Thus,
they are somewhat equivalent from a practical point of view. Since they give rise to different physical
understanding, which may lead to a preference for one or the other depending on circumstances,
we shall present both interpretations.
5.1.1. Weyl— Wigner image

Let us consider that the 2d-dimensional phase space (d is the number of degrees of freedom) is
partitioned into a certain number of 2d-dimensional regions R, which are nearly or even completely
isolated under the classical motion generated by H. Let us consider moreover one region, say R,
which extends only over a finite range of energy and thus has finite volume. Following simple
intuition, since the Weyl formula
N(ER~

(

2~h)df~~’””~

(5.1)

holds for any Hamiltonian HR, and since HR can certainly be chosen such that R is the region of
phase space such that HR (p, q) ~ ER, one may say that R is associated with the quantum subspace
£R generated by the eigenstates lY’k~ [k = 1,... , dim (ER)] of the quantized HR whose eigenvalues
are smaller than ER. The dimensionality of ER is then
dim(ER)

(2mh)’~fdqdP.

(5.2)

Using the second equality of eq. (3.7), one may think of the Wigner transform Pkk (q,p) =
[lwk)(wkl]W(q,p)
as a function taking the value 1 in some (2mh)” cell of R and 0 elsewhere, the
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Fig. 18. Illustration, using the harmonic oscillator H(~,
j3) = ~ (p32 + ~2), of the relation between partial traces and volume
integrals in restricted regions of phase space. The curvy line corresponds to the Wigner transform of eq. (5.3), where
the summation extends from the 200th to the 250th eigenstate (energy domain between s/4OT and v’.~i).The points
correspond to the characteristic function eq. (5.5).

cells corresponding to different Pkk filling R without overlapping because of the third equality of
eq. (3.7). This picture is, of course, very far from reality when applied to a single vector. When
one considers the projector
dim(ER)

PR

Pik

=

(5.3)

it is however sensible to assume that the fluctuations of each particular Pkk will be washed out
and that the previous image becomes more accurate. We shall therefore consider that the Wigner
transform of PR is simply the characteristic function XR of region R, i.e.,
[PR]~(q,p)

xR(q,p)

=

~xR(q,p),

1

1

if (q,p) belongs to R,

(5.4)
(5.5)

0 elsewhere
In fig. 18 we confirm how well this works for the Wigner transforms of a projector of a group of
harmonic oscillator eigenstates. As long as the eigenstates belonging to an energy range of at least
h2/3 are included, only a small residual oscillation appears superposed on XR (q,p).
We may implement the classical energy conservation, which means that each classical feature
is to be considered at one particular energy. Quantum mechanically speaking, one expects the
behavior of the spectrum around some energy E to be related only to the classical motion around
that energy. We shall thus consider in the following the intersection of regions R~with an energy
slice H E [E — AE/2, E + AE/2] rather than the total region itself. This implicitly supposes that
the Hamiltonian expressed in a relevant basis appears as a bordered matrix: the matrix elements
between two vectors whose mean energies are too far apart on the classical scale should be close
to zero. We shall thus consider that the Wigner transform of any basis state whose mean energy
is equal to E is localized on the classical energy surface H = E. Therefore, in the Weyl—Wigner
image, relevant bases are characterized by the fact that
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(i) the Wigner transform of any state is localized on one classical energy surface;
(ii) the Wigner transform of a projector onto any subspace associated to a region R is the
characteristic function XR~
We suspect that these requirements can be fulfilled in the limit 11 —~ 0, although some care must be
exercised as to the details of the classical phase space one wishes to resolve. For finite h, the main
postulate made here is that the departure from the above description will not be relevant as far as
one is concerned with the statistical properties of the spectrum. See the work of Ozorio de Almeida
[1] and Berry [76] which may place these intuitive ideas on a firmer foundation.
5.1.2. Maslov image
One may also deal with relevant bases from another point of view. Since we shall only introduce
it to help physical understanding, we shall restrict ourselves here to a brief description, and refer
to ref. [77] for a more detailed account.
The basic semiclassical tool, in this picture, is the time-dependent EBK approximation for
multidimensional systems developed by Maslov [69, 39, 78]. The first aim of this semiclassical
approach is to give a construction which associates a quantum wave function ~ to each Lagrangian
torus ~Tof the classical phase space which fulfills the conditions eq. (4.2). Note that this association
is of a purely geometrical nature and is made without any reference to a particular Hamiltonian.
Then, if one introduces some dynamics through a quantum Hamiltonian H(~3,~~)
and its classical
limit H (p,q), one can also associate a wave function ci’ (t) to each image gtT of Y by the
Hamiltonian flow gi. W(t) (which is calculated only by a classical propagation of Y) is, in the
semiclassical approximation [i.e. to 0(h2)], a solution of the time-dependent SchrOdinger equation.
This can be summarized with the following diagram:
t=0
classical

T

t
—p

I
quantum

W

gT

I
—f

0(82)

U(t)W

Thus, if one is able to build an orthonormal basis { çii~} of the quantum vector space such that
(i) each state cu,~,is obtained from a classical torus 7~through the Maslov construction,
(ii) each torus 7~thus defined is completely interior to one of the regions R, and
(iii) each torus 7~wanders in a small range of energy on the classical scale,
the set { çi’~} may be used as a relevant basis. In this way one may obtain a semiclassical approximation of the evolution operator U (t) by expressing the matrix elements (w~
I U (t) I ci’~)= (w~I c1’~(t)).
Moreover, it can be easily shown that the scalar product of two wave functions constructed on
tori which have no point in common is zero in the stationary phase approximation. Thus, if two
regions R, and R
tY~ never
completely
disconnected,
(w~lcti~(t))
are virtually
since g that gt~
intersects 7~.In 1thearesame
way, if R,
and R~are all
only
slightly connected,
the zero
probability
1

intersects 7~is small and the matrix elements connecting block i to block I are also small. They
can be evaluated to give the same result that we shall obtain with the Weyl—Wigner image. Finally,
(iii) implies that all quantum features of U(t) are related to the classical motion near a specific
energy.
Constructing a basis which satisfies (i) and (ii) is, in a sense, equivalent to finding an integrable
Hamiltonian H0 which respects the boundaries of the regions R1. For a one degree of freedom
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system (say time dependent and periodic to allow chaos), this is actually trivial. For more degrees
of freedom, we know of no proof at the present time that such an H0 can be found and here its
existence, which is the only result we need, not its actual construction, is to be considered as a
sensible postulate which need only be fulfilled in an approximate way. Concerning (iii), note that,
since a Lagrangian torus included in an energy surface of H is an invariant torus, the 7~cannot be
required to have zero extension in energy.
One interesting feature of relevant bases considered from the Maslov image is that each matrix
element of U (t) is separately accounted for. The mean square value in each connecting block
thus leads, as previously stated, to the same result as one may obtain from the Weyl—Wigner
image. However, at least from an intuitive point of view, both the homogeneity of the repartition
of the matrix elements inside each block and their decorrelation, which we shall postulate when
introducing random matrix theory, can here be understood as deriving from the, chaotic behavior
of classical motion. Indeed, for two regions R, and R3 (including the case i = j) for which at a
time t a complete mixing is obtained, and connected through a Markovian-like process (if i ~ I),
the probability that the image under gt of some torus
intersects a torus 7~will be the same
for all a and fi, giving a uniform value to the expectation of the I U~2 (for fixed i and j).
Moreover, the decorrelation of the motion of distinct tori will naturally lead to the decorrelation of
the matrix elements. As a consequence of the homogeneity and independence of matrix elements of
the evolution operator, the Hamiltonian matrix can be regarded as having these same properties.
Finally, although all bases which satisfy (i), (ii) and (iii) are a priori equally good relevant
bases, some of them (i.e. those for which in each R, the 7J form a pattern resembling a single
resonance) appear as more natural. If moreover R, is a chaotic region surrounding a KAM island,
the basis which corresponds to the part of g~ outside of the island (recall fig. 11) may be called
the preferred relevant basis. It is only easily defined as far as g~ is (and thus may not exist if g~
does not extend the classical KAM limit), but its existence seems to underlie the quantum motion.
5.2. Relation between flux and matrix elements
From now on, we shall consider that all operators are expressed in some relevant basis {Ii, a)},
where i labels the region to which Ii, a) is associated and a is a sublabel defining the precise state
under consideration. Let us also denote by E~the mean energy
E~= (i,aIHIi,a)

(5.6)

of Ii, a). We do not know how to calculate precisely in a semiclassical manner all the matrix
elements. Neither do we suspect that this is truly possible or the interesting thing to do. However,
the mean square behavior and other similar average properties are essential. We therefore introduce,
for any operator A, the local expectation value defined as
(A)E

=

(i,aIAIi,a),

NE~

(5.7)

Ei,e [E—AE/2,E-i-IS.E/2]

where NE,LSE is the number of levels whose mean energies lie in the interval [E — AE/2, E + AE/2].
In this definition, one implicitly assumes the independence of the average from the choice of AE
to within a range, infinitesimal classically yet infinite on the scale of the density of states.
Denoting by PE the projector

PE

=

Ii,a)(i,aI
E’,E [E—~E/2,E-i-i~.E/2]

,

(5.8)
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the expectation value eq. (5.7) can be written as

(A)E

=

1

Tr[APE].

(5.9)

NE,L~E

5.2.1. Admixing matrix elements of U(t)
The operator whose matrix elements are naturally related to the classical motion is the time
evolution operator U (t). Considering a time t sufficiently long that the interior of each nearly
disconnected classical region is completely mixed, and yet sufficiently small that the relative
volumes of phase points exchanged between neighboring regions are small, U (t) is a block diagonal
matrix whose blocks are connected through small admixing matrix elements which we now evaluate.
Namely, we are interested in the expectation value

(U(t)PJU~(t)Pk)E=

1

Tr[U(t)PJU~(t)PkPE]

NE,L~E

1
=

I.T

JVEAE

1 dqdp
I
.PSd [U(t)P~U
J

(t)P~PE]W(q,p).

(5.10)

~LJtfi)

Since we are only concerned with the leading term in h, the Wigner transform of an operator
product may be approximated with the product of the individual Wigner transforms. Thus one can
write
2), (5.11)
1 [U(t)P.Ut(t)P~PE]~(q,p)
= [P
1]~(q,p,
I)
[Pk]
~(q,p)
[PE]~q,p)
+
0(h
NE,~E
NE,I~,E
where [P

1]~(q,p,t) = [U(t)PjUt(t)]~(q,p) is the Wigner transform of P~after it has evolved
under the quantum motion during a time t. Now eq. (3.10) applies for each of the vectors I i, a) and
2)
thus afor
P~.density
Continuing
on the
withclassical
leadinglaw
order
h, thisSince
means[Pthat [P~]~(q,p,t) evolves to 0(h
like
fluid
under
of in
motion.
1]~(q,p,0) = [P1]~(q,p) is taken
as xR0(q,p), [P~]~(q,p,t) is equal, at this level of tR~of
approximation,
region R to the characteristic function
Xg’R~,which takes the value one inside the image g
1 under the Hamiltonian flow
and zero outside.
The effect of [PE]w/NE,AE is just to select the energy E at which the classical features must
be considered. We have assumed that the Wigner transform of a vector i, a) of the relevant
bases is localized around the classical energy surface H = E,~,thus [PE]~(q,p) may be regarded
as null outside the energy range H(q,p) e [E — AE/2,E + AE/2]. Since moreover this slice is
supposed to contain many states, all particular features of the [Ii, a)(i, al ]~are smoothed away,
and with the same logic as in section 3.3, [PE]~(q,p) may be regarded as equal to one if
H(q,p) e [E — AE/2, E + AE/2] and to zero elsewhere. Since moreover AE is supposed to be
infinitesimal on the classical scale, one may write
[PE]~(q,p) =ô(E—H)AE
and thus
KU(t)PfU~(t)Pk)E

(5.12)

f

(2~h)d~(E) dqdpxglRJ(q,p)xR~(q,p)ô(E— H).

(5.13)

The numerator of the right hand side of eq. (5.13) is thus simply the Liouville measure at energy
E of the overlap of g’R3 and Rk. For time t sufficiently short that the probability of return is
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negligible*), the left hand side of eq. (5.13) is t times the flux, ~‘~jk~connecting region ito region
k, and thus
(U(t)P~U(t)Pk)E

jk

d

t

(5.14)

(2irh) p(E)

5.2.2. Admixing matrix elements of H
To facilitate the connection with the theory of transitions [79] in random matrix theory, which
we shall discuss in the next subsection, and which has been developed using the Gaussian ensemble
framework, we now translate what is known about U (t) to information on H itself. To obtain
a theoretical prediction for the chaotic spectrum fluctuations which may be compared to spectral
data, we therefore have to relate the expectation value eq. (5.10) to the size of the connecting
matrix elements of the Hamiltonian operator expressed in a relevant basis.
Let us first split the Hamiltonian matrix into two pieces,
H=R0+I~,

(5.15)
t~ois purely block diagonal, and ii~contains only the small block non-diagonal connecting

where
matrix elements. This induces for U (t) a natural separation into

U(t)

=

U

0(t)

+

U1(t),

(5.16)

where U0(t) is defined as
Uo(t)

=

exp [_(i/h)i~ot]
.

(5.17)

Note both U(t) and (10(t) are unitary matrices but U1(t) = U(t) — (10(t) is most likely not.
To evaluate the size of the matrx elements of H1 which correctly gives the expectation values
(U(t)PJUtPk)E ( = (U1 (t)PjU~(t)Pk)E since U0 is purely block diagonal) we shall start from the
equality

U(t)

=

(J0(t)

—

~ fd~Uo(t — ‘r)I~iU(T),

(5.18)

which can be verified by differentiating both members and by noting that for t = 0 eq. (5.18) is
obviously true. Neglecting any contribution of H1 beyond first order, one simply finds

U1 (t)

—if ~U0(t

—

‘r)111U0(t)

(5.19)

.

We now choose a particular relevant basis, namely {IE,~)},in which k0 is diagonal and where the
subscript i indicates that IE~)belongs to the vector space associated with region R. The IE~)are
related to any relevant basis Ii, a) by a block diagonal orthogonal transformation which leaves the
mean squared matrix element of the off-diagonal blocks invariant. In this basis, one obtains
>

V,(E)

This implies that the time
=

f~dqdpö(EH).

t

must be much smaller than

di~jk/Vf

and

~Jk/Vk,

where the volume V, (E) equals
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(U~(t)P~U1(t)Pk)E
=

~

f

f~1

dt2 (Ud(r2)~iUd(t- r2)P1U0(t -

z1)~1U0(x1)Pk)E

=

. 2
x

(5.20)

E,~E[E—~E/2,E.i-~E/2]exp[—(i/h)(E~—E~)t]I(E~IftiIE~)I
e~E[0,oo[

Note that no statistical assumption has yet been made to obtain eq. (5.20). To proceed further we
suppose that all statistical quantities concerning the particular system (H = H
0 + H1) considered
are the same as their average values taken over some matrix ensemble. This ensemble is taken such
that all matrix elements of H1 are independently chosen from each other and from the eigenvalues
of H~,and the mean square matrix element is constant and chosen as V~k in each block connecting
space j to space k. Also, the mean density of levels
p’(E)

=

~5(E—E/,)

(where the double bar means ensemble averaging) can be taken equal to the smoothed density
(E) of the ith block of the actual Hamiltonian since H1 is weak.
Besides the simplifications introduced by this “statistical postulate”, its physical relevance may
be understood from two different points of view. On the one hand, it is possible to think of each
particular matrix of the ensemble as representing slices of spectra sufficiently far one from each
other that they behave independently (i.e., a local diagonalization of one slice does not essentially
change the matrix elements around the other) and yet sufficiently close that the classical behavior
at their respective energies is similar. On the other hand, the ensemble introduced presumably
possesses the ergodicity property of the Wigner—Dyson ones [80], which means that any of its
elements (and in particular the actual H under consideration) almost certainly behaves like the
ensemble average. It is most probable that both these arguments should enter into a justification of
the introduction of such an ensemble.
Thus, using the independence of the (E,~IHiIE~)from the eigenvalues of H0, and
pi

I(E~IfIiIE~)I2
= Vik

=

const.,

one obtains

(U~(t)P~U~
(t)Pk)E
X

=

~2N~~~fdT(t
0

t)fdy
0

f

E-i-iS.E/2

dx~’(y)~(x)exp[-(i/h)(x-y)z].

E—~E/2

(5.21)
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Since E~Eis infinitesimal on the classical scale, iik(x) can be set equal to ,ök(E) = fk(E),O(E)
[where fk(E) is the relative volume of region Rk at energy E] in the interval [E—~E/2, E +~E/2].
The integration on x thus leads to
E+~E/2

f

dx ~

=

AE sinc(AE t/2h)e/h~

(5.22)

E-~E/2

[where sinc u

=

sin(u)/u].

This basically means that as soon as

AEr/h>2,r

(5.23)

the unit circle is uniformly covered, leading to a center of gravity at 0. The oscillations that exist
in the sinc function for AE r/h > 2~rare due to the sharp cut made in energy and therefore have no
physical significance. Since z~Eis assumed large on the quantum scale, the only contribution of the
integration over ‘r comes from the neighborhood of T = 0. On may thus extend the time integral
from t to infinity, and drop the ~ in t
Therefore, one obtains
—

________________

(U~(t)P)UI(t)Pk)E

~ ~

h

jk
NE,AE

Jdy
0

f

E+~E/2
cJ~J(y)~k(x)ô(xy)

(524)

E—~.E/2

~tfjfkii(E)v~k
This equation may be regarded as a statistical version of Fermi’s Golden Rule. There are however
some slight differences in its domain of applicability. To begin with, it does not concern the transition
amplitude from a discrete level to the continuum spectrum (with almost constant coupling). Only
averages between discrete levels are obtained and not one particular transition amplitude. A second
difference stems from the smoothing over a range of energy i~E,which allows the extension of the
time integral in eq. (5.21) to infinity not because 1 is presumed large but because AE is. In the
limit when L~Econtains an infinite number of levels [~E
oo, ~ (E) = const.], the time integral
in eq. (5.21) would also lead to a delta function even for arbitrarily small t. Note however that
eq. (5.24) [and also eq. (5.14)] is valid only for a range of “intermediate” times. On the one
hand, t must be sufficiently long so that the matrix elements of U (t) are shared homogeneously
inside each block, which in particular implies that U(t) cannot be approximated by 1 (i/h)Ht.
A classical analog may be that I must be sufficiently long so that the motion inside each region R1
—~

—

is completely mixed, and thus
t(x)~x+JVHt,

~(_l

0

g
On the other hand, t must be sufficiently short, depending on the size of H
1, so that the approximation eq. (5.19) holds. Basically, it is equivalent to the constraint on I needed for eq. (5.14) to
be valid, i.e., the probability that a classical point in phase space changes regions twice during I is
negligible.
Let us now introduce the dimensionless transition parameter
AJk

VJk/D,

(5.25)
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where D = I /~
(E) is the local mean spacing. AJk appears naturally in quantum perturbation theory
when Ho is perturbed by fii and, as will be discussed in the next section, it is also the relevant
parameter in random matrix transitions. Since eq. (5.24) can be used in the same range of I as
eq. (5.14), one obtains the transition parameter—flux relation
A jk

=

‘kfk(E)
4ir1 2 (21th)d_IfJfk

(5. 2 6)

in which time no longer enters since both sides are related to instantaneous properties, i.e. to the
Hamiltonian. This relation is crucial for describing quantitatively a wide variety of phenomena
involving spectral statistics, localization of wave functions, suppression of chaos, etc.
Some care has to be exercised when applying eq. (5.26) to a particular quantum system. The
above derivation of the Lambda—flux relation eq. (5.26) has assumed for simplicity that no regular
fraction of the spectrum, and no exact symmetries, were present. One can easily check that regular
levels are correctly disposed of if, as done in table 1, the f
1’s represent relative chaotic volumes, i.e.,
= I [the D in the r.h.s. of eq. (5.25) being then the local mean spacing of chaotic states.]
However, if the system possesses exact symmetries, the Hilbert space decomposes into a certain
number of subspaces labeled by exact quantum numbers (e,), i = 1,. n, each of which contains
(locally in energy) only a fraction g(,) of the states. Each sequence, to be treated separately, has
thus a mean spacing equal to g(e1)D. For the quartic oscillators in the generic case, c~and E2 are
the parity numbers associated to P1 and P2, and g(i1 = +1, c2 = ±1) 1/4 for each of the four
sequences.
Without entering into the details, one can see, by following the previous derivation step by step,
that, when considering a sequence ~
. . , e,,), one must formally replace V~k by v~k(ej), and D by
D(e,) in eq. (5.25) as
. . ,

D

—*

VIk

~

D(,)

=

VJk(Ej)

D/g(c,)
=

(5.27)

,

vJk/g(f1)

.

(5.28)

Equation (5.28) can be understood intuitively as expressing the fact that the semiclassical propagation of a state jj, a) does not depend on its symmetry properties, and, therefore, the average sum
of square matrix elements II Pk U (1)11, a) I 2 remains the same as if no symmetry was present. For
A3k this leads to
AJk

—*

AJk(j)

=

g(f~)AJ~
.

(5.29)

For the quartic oscillators the AJk (±,±)are thus equal to one quarter of the result given by
eq. (5.26).
5.3. Random matrix modeling
5.3.1. Traditional aspects
By random matrix theory (RMT) we mean the construction of matrix ensembles with respect
to some measure, such as the volume element in the matrix element space, and the subsequent
analysis to characterize and to determine their statistical properties. For example in the GOE, the
matrix elements are chosen as independent zero-centered Gaussian random variables all with the
same variance except for the diagonal elements, which have twice the variance. The ensemble is
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invariant under orthogonal transformations and each member is diagonalizable by an orthogonal
transformation. Along with the other classical ensembles, it has the additional property of being
strongly ergodic or, in other words, as the dimensionality d
cx, almost all members of the
ensemble have the fluctuation properties of the ensemble [80].
In order to be more quantitative in what follows we now introduce some standard quantities
which allow one to measure these fluctuations. It is possible to express the measures as functions of
a hierarchy of exact k-point correlation densities, Rk, which give the probability density of finding
distinct levels at k specific points in the spectrum or in an ensemble of spectra. All information
about spectral fluctuations can be expressed as functions of these correlations. Often the correlation
functions can be considered as locally translationally invariant, which is the case here. The “center
of mass” coordinate may then be removed, reducing the number of variables from k to k 1. It is
then sensible, to start with, to restrict one’s attention to two-point correlation measures; these will
depend solely on the variable r giving the distance between two points in the spectrum. Once R2
—~

—

is specified, the higher order correlations, Rk (k > 2), are constrained; it is an open question as to
precisely how constrained they are and to which extent they contain some new information [81].
In this paper, we restrict ourselves to two-point measures, which already contain clear signatures of
the properties under discussion.
To be a little more precise, assuming translational invariance, R2(r) is defined as the probability
density of finding a level at a distance r from a given level. It is related to Dyson’s cluster function,
Y2(r), as
Y2(r)

=

1 —R2(r).

(5.30)

Depending on the situation, we will use the more convenient of these two functions. A nice feature
of using exact two-point measures comes from the fact that the uncorrelated superposition of spectra
results in a very simple form for the measures. For example [80],
2Y~(fjr)
y~ixed(r) =

(5.31)

~f

where there are n spectra superposed and J~is the relative measure of the ith spectrum.
Perhaps the most often considered two-point measures are X2(r) and A
2(r) is the variance
3(r). X
of the number of levels in an interval of length r. In terms of R
2 (Y2), it is given by
~2(r)rr2+2fth(rs)R(s)r2fth(rs)Y(s)

(5.32)

2 (r) through integration [80], A
Related to X
3(r) measures the deviation of N(E) from the best
straight line. It is perhaps most useful with short sequences or when the integrity of the data suffers
and we shall therefore not make use of it here, since it carries no new information.
Another set of often considered measures are not exact two-point functions. They are the nth
nearest neighbor spacing distributions, p,, (r), and in particular, the nearest neighbor spacing
distribution P0(r). These may be expressed as functions depending on all the k-point correlation
functions. For the most part only po(r) is used and usually just to demonstrate the extent of the
short range level repulsion. This information is contained in measures definable in terms of R2(r),
which contains information about level correlations at all ranges of r. It is however somewhat
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hidden in a function like X2 (r), which for small r behaves
use the measure R
2 (r) defined by

~

r [see eq. (5.32)]. We shall therefore

2(r)
P2(r)

=

ffR2(ri~r2)dridr2= 2f(r_s)R2(s)ds

=

—

(r—r2)

(5.33)

X

to characterize the short range fluctuations, say r < 1. Introduced in ref. [81], it is a pure two-point
function and as convenient as po(r) or its integrated version.
It would be desirable, of course, to consider directly R
2 (r) since all two-point measures follow
from it. However, for a given spectrum the result is a series of ó-functions, and one must decide
how to histogram the results, etc. Even this is not as satisfactory as calculating ~2 (r), for which the
statistical significance can be thought of as being enhanced by the smoothing effect of integration.
Note that ~‘2 (r) can be thought of as being ~‘2 doubly integrated, in that
212(r)/dr2 = —2Y
d
2(r).
(5.34)
But in integrating twice, the essential r-dependence of R2 is being hidden. It is important not to
lose this information here since in the r-dependence lies the essential trademark of the generalized
ensemble fluctuations (see section 5.3.2). Also note that highly integrated measures at different r
give more and more highly correlated results, thus tending to deviate statistically
one
2 (r) in
and
thedirection
integral
from theoretical expectations. To strike a balance we shall thus calculate both X
1(r)

(5.35)

=

of Y
2 at large r (r < 5), and R2 at small r (r
comparison later on, see appendix A.

<

1). For exact results, which will be needed for

Generalized ensembles
We may think of the Random Matrix Theory summarized to this point as belonging to the
traditional subject matter, i.e. the measures, the canonical ensembles, etc. However, an interesting,
more contemporary branch of RMT is beginning to emerge [79, 82, 83] and, as will be seen in what
follows, this is precisely what is needed here. Consider a spectrum or ensemble of spectra with any
level statistics whatsoever. The question is: how do the fluctuation properties change when a weak
interaction in the form of one of the canonical ensembles is added to it? Depending on the strength
of the interaction, there will be a transition in the fluctuations toward those of the perturbing
canonical ensemble. Viewed globally the transitions are discontinuous as the dimensionality tends
to infinity. However, there is a local viewpoint, the physically interesting one, which permits a
smooth parametrization of the transitions. It is the transition parameter introduced in eq. (5.25)
which governs such transitions in what we shall call generalized ensembles.
To see how such ensembles naturally arise, let us go back to the image of two very chaotic billiards
placed side by side and connected through a small hole. In the limit where the hole is closed, the
two billiards are independent, and the complete spectrum may be modeled by the uncorrelated
superposition of two properly weighted GOE spectra. Or equivalently, to make closer contact with
5.3.2.
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the relevant basis point of view, the actual Hamiltonian may be modeled by the following block
diagonal GOE:
(GOE1
0

0
GOE2

At the opposite extreme, if the hole is very large, one expects a full GOE matrix. In between,
one knows that in relevant bases the Hamiltonian appears as a block diagonal matrix whose
blocks are connected through small off-block-diagonal matrices whose mean square matrix elements
are semiclassically related through eq. (5.26) to the flux connecting the two billiards. With the
assumption, in a sense implicitly made in the two limiting cases, that the matrix elements behave in
such bases as zero-centered independent Gaussian variables, one naturally comes to associate to the
two slightly connected billiards an ensemble constructed as a two-block diagonal GOE plus a very
weak GOE-like coupling in the off-diagonal blocks. This could be thought of as the basic constituent
with which more complicated ensembles, such as will be needed for the quartic oscillators, will
be constructed. Due to the invariance of the off-diagonal blocks under orthogonal transformations
which act on the diagonal blocks, the ensemble is equivalent to the random superposition of two
weighted GOE spectra plus a weak perturbing GOE. Unfortunately, there does not yet exist simple
closed forms for the rapid transition in level statistics from two GOE spectra to one, although below
we describe its general qualitative features.
Another example of a transition problem
we shall
briefly discuss
is thatofofthePoisson
2), where
v2 denotes
the variance
GOE plus
matrixa
weak
GOE,
in
short
Poisson
+
GOE(V
elements. This ensemble has the advantage that some perturbative results are known which display
the essential features of transitions in the kinds of ensembles introduced here. We will use it
to guide our intuition on the behavior of the previous example, which, for our purposes, is the
physically relevant one. Moreover, when the ensemble for the mixed system requires many block
diagonal GOEs weakly interacting among themselves, the ensemble may in certain circumstances
be approximated by a Poisson + GOE (v2) ensemble (at least as far as the short range fluctuations
are concerned). The Poisson spectrum may be thought of in this case as the limit of an infinite
number of superposed GOE spectra.
The transitions in fluctuation properties for both of these examples of generalized ensembles are
governed by the BBGKY hierarchical equations for Rk [79],
aRk

—
—

k
~
~~{Ak~(_~)
I—

~ a

Rk

—p

Rk÷1

fdrk+I}~

(5.36)

—~

where r is a distance in mean spacings, z1 = fL<~I~ rjI~(/3 = 1 for the GOE), and A is the
transition parameter A = v2/D2, with V2 the variance of the perturbing ensemble and D the mean
level spacing. Other applications of eq. (5.36) include fundamental symmetry breaking such as
time reversal breaking [79]. For our purposes, the value of these equations comes from the fact
that the transition parameter is rigorously shown to govern the transition. To be more precise, this
means that once the initial ensemble is specified (i.e., in our first example, for instance, once the
relative density of levels of each block is fixed) fixing A will uniquely specify all the Rk correlation
functions and thus all. the spectral fluctuation properties.
We now have a complete prescription for constructing the ensembles accounting for weakly
broken, isolated transport barriers. It incorporates the Liouville measures of the selected regions,
—
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which set the unperturbed ensemble characteristics, and the connecting fluxes, which set the weak
interaction part of the ensemble. So there are block diagonal GOEs with dimension proportional
to the relative density of states for each diagonal block (associated to a classical region) of the
Hamiltonian expressed in relevant bases, plus off-diagonal couplings characterized by the A1k given
in eq. (5.26) between block j and block k. Once again, we stress that, once these characteristics
of the matrix ensemble are fixed, all of its statistical properties are *) Thus, since both Alk and f~
are related to classical quantities which can be computed from the classical motion, in our model
the classical behavior completely determines the predictions of the quantum fluctuation properties.
Although the ensembles are specified, there are no existing analytic predictions for their statistics,
and we shall eventually need Monte-Carlo simulations to compare the actual fluctuations of our
test case with those of the relevant matrix ensemble.
The hierarchical equations are difficult to solve exactly (even for the stationary solutions, A
which correspond to the canonical random matrix ensembles) and to the authors’ knowledge,
solutions of exactly soluble problems have always been found first by other methods. They are
however convenient for generating perturbative solutions to various orders in A. Quite often the
perturbation solution of the hierarchical equations is sufficient for a particular application (as in
time reversal breaking) and it usually demonstrates the essential transition. For R2 the lowest order
solution comes by inserting in eq. (5.36) R3 equal to its unperturbed (A = 0) form [79]. The
resulting equation can then in principle be solved by the method of quadratures [84], or one can
use directly a form of degenerate perturbation theory [85].
All of the transitions described by eq. (5.36) have important general features.
2 << cThe transition
toward classical ensemble fluctuation properties
is
essentially
completed
for
r
where
2 for TR breaking and 16 for Poisson + GOE0A,
(v2).
On the
the
constant
is
typically
about
10,
being
ir
other hand, the transition has essentially not started in the opposite regime of r. It is this feature
which is quite opposite to what happens by superposing spectra. Therefore in the case (—0.35, 21/4),
the quantum signature of the classical transport will be fluctuation properties of the GOE at small
r and more like the superposition of five GOEs at large r (there are five main isolated zones in
the chaotic region). For the Poisson + GOE(V2) the lowest order solution to eq. (5.36), in the
infinite dimensional limit, is [85]
-~

R

2/16A1
2/ 16A),
(5.37)
2 (r, A) = (ir/8A ) 1/2re_r
0 (r
where 1
0(x) is the Bessel function Jo(ix). Equation (5.37) shows the discontinuous transition to

linear level repulsion. However, the integral of the Y2 (r, A) function remains zero

f

Y2(r,A)dr

=

0,

(5.38)

just as for the Poisson ensemble, whereas the integral for the GOE equals 1. In other words, the
nearby levels are pushed away creating a kind of excess density just beyond the distance to which
they moved and little happens at long distance.
5.4. The spectral fluctuations
We are now almost ready to turn to the practical application and testing of these ideas with regard
to the spectral fluctuations of the quartic oscillators. However, first we must digress a little to discuss
*)

We are assuming that what is true for the two-block case, generalizes for the many-block case.
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an important limitation on the ensemble theory. It is well known that there exists a connection
between periodic orbits and induced oscillations in the density of states, which implies that the
spectral fluctuations could depend specifically on details of the system through the properties of
these orbits. Indeed, the fluctuation measures involving long range correlations amongst widely
separated levels are highly system dependent. This was seen by Seligman et al. [25] and Casati et
al. [86], and a theory in terms of the shortest periodic orbits was given by Berry [21]. The essential
idea is that the shortest orbits bound the longest lengths of the oscillations in the spectrum leading
to a leveling off of the fluctuations beyond a certain range in the spectrum; it is often referred to
as “the saturation of the fluctuation measures”.
According to the general wisdom, the exponential proliferation of orbits with increasing action
serves as an underlying basis for statistical or ensemble modeling as long as shorter range fluctuations
are studied. See Berry [21], and Hannay and Ozorio [22] for a much more comprehensive view of
this. Because our interest here does not lie with this problem, throughout section 5 we have been
implicitly assuming that we are considering fluctuations on scales well away from such non-universal
features. It turns out that having 20000 or more levels in our spectra is crucial in helping us avoid
the saturation regime when we test the random matrix modeling that we propose.
We show here two examples of what we mean by saturation in order to demonstrate clearly what
is happening. In fig. 19 a typical subtracted Poisson spectral staircase, N(E)
N(E), is plotted
versus an integrable quartic oscillator one. It is almost difficult to see how the integrable system
could be talked about as though Poisson statistics are relevant. Perhaps because of the immense
Poisson fluctuations, it seems easy to accept that the saturation effects are so striking, but even in
fig. 20 they are evident in the comparison of a GOE with a chaotic system. In the figures it is clear
that the quartic oscillator spectra are missing components in the longest wavelength domain.
To be slightly more specific, we define the saturation point r5 as the point where the number
2 (r) takes on its first maximum. Since the slope of X2 (r) does not magically jump to 0
variance
X
at r
5, saturation effects might be seen well before this point. This can be clearly seen on fig. 21, for
the integrable example. A bit of a surprise for us was the fact that our mixed systems saturated at
far smaller r~than either the integrable or fully chaotic cases. However, the shortest periodic orbit
does not change sufficiently to account for this difference. This suggests that focusing too closely
on the shortest periodic orbit is insufficient for mixed systems. One possible explanation is that the
Lyapunov exponents are certainly smaller in the mixed case’s chaotic region. This implies roughly
speaking a weaker exponential proliferation of the periodic orbits as a function of the period T.
It is plausible that this delays (as a function of T) the applicability of the reasoning used by
Hannay and Ozorio [22] in deriving a sum rule for the periodic orbits requiring a kind of uniform
exploration of phase space (since the period of the shortest closed orbit may not be related any
more to the characteristic periods for which closed orbits can be considered as uniform). And thus,
following the ideas of Berry, saturation may occur at shorter range than that naively expected from
the shortest periodic orbit. This matter should be further explored. As a practical matter, we will
calculate the statistics at short range (r < 5) only including the highest levels and then saturation
does not pose serious problems, though we can detect a tiny residual effect even at the highest
reaches of our spectra.
For the (—0.35,21/4) case, we are now able to compare the random matrix ensemble predictions
with the actual spectral fluctuations. The first step in the process of calculating a spectral fluctuation
measure is the unfolding of the spectrum. That is, any secular level density change is removed and
the mean spacing is set equal to one. It can be easily verified that the mapping of the spectrum
{E1} to {E~}via {E~}= N(E,) performs this operation beautifully [15]. For this we use the
analytic result eq. (3.20) applied individually to each of the four parity sequences. In our case, a
—
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Fig. 19. Oscillatory part of the unfolded cumulative density
of states, oN = N(E) — N(E), for a slice [1000—2000]
of 1000 levels. (a) From a Poissonian spectrum with centroid adjusted. (b) From the uncoupled quartic oscillators
(~,b) = (0, ~/4), reflection symmetry (+, +); the unfolding was performed using eq. (3.20).

000

Fig. 20. Oscillatory part of the unfolded cumulative density
of states, ON = N(E) — N(E), for a slice [1000—20001
of 1000 levels. (a) From a 5000-dimensional GOE matrix; the spectrum was unfolded analytically using Wigner’s
semicircle law. (b) From the coupled quartic oscillators for
the case (~.,b) = (—0.60, m/4), and reflection symmetry
(+, +); the unfolding was performed using eq. (3.20).

further correction is needed since the regular levels were removed. After checking that the number
removed was to a high degree independent of the energy, it was sufficient to simply multiply by the
remaining fraction of levels. As a technical matter, we have devised new methods for calculating
the measures R
2(r) in a more statistically significant way, enabling us to make
2(r),I(r) and
more precise comparisons.
TheXdetails will be published elsewhere [87].
Turning now to the random matrix predictions, there exist no analytic results to tell us what
the precise fluctuations of the appropriate ensemble are. We use the classical information given
in table 1 to fix the parameter of the Monte Carlo as given in table 4; for those regions (j, k)
not connected by a classical flux VJk = 0. We construct 100 matrices of dimensionality 400. In
doing so we paid careful attention to adjusting the diagonal block matrix element variances such
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Fig. 21. A plot of the number variance £2 (r) versus r for a slice [4600—58001containing 800 levels, illustrating saturation
effects. Left: curve (d) from the uncoupled quartic oscillators for the case (,~.,b) = (0, ir/4). Right: curve (d) from the
coupled quartic oscillators for the case ~, b) = (—0.60, ~r/4). For the sake of companson, the GOE (a) and Poisson (e)
results are also drawn.

that each individual block, once diagonalized, had a semicircular level density of identical radius
to the others. This assured that the unperturbed ensemble (AJk = 0) had, on average, constant
relative densities everywhere in the spectrum. Since the value of A varies across the spectrum (due
to the semicircular density) we used only the middle half of the spectra for fluctuation calculations;
we adjusted for the 10—20% variation of A in this regime. Note that intermediate ensembles once
diagonalized do not necessarily have semicircular level densities; this is clear from the fact that the
perturbation affects differing regions on the semicircle differently. This was also accounted for.
In fig. 22 we compare the results for the quartic oscillators (—0.35,21/4), the Monte Carlo, and
various relevant theoretical curves; see the caption of fig. 22 for details. First we give E2 (r), which
is the more statistically significant measure. We see that the quartic oscillator behaves very much
like the theoretical prediction. Both curves follow the GOE at short range and both move away
toward the superposition curve at longer range. We consider the agreement excellent.
To best see the r dependence of the quartic oscillators’ statistics, we give a plot of the 1(r)
curves. The point at which the fluctuations start to break with the GOE curve to move toward the
Table 4
Values of the transition parameters Ajk [see eq. (5.26)
and table 1] for the case ~,b) = (—0.35,it/4) used in
the Monte-Carlo calculation of the fluctuations. Regions
1 and 2, and 6 and 7 are grouped together because their
connecting A’s are rather large (A
12 = 2.4, A67 = 1.7) and
regions 1 and 7 contain very few states. Taking these structures into account does not modify the fluctuation result.
The values are for an average energy of E = 706 corresponding to the 16 000th to the 22 000th level. The effects
of the reflection symmetries, which has been accounted for,
reduces the values by a factor 4 [see eq. (5.29)].
Ajk

(l+2)4—*3
3~-.4
44-+5

5—4(6+7)

0.6
1.05
0.65
0.4
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Fig. 22. Results for the spectral fluctuations and comparison with different models. Top left: number variance £2 (r). Top
right: integral of the two-level cluster function [see eq. (5.35)]. Bottom: the measure R
2 (r) [see eq. (5.33)]; notice the
difference in abscissa. (a) One GOE; (b) five GOE blocks weighted according to the fraction of total phase space volume
(see table 1); the blocks are decoupled; (c) from the theory presented in this paper, namely like (b) but with blocks coupled
by the AJk as given in table 4; (d) from the 16 000th to the 22 000th eigenenergies of the coupled quartic oscillators, case
(..~.,b) = (—0.35, ir/4); the regular levels (~.‘ 12%) have been subtracted out; (e) from a Poissonian spectrum, for the sake
ofcomparison. See text for further explanation.

superposition curve is quite clear. Lastly, in order to concentrate more fully on the level repulsion,
we include the R2(r) plot; the lower the curve the greater the repulsion.
Despite the excellent general agreement, it is clear that the Monte Carlo consistently overestimates
the quartic oscillators’ fluctuations to a small but significant degree. This implies the couplings
amongst blocks determined by Alk are slightly too small. To have an idea of the magnitude of the
discrepancy, we performed some additional Monte-Carlo calculations. We find that increasing the
non-zero AJk by a constant 25% or so aligns the theory and data perfectly (since AJk contains the
matrix element variances this only implies an underestimation of 10—15% of the magnitude of the
matrix elements). We remind the reader that, because the ~P~kconnect only neighboring regions,
nearly 4/5 of the possible coupling matrix elements were taken to be exactly zero. This may be
a bit too extreme. It seems plausible that quantum dynamically a new kind of tunneling process
might exist allowing a very weak but direct transport amongst other regions (blocks i
j). We
have not yet attempted to work out a semiclassical theory for the magnitude of the forbidden Alk,
which would presumably be exponentially small in /1. It would be very interesting to know if therein
lie the reasons for the small deviations as opposed to stemming from the various approximations
required to derive eq. (5.26). For then an extended theory (also covering saturation) could possibly
be quantitatively applied to physical systems whose 11 need not be nearly as small as is the case in
fig. 22.
~
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R2(r)

00 O~LO~81.Or
Fig. 23. Plot of the measure R2 to illustrate, for the case ~. b) = (—0.35, ir/4), the energy dependence predicted by the
theory. (1) From the 3900th to the 6000th level; (m) from the 8500th to the 11 600th level; (h) from the 17 400th to the
22 000th level. (a), (b) and (e) as in fig. 22.

As a final test of the theory, we have looked for the energy (h) dependence of the transition
parameter—flux relation. This is a somewhat difficult effect to see largely because as we drop lower
in the spectrum saturation becomes a problem even at scales as short as 1—2 mean spacings, but the
effect itself is more prominent at longer range. So in fig. 23, we only show the short range measure
R2(r) for a low, middle and high energy regime; 11 decreases by a factor two in going from low to
middle and again from middle to high. The correct trend is reproduced nicely.

6. Localization of chaotic eigenstates
The study of chaotic eigenfunctions of bounded systems began in earnest with the numerical
studies of McDonald and Kaufman [30] on the eigenfunctions of the stadium billiard. They
noted, among other things, that many of the states were quite complicated, roughly giving the
impression of randomness. A random wave function in this context is a Gaussian random function
of position [29] resulting from a random superposition of fixed wavelength plane waves. These
functions are also marked by a rapid decay of correlations with distance between their intensities
determined at two different points [29]; some of the surprising properties of these states are
discussed by O’Connor et al. [88]. In 1984, Heller [31] showed that this statistical image was
insufficient. Also in conjunction with the stadium, he discovered the “scarring” of eigenfunctions
by the least unstable periodic orbits. Using short tirile semiclassical dynamics, he derived a nonclassical, enhanced intensity above the random expectations that had to be found near these orbits
in at least some of the eigenfunctions (interesting advances were later added by Bogomolny [89]).
Heller identified the parameter determining the magnitude of the scarring to be 2ir/~~r,
where ~
is the Lyapunov exponent describing the local instability of nearby orbits and r is the period of
the closed orbit [31]. This enhancement can be considered as a form of eigenfunction localization
with a semiclassical basis. For highly chaotic systems, scarring as understood in this way is a rather
weak form of localization.
Given that the short time dynamics of a single orbit and its environs has an impact on the
properties of chaotic eigenstates, it is natural to ask whether the collective tendency of the orbits
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to cross slowly from certain regions to others in phase space, with the associated time scales, also
has consequences for the chaotic eigenstates. This is the spirit of the study of Geisel, Radons, and
Prange [90], on the effect of canton on quantum states. Here, our goal is to search for a relationship
between the eigenstate properties, wave packet dynamics, and the classical quantities describing the
diffusion process, i.e. the connecting fluxes and the volumes of subregions. In principle, the statistical
model, involving generalized random matrix ensembles, constructed in the previous section is suited
just as well for this purpose as it is for describing the spectral fluctuations. We expect therefore that
the same model will describe the statistical nature of the eigenfunctions to a similar degree as has
already been demonstrated for the energy levels. Recall that the generalized ensembles specifically
excluded system dependent saturation effects. This led to a restriction that the spectral fluctuation
measures of interest were understood to be in the short range, “universal” regime. Similarly, the
ensembles cannot account for scarring since the statistical postulates of the ensembles specifically
exclude information about features such as short periodic orbits. Therefore, any localization due to
transport barriers is distinct from scarring, will turn out to have different h-behavior and, in general,
the interplay of both mechanisms should be sought in order to understand chaotic eigenstates. To
simplify this section we will focus on isolating barrier localization effects. Scarring effects (see ref.
[67] for a nice discussion of scarring in coupled quartic oscillators) and their interplay with barrier
localization will be left for future work. This is already a rather large subject, and we will only
discuss and verify a few of the possible types of behavior. Once done, we will speculate a little as
to what connections exist between our work and the more standard subject matter of localization.
6.1. A semiclassical mechanism of localization
The generalized ensembles generate predictions whether the A1 are large or small. For this section
though, we find it preferable to concentrate on the perturbative regime where leading behavior can
be derived analytically in a straightforward way. Although the calculation and the cases looked
into will be geared for this, we expect that the ensembles will work as well or better beyond the
perturbative domain as they do in it. We start by considering the behavior for a simpler case than
is found for the quartic oscillators. Assume an ensemble constructed as a GOE of large dimension
except that it is restricted to take on a two by two block diagonal form. Let its matrix elements
be of variance one and let the blocks have relative dimensionalities fi and f2. To this ensemble, a
weak GOE perturbation is added of variance V~2 [in shorthand 2GOE (1) + GOE (v?2)]. Consider
an eigenstate IE~(v~2)) of a particular member Hamiltonian of the full ensemble, which can be
followed back with A12 —~ 0 [see eq. (5.25)] to an unperturbed eigenstate IE~(0)) belonging to the
vector subspace j (j = 1, 2) of the unperturbed member. For sufficiently small A12, IS~(v ~2)) is
mainly localized in the vector subspace j. Indeed, using a degenerate perturbation method, one can
write the mean square projection of I~
(v~2))into the vector space k (~j) as

],

(eJ(o)IHIek(o))12 -1/2
‘~jk ~I(E~(V~2)IE~(0))I2
~
[1_ (1 + 4 [~(O) _E~(O)]2)
(6.1)
where, as before, the double bar means ensemble averaging and a, /3 label individual states within
their respective subspaces. The above approximation can be understood as coming from a separate
contribution of the different states IE~(0)). One then uses the exact two by two diagonalization
result for each term and finally sums all the individual contributions. When all levels are distant,
the r.h.s. summation of eq. (6.1) is equal to the usual perturbation result except for higher order
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corrections. It moreover matches smoothly with the degenerate perturbation result when one level
e~(0) comes close to E~(0). The rarity of three or more levels being found nearly degenerate leads
also to higher order corrections and can be ignored. One may then use the exact two by two matrix
diagonalization between any pair of levels to account for their admixing whether they are nearly
degenerate or not. This avoids the necessity of matching the treatment of a nearly degenerate pair
to the treatment of a well separated pair. To perform the ensemble average, the interaction matrix
element (e~(0)IfflE~
(0)) is accounted for with a Gaussian weighted integration whose variance is
V~k. The sum over /3 is replaced by an integration over the two-point probability density R
2(r). *)
By interchanging ensemble averaging and integration, R2 (r) takes on the form of a constant, .fk~
because the unperturbed levels of j, k are superposed independently with no correlations between
them. This gives (A~k= vlk/D)

J

00

~jk

—~—- —00

J

+00

/

21~
ds ~ (1
2 ~
dwe~~°

SI

—

v/s2 +

\

4(v2jk /D2)w2J

=

2fki/~~,
21

(6.2)

valid for A~k<< 1. *) As expected, because of the ensemble averaging, Tjk is independent of ci. This
result also holds for ensembles such as the one constructed for the quartic oscillators for which
there are more than two diagonal blocks provided the blocks j and k (j ~ k, j, k = 1, 2,..., total
number of blocks), are directly connected by admixing. For those I, k not directly admixed, it is
necessary to go to higher and higher orders of perturbation theory until a link is established between
the two. The more barriers to be crossed, the weaker the projection and the higher the order in A.
For the system that the ensemble models, AJk is the quantum equivalent of a flux ~ connecting
two classical regions R~and Rk. One finally has using the A—c12 relation, eq. (5.26),
...

rJk

—

~2
~ir~

1/2

63

fk~t~Jk
(2mh)~fj

When exact symmetries are present, the resulting modification of the AIk discussed in section 5.2.2
has to be taken in account. For the quartic oscillators with b ~ 1 this reduces the Tjk by a factor
2 [see eq. (5.29)]. To the extent that the eigenstates of the unperturbed ensemble are considered
to be completely localized in one classical region, eq. (6.3) gives the average intensity of the
eigenstates of the full ensemble iE~(t~2)) which has spread into region Rk. Thus partial transport
barriers give rise to a mechanism which blocks the spreading of eigenfunctions and leads to what we
shall call “semiclassical” localization. This is because the localization is most naturally interpreted
by a semiclassical analysis of the partial barriers.
In the perturbative regime covered here, the classical flux ‘1’ << h. It is not obvious how far
this condition can be pushed without encountering problems. Strictly speaking, no restrictions were
*)

R
2 (r) may be expressed simply as a sum over the nth nearest neighbor spacing distributions p,, (r), R2 (r)

=

2) ensemble, a similar result can be obtained concerning how
>~°0Pn(Ir~).
rapidly
> For
as completeness,
a function of A
note
thethat
unperturbed
for the Poisson
(A = 0)
+ eigenstates
GOE (v
are spread over the neighboring states. In the same way as
above one obtains
=

1

—

~

I(ea(52)Iep(0))12

=

I — 2~”~i7~.

114

0. Bohigas et a!., Manifestations of classical phase space structures in quantum mechanics

made in the derivation of the A_t1 relation requiring the flux to be larger than some fraction of
h. However, we suspect that there is a point below which classically forbidden transitions would
become the dominant processes. Other considerations which should be pursued have to do with
extending the theory beyond the perturbative regime and investigating multiple barriers. Although
exact calculations often appear to be intractable, good approximation schemes exist which should
be applicable [18]. We leave this for future work.
Semiclassical localization also has manifestations in the properties of long time wave function
propagation. This can be illustrated by propagating any initial state ~ which is contained within a
single vector subspace associated to one of the chaotic subregions. If the barriers are effective, w-’
will not democratically explore the weakly connected regions even in the infinite time limit. One
quantity which expresses this property is the long time average of the intensity of ~ (I) projected
into the subspace k,
=

(6.4)

i1m~fIIPkwJ(t)II2dt,

where again P~,is the appropriate projector. A~can roughly be interpreted as the fraction of time
a wave packet started in region j will spend in region k. It more precisely corresponds to the
fraction of the state intensity that lives in region k. If the mixing is strong and complete, then as
T -~ cx, z1~--4 fk [32], which is the classical expectation. Now, let us assume that Ik(k ~ j) is
small (Ik << 1) and higher order contributions like FjkFkl are negligible. Since 4~is independent
of the particular state taken as w’~it is convenient to chose the initial state as some unperturbed
eigenstate It.~(0)).Inserting the identity ~
I(~(v2))(E~(v2)I,

PkU(t)Ie~(0))=

~

~

(6.5)

.

The integration over t in the r.h.s. of (6.4) kills all the non-diagonal terms as T -~ cx, so that

=

~1 (~(e~o)ev2))12(e

The leading order contributions to
Then, since

I(e(0)1e(v2))12

(6.6)

V2)E~(0~I2~.

/

are given by the terms such that (1, y)

I(e~(v2)IE~(0))I2
~ 1,

=

(I, a) or (k, /3).
(6.7)

neglecting correlations amounts to approximating z1~b~
~

(Ie;v2Ie~o~I2 + I(e(0)Ie~(v2))I2)

=

2Fjk.

(6.8)

This L~ualityrelies on the reverse transformation matrix (from the perturbed to the unperturbed
basis), being the transposed of the direct one. However, although eq. (6.7) remains true on the
average, I (E~(0) IS,,~(v2 ) >12, say, may be significantly lower than one. This occurs, for instance, when
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some unperturbed level E~(0)is very close to e~(0) (closer than vJk). These events, although rare
in the perturbative regime, give rise to the main contribution to Tjk~Therefore, the contribution
due to correlations in the evaluation of

~ I(e~(0)Ie~(V2))I2I(e(v2)Ie~(0))I2
and

~II(e,~(0)Ie~(V2))I2I(e~(v2)Ie~(0))I2

p

p

is also of order Tjk and should be included. Neglecting as before all contributions involving more
than two levels, one obtains with the same kind of reasoning

~ I(e~0Ie~v2)I2I(ev2)Iec~(0))I2~
=

~

(1

—

I(q(v2)Ie~(0))I2)I(e(v2)Ie~(0))I2

fk\/~irAJk=

The other term gives the same contribution, so that one finally obtains
Ao2(~7rI~,k),

(6.9)

valid for j ~ k. Also, using P

AJ

=

1

—

=

1

—

~k~j

Pk,
(6.10)

~
k~j

Thus, with the exception of the small leakage due to the FJk, any initially localized state just “rattles
around” within the subregion it started. This quantum behavior is in contrast with the classical
evolution of a Liouville density, which eventually spreads uniformly over the whole chaotic region,
not just a subregion. Clearly, the partial transport barrier semiclassical localization, depending on
the flux, provides a mechanism for the “quantum dynamical suppression of classical chaos”.
To observe such effects, we shall for convenience consider Gaussian initial wave packets which
take on the form
—

(

—

~ira ,

2’\”~

(

(q—q 2
ipo. (q—q
20) +
/1 0)

(

2
(qq1~)

(6.11)
exp ~
2a
Slightly more general forms also exist but are not needed here (see also ref. [32]). The Wigner
transform of ~ti~
0,,0is given by
LWqopo]wkq,PJ

—
—

4exp

~—

2
—

°2(pp0)2
.

(6.12)

With the centroid q
2
0,p0uncertainties
well within in
some
phase
space region, say the jth, and the variance a
adjusted to balance the
q and
p, [w~,
0] (q,p) will be virtually null outside region
j. This [see the semiclassical definition of P~,eq. (5.4)] ensures that ~ belongs to the 2Hilbert
has to
subspace
I. Some
caredesires
must be
constructing
such a in
wave
packet. adapted
In particular,
scale
as E’14
if one
to exercised
change thein wave
packet energy
a manner
to theaclassical
scaling properties.
Since the semiclassical localization is occurring in “quantum” phase space it is difficult to display
that a propagated wave packet is just bouncing around within one subregion by looking at it in
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~
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t =12

~1~I
X=—O.60

X=—O.35

Fig. 24. Propagation, in configuration space, of a wave packet for two different values of the quartic oscillators’ coupling 2.
The state originally belongs to region (6 + 7) (see fig. 5) and has a mean energy E = 100. Time is measured in units of the
period of the central closed orbit of island (a). For (2, b) = (—0.60, ir/4) (left column), the classical phase space may be
regarded as structureless. For (2,b) = (—0.35,m/4) (right column), partial barriers described in section 2.4 are present.
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configuration space. The same difficulties would have occurred with eigenstates. Indeed, fig. 24,
which shows the evolution of a wave packet launched for the quartic oscillators with two different
values of the coupling, does not present striking differences when 2 is modified. In the first case,
(2,b) = (—0.60,21/4), there are no significant barriers, nor substantial regular motion and the
wave packet rapidly spreads to fill the whole available phase space. The propagated state quickly
assumes many of the features of a Gaussian random state. In the second case, essentially the same
wave packet is launched, but this time for a coupling (2,b) = (—0.35, 21/4). Recall that there are
five significant chaotic subregions for this coupling as well as a few amply sized KAM regions. The
initial conditions and variance of the wave packet were selected to fit the Gaussian inside chaotic
region numbered (6 + 7) (see fig. 5). The wave packet again spreads rapidly, and at first sight it
appears roughly similar to the one evolving under the 2 = —0.60 coupling. By concentrating on
the nodal patterns and turning points, it is however already possible to tell that there is very little
momentum in the horizontal direction. None of the rest of the phase space structure is visible in
this crude way.
By placing “probe” Gaussians amongst the various regions, labeled as k, the sharp differences
between the two time evolutions become readily apparent. The correlation functions
c

11~(I)

=

~

(O)Iw~’0,,0(t))

(6.13)

can be used to measure the communication between regions. Note that here Cjk depends in principle
not only on the labels j and k but also on the precise wave packets used. In fig. 25, the absolute
value of four correlation functions are plotted against time for the same two couplings as for fig. 24.
For (2, b) = (—0.60,21/4) (without structure), one observes that after an early transient period the
CJk (t) are nearly indistinguishable statistically speaking. There is fairly uniform communication.
This is to be contrasted with the second case (2, b) = (—0.35,m/4), whose phase space structure
guided the choice of probe Gaussians (same probe for both 2 values). Among the four probes, the
first was chosen to belong to region (6 + 7), as was the initial propagated Gaussian, in order to
serve as a reference intensity. Their initial overlap was arranged to be almost zero. The second is
in region 5 being just across a single barrier. The third was placed in region (1 + 2) so that all
four significant barriers had to be crossed. Finally, the last was put inside KAM island (a), which
is inside region 5. The barriers have a sharp effect and each successive CJk(t) becomes weaker and
weaker. We also see that for this system, it is easier to cross four barriers than to cross one barrier
and tunnel into KAM island (a).
Beyond qualitative arguments, the statistical model can be used to quantitatively predict the long
time averages of the absolute squares of these correlation functions. Some care must be taken,
however, because it is necessary to account for the energy spread of the wave packet. Its shape is
easily determined by simple semiclassical considerations. The spectrum of ~/q0p0,namely
2ö(L’ — (n)
(6.14)

~II(w~0~01E0)1

Sq0p0(E)

(the I~~)
generically denote all the eigenstates, i.e. the jE~(v2))), is the Fourier transform of the
autocorrelation function
aq
0,0(t)

=

(Wq.,1p0

(°)IWqopo(I))
3q

The global smooth envelope 0p0 of the spectrum of y’q~ is thus obtained by Fourier transforming
the initial decay of aq0p0 (t). Since one only needs aq.~(I) for times short enough that the mean
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1~(j)~[see eq. (6.13)], where the moving packet ~
corresponds to the one displayed in fig. 24. At t = 0 it is launched from region (6 + 7). The probe packets belong to (top)
region (6+7), (second) region 5, (third) region (1+2), (bottom) island (a). See text and the caption of fig. 24 for further
explanation. As in fig. 24, time is measured in units of the period of the central closed orbit of island (a).
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position of the wave packet has moved less than a few a, its dispersion properties can usually be
neglected. This is called a frozen Gaussian approximation by Heller [91]. Thus one can use
~Jq

Wqopo(t) =

4p1
,

(6.15)

t(q

where (q1,p1) = g 0,p0) (the classical flow). If the initial (q0,p0) is not close to a turning point,
the variations of the potential can be neglected (free motion) so that
2

aq0p0(t)

=

exp

~Eot)

(_f~~t2_

taq~(t)
~q0p0 (E)

~

=

(6.16)

[E0= H(q0,p0)],

21’/2hI~oIIexp (a2

di

fe/

(E _Eo)2)

.

(6.17)

For wave packets, the interesting quantity related to 4~is
CJk

=

iim~JdtIcjk(t)I2.

(6.18)

To compute it, we start by decomposing
=

~

and ~

in the unperturbed basis, giving

~ j(E~(0)IWq~pt
>12 (e~(o)Iw~,,

(2~‘(0)IU(t)I6~’(0))I2.
0)I

a,fl

(6.19)

On the scale of the energy span of the envelopes S’ (I = j or k), the unperturbed energies E~(0)
can be regarded as residing on top of the perturbed ones E~(V2). Indeed, in the perturbative regime
they have moved less than a mean spacing. The dispersion of a state should never be larger than
mean spacings even at A
10, at which point mixing is completed. One can therefore use
S’(E) to describe the smooth energy behavior of S’(E; t,2 = 0). This gives

(e~(0)IyJ’)I2= S’(E~)/iii(E~).

(6.20)

It also implies that J(E~~(0)IU(t)IE~(0))I2
is virtually null whenever e(0) ~ £~(0) (on the same
scale as before).
Assuming time average and local smoothing in energy are equivalent to ensemble averaging, and
that the terms in the r.h.s. summation of eq. (6.19) are uncorrelated*), CJk can be written as
CJk

=

SkEk

ffdE

~

k()d~PJ(~) Pk(~) ~e’~

~

öek
(J
pk(ek)

=~fdE~
4EJE.

(6.21)

fkPc
‘)
The matrix elements of U(t) certainly are independent
the (0)
way~ in which
i4~~are expressed
in the
and
2of (e~
may not and
be uncorrelated
if the classical
trajectory
unperturbed
initiated
basis. atHowever,
(q
if] = k, (EJk(O)~çv~F/F)~
0,p0) passes near (q’0,p~)at a s%ort enough time such that ip~0~0(t) has kept its Gaussian original
form. This would invalidate eq. (6.21) for C~.However, if ~,4,,’
= ~
a simple argument leads to a result equivalent to
eq. (6.21) for the time average of the absolute square of the autocorrelation function (see, for instance, ref. [92]),
4) = 3(x2)2.
i.e., as
for the GOE, the projection of an eigenvector on a fixed, real vector is a Gaussian variable x, and therefore (x
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(p~= J~iis the density of chaotic states.) In the last expression, it has been assumed that the level
density, p(E), and the transition parameter, AJk, are constant over the energy domain of S1(E)
and Sk (E). Since the wave packets under consideration have been taken with the same energy E1,,
one finally finds
4’

C~k=

m1/2hpc(E)~/p~/a2+p’~/a’
____________

—

jt1/2hpc(E)~/p~/a2+

(6.22)

2—k.fk

_____________

(

~jk

p’~/a’2\~27rf,’fk(221h)~’)

where Po~a2 and P’o~a’2 are the initial momentum and variance of the wave packets ~j1 and ~,yk
The last form, valid for j ~ k, has been added to emphasize again the connection with the classical
flux and exhibits the exchange symmetry between j and k which must exist. Equations (6.21) and
(6.22) should be compared to the result expected when no structure is present in phase space,
which is given by [32]
CJk

=

[

l~ dESk(E)SI(E)
p

1

,

(6.23)

m1/2hp(E)~/p~/a2
+p’~/a’2

Notice that in eq. (6.23) j and k just specify the wave packets. The relative effect of the partial
barriers is thus the term ~k’/fk, which for the quartic oscillators behaves as E3/8 in the perturbative
regime.
To compare exact (quantum) results to the above prediction, we shall use different wave packets
than the ones drawn previously in fig. 24. Indeed, when looking qualitatively at localization effects,
it was convenient to locate initially the wave packet in region (6+ 7) thereby ensuring a maximum
number of barriers to be crossed before reaching region (1 + 2). However, the ratios flux/volume are
such that the barriers separating regions 6 and 7 can hardly be treated by a perturbative approach,
even at the energy E = 100 considered. For a quantitative check of the perturbative result we shall
therefore use a moving wave packet located initially in region 5, and probes contained in regions 1
to 7. To take explicitly into account the symmetries of the problem we shall completely symmetrize
(i.e. by P
1. P2 and T) these packets. Then the wave packets will belong to the same symmetry class,
here (+, +), and will be real up to a global phase. Except for the lowering of the A’s discussed
in section 5.2.2, the effects of symmetries will be correctly disposed of by taking p~in eq. (6.22)
as the density of chaotic states in the considered sequence (one quarter of the total one). Finally,
choosing the evolving packet in the largest region gives more flexibility to avoid effects due to short
closed orbits, which as we shall see, is quite crucial at the rather low energy considered here.
That the closed orbits affect the quantum evolution can be seen by looking at the short time
behavior of autocorrelation functions (recall that until now, we were essentially concerned with long
time limits). For Gaussian packets such as (6.11), two characteristic times have to be considered
[32]. The first one t~ a/I[poII) characterizes the initial decrease, which, as we have seen, fixes
the global envelope of the wave packet spectrum. The second t~,which is still very short since it
depends logarithmically on h, measures the time during which the packet keeps its Gaussian original
form. For t < t~the autocorrelation function appears as a succession of soft bumps associated to
recurrences, that is, to times (if any) for which the centroId returns classically near to its initial
position. Between these recurrences, the autocorrelation function remains close to zero, until the
(~i
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Fig. 26. Short time autocorrelation
< ti),¶J~5
in (top
the quartic
with (A,right),
b) = (—0.35,
ir/4) , of the
wave
6(bottom(tleft),
right), oscillators
and W4 (bottom
whose parameters
aresymmetrized
given in table
5.
packets
¶p6’
(top
left),
~P
A clear difference exists between I(~61(0)I~P6’(t))~,
showing sharp recurrences regularly spaced, which is the signature of
strong scarring, and the other functions. In fact, except for ~p6’, these short time autocorrelation functions have been used
to select in table 5, by successive trials, states as spared as possible from the effects of closed orbits. For time scale guidance,
the period of the shortest orbits is T 2 at E = 100.

kind of noisy structure which characterizes the dissolution of the wave packet in phase space takes
over. One may compare in fig. 26 some autocorrelation functions of wave packets. For W”, ~
and W6 a few recurrences exist, but they are neither sharp nor regularly spaced. On the contrary
I (W6’(o)1V16’(t))I shows clear, strong recurrences. They appear moreover with an almost fixed
period since the time intervals between the four first extrema fall in the range i~1 = 0.98 ±0.01.
This can be traced back to the presence of a closed orbit which is stable for 2 = —0.25 (the central
elliptic orbit of island (e), see fig. 1), but has turned hyperbolic, through a period doubling process,
by 2 = —0.35. As shown by Heller [31], such behavior of the short time autocorrelation function
implies what he has termed scarring, that is, enhanced intensity of some of the eigenstates in the
neighborhood of a closed trajectory. And any feature of the eigenstates must in some way affect the
long time evolution of the wave packet, which we are interested in here.
The Markovian modeling of the classical motion which underlies our treatment of localization as
well as spectral statistics specifically excludes features such as scarring. This is meaningful in the
asymptotic regime since only the neighborhood of the less unstable short orbits are affected, and the
concerned relative volume becomes negligible as energy increases. However, because of computer
time limitations, and to remain as close as possible to the perturbative regime, the quantum
calculations presented in this section correspond to a rather intermediate energy (E = 100) for
which it turns out that a good part of the phase space is affected by scarring. One may note that this
latter effect is significantly enhanced by the discrete symmetries (shorter, less unstable symmetric
orbits). This may in part explain why the random matrix modelization for spectral statistics worked
poorly in the lower part of the spectrum. For simplicity we shall test the localization result using
wave packets as little affected by scarring as possible. We have thus propagated wave packets for
small times, and eliminated the ones showing the presence of a closed orbit (except V’6 ). The
parameters defining the ones finally retained are described in table 5.
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Table 5
Parameters ofthe wave packets used for a quantitative comparison of the semiclassical prediction
and the quantum results (see table 6). The labeling of the different regions is as in fig. 5. The
states are obtained by symmetrization, by F
1, P2, and4)
T,is of
Gaussianq~(q
expression eq. (6.11).
4 (q
thethemaximum
q~(max) = [bE/a(A)]” 2(max) = [E/ba(A)]~
2) in the q2 = 0
packets considered
correspond
to Eis =the100.
~J’~ serves
as propagated
and the
(q1 4.
= The
0) Poincaré
section, p(max)
= .,/~
maximum
momentum,
and packet,
x.0~ is equal
to
E*
other ones as probe Gaussians.
reion
g
¶1”

1

3
V’
V”1
V’5

23
4
5

6
6
¶p7

7

island (a)

q
1
qi(max)
0
00

~/2

Pi

P2

q2(max)
0.404
00.385

p(max)
0.987
0.987
0.935

p(max)
0
0.158
0.321

0
0.514
0.670

0.800
0
0

0.768
0.561
0

0
0.784
0.894

0.533
0.248
0

0
0
0

0.237
0
0.629

0.929
0.998
0.777

0.25

1

To calculate the quantum values of the time averages C~k (j = 5, k = 1,..., 7) [see eq. (6.18)],
V’5 has been propagated for a long enough time if ensuring that transient phenomena have vanished.
Actually (~is about 300, which insures that it is much larger than not only the breaktime 2ith/D
(~ 20 at E
100), but also the times 221h/vlk (< 70 at E = 100) (v~k = A~2D)which
in ensembles treated perturbatively characterize the transport among regions. In addition, it has
been verified that the numerical values of the CJk are well converged. The correctness of the V’5
propagation is demonstrated by its spectrum, constructed by Fourier transforming (V’5 (0)IV’5(t))
and, as seen in fig. 27, it perfectly fits the eigenvalues calculated in section 3 using matrix
diagonalization.
The comparison for the CJk between the semiclassical theory (perturbative regime) and the
quantum calculation is summarized in table 6. Let us first recall what we expect to predict on
semiclassical grounds. The value of the time averages C
54, C55, and C56, corresponding to scarringfree wave packets located in the same or adjacent regions, should be reliably predicted by the
theory described [eq. (6.22)]. In contrast, because the packet W6’ is heavily affected by scarring,
C56 should not be correctly predicted by eq. (6.22). For C53, C52, etc., namely for time averages
concerning wave packets not belonging to adjacent regions, or, a fortiori, when one packet is in a
regular island, one expects that the time averages will be small (in fact zero from the first order
perturbation theory described). By inspecting table 6, one sees indeed that all these features are
present in the exact quantum results and that the hierarchy in the barriers is respected. As a
comparison, would the classical phase space considered be structureless, the expected result for the
C~k,eq. (6.23), would be a constant (about
4.3 xpredicted
l0~),except
variations due to the shape
4). The
valuesfor
forsmall
C
of the Gaussians (in particular for V’
54, C55, and C56 agree to within
30%—50%, which we consider as very satisfactory for a theory having no adjustable parameter and
dealing with such intricate dynamics. In addition to what is due to modeling the classical motion
by a Markovian process (scarring), the departures between exact and predicted values may be due
to several other mechanisms. First, although not clearly out, we are rather at the border of validity
“~

‘~

C~,which derives from an autocorrelation function, would also have to be multiplied by a factor three.
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5 (see table 5), intensity in arbitrary units, obtained by Fourier transforming
Fig. 27. Spectrum of the wave packet V’
the autocorrelation function (V’5(0)IV’5(t)). !P5(t) is propagated quantum mechanically for the quartic oscillators with
(2, b) = (—0.35, ir/4), during a time tf
300. Left: total spectrum; right: blow up of the energy range 95 < E < 98. The
location of the eigenvalues calculated in section 3 are indicated bellow the abscissa axis. The perfect correspondence between
the two sets of data insures that the quantum propagation of 9~5(t) has been properly done.

of the perturbative regime. For instance, the departure from I of A~at E = 100 [see eq. (6.10)]
is 30%, which is not that small. Also, even in the general framework of the statistical model, one
may expect fluctuations in the values of the CIk, due to the particular choice of the wave packet,
fluctuations which have not been evaluated. Finally, even if there exist strong indications that
semiclassical propagation is accurate at the energies considered here [5],there exist non-classical
effects, like, for instance, the value of Cia, which are beyond the scope of the present approach.
Table 6
Comparison, for the wave packets corresponding to table 5, between the
perturbative semiclassical prediction eq. (6.22) and the quantum values
ofthe time average ofthe correlation functions, C
5 is propagated for the quartic 3,.oscillators
[see eq. (6.18)].
system with
The
moving
(2,b) =packet
(—0.35,n/4).
V’
C
5 (0)1W5 (t)) and therefore
55 derives
a factorfrom
of three
the autocorrelation
has to be included
function
(see
(V’
footnote
on page 122). When more than one barrier has to be crossed
by the moving packet the first order perturbation result is insufficient
to approximate the ensemble prediction since it gives a zero value. This
is indicated by a dash in the right hand column.
quantum
semiclassical
result
prediction
C
51
C52
C53
C~
C55
C56
C56~
C57
C50

0.21 x l0~
0.44 x l0~
0.72 x l0~
2.43 x l0~
3 x 6.40 x
4.62 x
1.72 x
l.50x
0.15 x

l0~

l0~
l0~
l0~
l0~

—
—
—

3

3.64 x

l0~

x 9.50 x

l0~

4.37 x l0~
4.25 x l0~
—
—
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As a final comment, let us mention some of the interesting problems remaining. In a very simple
situation, such as the perturbative regime treated above for crossing a single barrier, the generalized
ensembles are quickly manipulated to give an answer about how the wave functions are localized.
One may imagine however more complicated situations, as may occur where there are many barriers,
each one being too “open” to imply localization by itself, but when acting collectively producing
strong localization effects. Such conditions may be realized in the hydrogen atom in the presence
of a microwave field for certain ranges of the experimental parameters. In this case, the ensemble
is easily constructed, but its theoretical predictions would still require Monte-Carlo calculations.
There are also interesting possibilities which violate some of the assumptions behind the statistical
modeling. Two examples would be when there exists a dense set of partial barriers or poor mixing
inside the regions before they begin communicating amongst themselves. There are still purely
classical questions remaining to be resolved in these cases as well. We leave these things for future
work.
6.2.

Semiclassical versus quantum localization

In the previous subsection the term localization has been used to express that there is a known
region in the phase space where the Wigner transform (or Husimi representation) of a state is largely
concentrated. This, moreover, takes place in a bounded system within a compact energy surface.
This is not the conventional terminology and is different from the usage, found predominantly in
condensed matter physics, where one is interested in the long range behavior of wave functions
in an infinite momentum or configuration space [93]. For instance, the electronic conduction in
periodic metallic lattices (assuming zero temperature) is related to the electron’s wave function
being a Bloch state delocalized throughout the entire solid. The crucial question is not where the
wave function is maximum, but whether it is sensitive to what is occurring on the distant boundary
of the system. It has been shown by Anderson [94] however that, if one introduces a sufficient
amount of disorder by replacing at random some atoms of the lattice by others with a different
chemical nature, for example, the electronic wave functions localize. They then have a noticeable
probability of presence only in the neighborhood of some site of the lattice and well beyond they
decay exponentially. This therefore has drastic consequences on the conduction properties. Many
of the studies of localization properties have been done using the deceptively simple model of
Anderson to describe the electrons’ motion. It consists of a tight-binding Hamiltoniãn in which the
electrons are moving on a regular lattice with a site energy, or diagonal term, Em (m is the site
index), chosen as a random distribution of width W, and a term connecting neighboring sites of
magnitude Ylk = V if j and k are nearest neighbors, 0 elsewhere. For one-dimensional systems,
the eigenstates are localized no matter how weak the measure of the disorder W. For higher
dimensionality, the wave functions are localized if W is large compared to V and delocalized in
the opposite case near the center of the band. The states corresponding to the border of the band
remain localized however, since a site with an energy in the tail of the Em distribution is usually
surrounded by sites with very different energies.
Anderson’s quantum interpretation of disorder and exponential localization sidesteps any questions as to the classical electron’s behavior. Despite the difference of this point of view from that of
section 6.1, we suspect that semiclassical and quantum localization are not of a fundamentally distinct nature. It seems plausible that the differences are more due to the fact that the simple systems
we have focused on have little directly in common with a macroscopic solid. In particular, working
in bounded phase spaces instead of open ones does not as simply lend itself to defining “long
distance” wave function behavior. However, our approach is, in principle, applicable to a larger
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class of systems. The example treated in section 6.1 is such that each partial barrier largely blocks a
wave function from exiting the region. This is convenient for our work because the modeling matrix
ensemble is in a perturbative regime for which leading order analytic results can be derived. One
could just as easily have found a problem with more intricate classical mechanics characterized by
a large number of barriers, each being too insignificant to affect the wave functions appreciably,
but which acting together would presumably lead to an exponential decay. Such a situation goes
beyond the kind of “perturbative localization” of an isolated barrier we have treated explicitly (and
would probably involve a diffusion constant from the collective effect of the barriers), but it begins
to blur the distinction noted above.
In fact, it appears reasonable to us, and was suggested by Laughlin [95], that the whole point of
introducing random potentials or disorder to begin with is to induce classically chaotic motion of
the electrons. An interesting direction, which at the present time is still speculative, would consist in
applying the same logic as we have done for closed systems to ones which are usually treated by an
Anderson (or Anderson-like) model. To outline the idea, let us concentrate as above on the motion
of an electron in a disordered solid. Although the Anderson model might not possess any clear
classical analog, the original physical problem does. Namely, it could be classically associated to a
diffusion process (brownian motion) described by some master equation. As the classical diffusion
of brownian motion or even as chaos in a deterministic system, the classical “analog” perfectly
suits the image we have been using to describe the classical transport (cf. section 2.4) whereby
the microscopic evolution is seen locally as a Markovian process. Therefore, the construction of a
generalized matrix ensemble, which depends on this Markovian image, is presumably possible for
these systems also.
Without entering into the details, one would thus end up with some matrix ensemble which
would have to be dealt with. In some cases, existing results (techniques) from random matrix
matrix theory would apply such as those already existing for banded random matrices [96, 97]. In
other cases, it might happen that one faces problems of a similar nature as those encountered in the
treatment of the Anderson model, where techniques could be borrowed from localization theory, or
perhaps Monte-Carlo calculation or numerical work is required. Nevertheless, a few points should
be kept in mind. The ensembles will most likely give predictions for the localization in its usual
sense, i.e. for the long distance behavior of the wave function. Therefore, semiclassical localization
will recover the conventional meaning when applied to large or open disordered systems. What is
more interesting though is that the classical mechanics would fix the localization properties which
are generally viewed as purely quantum effects. If one considers a system for which our modeling
applies, but treats it with the Anderson approach, this link between the classical mechanics and the
localization properties will still exist, but will remain hidden.
A place where such a link between localization and classical mechanics obviously exists but is
not fully understood is the quantum version of the Chirikov kicked rotor. The study of its quantum
versus classical behavior was originated by Casati et al. [33]. This system describes the motion of
a free particle on a circle, kicked periodically in time by a position dependent force. It is governed
by the Hamiltonian
H

=

p~/2I+ kV(O)ÔT(t),

where öT (I)

=

~:~=_00o(t

(6.24)

n T), 0 is the angle variable, p~its conjugate momentum and V (0) =
V(0 + 2x). Classically speaking [98], the dynamics is determined by a single parameter K = kT.
For small K, the movement resembles the one of the free rotor for which the momentum is a
constant of the motion. A set of trajectories with the same initial momentum ~ will continue to
—
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possess about the same momentum even for infinite times. However, above some critical value Kcr
of K the motion is no longer confined in momentum space, and a diffusive process take place. It
is characterized by the diffusion law
((po —.~o)~)~
= Di,

(6.25)

where (
stands for an averaging over the initial conditions and D is the diffusion constant.
The quantum evolution of equivalent quantities has also been studied. Namely, starting from an
initial state ~ = e’~0,the eigenstate with momentum hn of the free Hamiltonian H0 = p~/2I,one
2>cl, i.e.,
can look at the time evolution of the quantum analog of ((po ~0 )
h2((n ~)2>qm= h2(V’n(t)I(n h)21V’n(t)> .
(6.26)
)C~

—

—

—

In the classically diffusive regime, it has been observed numerically that, depending on the time,
two drastically different types of behavior occur (in the generic situation, that is excluding the
resonant cases [99]). For short enough times [33], the diffusion in momentum space follows the
classical behavior
—

i2)2)qm

=

Di’,

(6.27)

with the same value of D as in the classical case. However, as time increases, the diffusion stops
and the quantum momentum (or the energy) remains bounded [34,35], in complete opposition
with the classical behavior. This reflects the localization, in the V’,~ = exp(in0) basis, of the kicked
rotor eigenstates, which also has been observed numerically by Fishman et al. [36].
In addition, these authors [36] have been able to map the kicked rotor eigenstate equations onto
those of a one-dimensional tight binding problem with pseudorandom diagonal elements. Except
for the difference between randomness and pseudorandomness, their work allows techniques now
well understood in solid state physics to be applied. In that sense one may consider that the most
important questions are answered since the localization of the eigenfunctions and the discreteness of
the quasi-energy spectrum are demonstrated by this means. On the other hand, a full understanding
of the problem is still missing since it is known that the localization length I simply behaves as
[34]
l~aD

(6.28)

from heuristic general arguments and numerical verification, but a is some (still unknown) constant. Such a relation remains to be actually understood, which obviously supposes some way of
semiclassically treating the localization problem. A mechanism like the one we described seems well
adapted for this task, and should presumably give the value of a.
7. Summary and conclusions
We have investigated the quantum mechanics of simple systems whose classical analogs have
varying mixtures of regular and chaotic motion. A significant part of this study consisted of
illustrating the various phenomena involved by taking the example of two coupled quartic oscillators.
This system is well suited because dynamics from an integrable to an essentially chaotic nature can
be selected and because of its scaling properties.
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Two technical considerations are worth mentioning. The first is that for differentiable Hamiltonians a simple method exists to expand N (E), the smoothed part of the cumulative density of
states, in powers of h2 to as high an order as one wishes. Some symmetry decompositions may be
included and they typically introduce terms of odd powers in /1. This is unlike billiards, for which
odd terms appear, such as the perimeter term, without considering symmetry decompositions. The
second technical aspect is that, guided by semiclassical logic, a proper choice can be made of the,
in principle, arbitrary basis in which a Hamiltonian matrix H is being computed. As a result, better
accuracy can be achieved, and one insures exponential convergence of the results as the dimensions
of the basis set is increased.
With the help of the discrete symmetries, it has been possible to study Percival’s semiclassical
classification scheme, which asserts that once /1 is small enough it should be possible to separate
individual eigenstates into a regular or an irregular class. This works quite well for the majority
of states indicating that tunneling effects between the regular and irregular classes can be initially
ignored and their separate study is warranted. There are exceptional states of intermediate nature
though, which are mostly associated with the region of phase space near the KAM island—chaos
interface. By assigning quantum numbers and inferring actions of tori via the EBK relations,
eq. (4.10), we have compared quantally derived actions for the tori to the actual classical values;
the agreement is quite precise when both are defined. We find that the quantum system interpolates
gaps due to resonances in a seemingly analytic way. Furthermore the quantum derived actions
extend beyond the edge of the island in some cases and they do not reach the edge in others. This
appears to be related to the dynamics just outside the island’s boundaries. We also discuss how
resonances get resolved as /1 shrinks and one case where the resonance should be resolved by the
top of our spectra is treated in detail.
The irregular class of states (and levels) are analyzed from a statistical and ensemble point of
view. The naive expectation that their spectral fluctuations should correspond to those of a classical
random matrix ensemble (the GOE), as assumed in the Berry—Robnik surmise, is not borne out.
The mechanism for the departure is found to lie in the introduction of long time scales due to
partial barriers deep within the chaotic sea.
In a treatment which applies quite generally to systems with isolated sets of partial barriers, we
derive how the nearly separate volumes of phase space, their barriers and the fluxes that cross them,
can be related semiclassically to values of certain mean square matrix element admixings when
viewed from relevant bases. This in turn leads to the introduction of generalized random matrix
ensembles which recover the Berry—Robnik surmise and, for fully chaotic systems, the Bohigas—
Giannoni—Schmit conjecture as limiting cases. For one case of coupling (—0.35, x/4) the classical
dynamics is thoroughly investigated thus fixing the generalized ensemble and it is found that its
fluctuation properties match those of the quartic oscillators.
An interesting consequence of the modeling in terms of generalized random matrix ensembles
concerns the localization of eigenfunctions. With the help of a degenerate perturbation theory
we have derived for some parameter ranges the extent of localization and how it translates into
“quantum suppression of classical chaos”. This prediction is quantitatively confirmed in the quantum
dynamics. An experimental realization of this with the kind of recent and beautiful experiments on
absorption by microwave cavities seems possible [100].
Throughout our investigation we have been struck by the richness of the quantum asymptotics
of such simple a system as two coupled quartic oscillators. From a semiclassical vantage point this
is not surprising in view of the fact that simple classical systems themselves, and, in particular,
the quartic oscillators, exhibit an immense variety of dynamical features. Nevertheless, identifying
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how this variety of dynamics’ is manifest in quantum mechanics is still a subject in its infancy and
this paper represents a step forward toward this goal. This is not a purely theoretical or aesthetic
endeavor even if here we have not attempted to make connection to a particular physical system.
The results of our investigation should concern those small systems caught between the quantum
and classical worlds such as the highly excited diamagnetic hydrogen atom, some simple molecules,
Rydberg molecules, mesoscopic systems, collective nuclear motion in transition regions, etc.
In fact, local mode excitations in molecules with discrete symmetries are related to the dynamical
quasidegeneracies which we have found to be so useful both in confirming Percival’s classification
scheme and as a probe into the working of semiclassical quantization (EBK) of certain states of
mixed phase space systems. Note that the quasidegeneracies’ investigative potential by no means
has been exhausted in our study. They can serve as promising tools for tackling interesting physical
problems. Among them are cantorus quantization, an issue which needs to be further explored. The
observed poor working of torus quantization near the regular—chaos interface of small islands may
also be of interest even though the evidence at present is restricted to small quantum numbers. Both
points, which may be interrelated, are presently just empirical observations and call for a theoretical
understanding. For instance, the standard route “a la Maslov” to EBK requires the existence of a
genuine invariant torus but does not take into account the neighboring classical dynamics. Whereas
it has been seen, by others as well as us, that a torus is not always mandatory, it also appears that
the local dynamics is not necessarily innocuous. The comparison with actual data, supplied by the
quasidegeneracies, may be crucial in the search of a semiclassical theory interpreting why and when
such quantization does or does not take place.
Of direct bearing on this subject is the study of tunneling between regular and chaotic states.
Another consequence of this is found beyond the quasi-integrable regime, where the tunneling
between quasidegenerate doublets located on twin tori of KAM islands becomes sensitive to the
presence of the chaotic sea. A dramatic enhancement of the tunneling rate follows, giving rise to
a new mechanism called chaos assisted tunneling by Tomsovic and Ullmo [43]. This dynamical
tunneling between symmetric regular states strongly depends on an external parameter and should
be detectable experimentally in semiconductors, microwave cavities or perhaps the hydrogen atom
in a strong magnetic field.
Perhaps the most important outcome of the present work concerns the chaotic states, a theory
of which is a challenging problem. First of all we have qualified the assumption, implicit in both
the Bohigas—Giannoni—Schmit conjecture and the Berry—Robnik surmise, that for the purpose of
the quantum system the chaos is a featureless entity which translates into universal fluctuation
properties, at least at small scale, and little else. Classically speaking it is known though that there
is structure of various kinds in the chaotic regions of phase space, which can be rather complex;
up to now, none of these structures has been related to the quantum asymptotics. We have shown
that some of these structures induce noticeable departures from the universality prediction, and
the picture which emerges is richer and more complex than suggested by the above mentioned
conjecture and surmise.
We have moreover gone a long way in section 5 toward putting the standard treatment of quantum
fluctuations, by which we mean their modeling by random matrix ensembles, on a physical footing.
The decorrelation and repartition of matrix elements in relevant bases finds an interpretation in the
Maslov image in terms of evolution of the non-invariant tori defining the basis, and their mixing.
The notion of relevant bases has been introduced more or less intuitively, and effort towards
putting it on a more formal footing would be well deserved. Generalized ensembles come naturally
by studying the Hamiltonian matrix in these bases, in which classical transport properties can
be semiclassically expressed. The transition parameter—flux relation expressing constraints on the
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quantum system implied by partial classical transport barriers allows then quantitative predictions,
such as has been done for the quartic oscillators’ spectral fluctuations. Coming back to the Bohigas—
Giannoni—Schmit conjecture and the Berry—Robnik surmise, they should be, at best, considered to
apply when no identifiable small A3k exist, which means that the rate of exploration of the entire
energy surface is structureless. If structures are present, depending on the energy scale considered,
departures, which may be more or less difficult to exhibit in practice, are expected. It may be
interesting to find systems which may be considered, from the present discussion, as the most
featureless, and eventually to find out if there are some for which no structure at all is present. For
most mixed systems we expect that the chaotic region of the phase space will be far from being
featureless, therefore showing significant departures from the GOE regime.
Similarly, as discussed in section 6, the partial barriers in the chaotic sea which have fingerprints in
the quantum spectral fluctuations, strongly affect the wave functions and wave packet propagation.
Times scales characterizing the rate ofexploration of phase space give rise to localization phenomena.
The generalized random matrix ensembles, introduced to describe spectral fluctuations, whose
parameters are fixed by the classical dynamics, can be used to predict structures in the wave packet
propagation in the chaotic sea. Strong departure from the classical evolution of a Liouville density,
as predicted by the generalized random matrix model, are found when studying the evolution of a
wave packet in the quartic oscillators. They give rise to partial transport semiclassical localization
and provide another example of quantum dynamical suppression of chaos.
Some extensions of these problems remain to be addressed. The quantum translation of partial
barriers requires that they be isolated in order for the derivation to be valid. Furthermore, there is
an assumption of uncorrelated matrix elements so that special coherent behaviors are not expected
to be described with these generalized ensembles. One may imagine many interesting problems such
as how to treat barriers which are dense or fractal in nature. Moreover, due to the complexities
possible even for simple classical systems, the prescriptibn for building generalized ensembles can
lead to quite varied ensembles; there will be many interesting consequences, which, of course, have
not all been foreseen.
Let us finally mention that some of the problems discussed here’ have some significance in the
physics of disordered media. Indeed, as discussed, for instance, in ref. [95], the physics of quantum
electronic transport, instead of being considered as due to the motion of electrons in dirty metals
(random potentials), can be re-examined as a problem of electronic motion in a chaotic system.
And quantum mechanical coherence of electron wave functions in materials with imperfections
has led to new developments in the description of conductivity and to novel quantum interference
effects in electrical resistance measured in submicron devices [101]. It seems quite clear that in the
future the two areas, namely dynamical chaos and the physics of disordered media, will be more
and more closely related.
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Appendix A
For the GOE [16—18],the Y
2(r) [see eq. (5.32)] are given2(r)
as cluster function [see eq. (5.30)], 1(r) [see eq. (5.35)] and
1

~ sinJ~r)+ I (~si~r~_2Si(mr)~~~)~

1(r)

=
=

(sin3rr)2 (cositr
f(r)sm~ —1 —4r

X2(r)

=

~[ln(2~r) + y + 1 —cos(2~r)—Ci(2~r)]

—

+ 2r

(Si(mr)

—

1

2 .
\ Si2 (irr)
Il— —Si(2irr) i +

—

Si(mr)
—

6(r))

(A.2)

,

(A.3)

with
e(r)

=0

ifr=0,

6(r)

Si(x)=fdy~Y,
and where y

=

=

1

ifr>0,

(r)

=

—l ifr<0,

(A.4)

Ci(x)=y+ln(x)+fdyC0~7l,

(A.5)

0.5772... is Euler’s constant. The small r behavior of 1(r) [see eq. (5.35)] and

R
2(r) [see eq. (5.33)] is
2r2
+ thn4r4 + 0(r5),

R

1(r) = 2r ~ir
For a Poisson spectrum
Y

2(r)=r,
2(r)=I(r)=0,

2r3

2(r)

—

X

E

=

—

~-~ir4r5
+ 0(r6)

.

(A.6)

~ir

2.

(A.7)

2(r)=r
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